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Abstract. Inspired by the increasing possibility of experimental control in ultra-
cold atomic physics we introduce a new Lax operator and use it to construct and
solve models with two wells and two on well states together with its generalization for
n on well states. The models are solved by the algebraic Bethe ansatz method and
can be viewed as describing two Bose-Einstein condensates allowing for an exchange
interaction through Josephson tunneling.

1. Introduction

The realization of Bose-Einstein condensates (BEC), achieved by taking dilute alkali
gases to ultra low temperatures [I,[2] is certainly among the most exciting recent
experimental achievements in physics. Since then, investigations dedicated to the
comprehension of new phenomena associated to this state of matter as well as its
properties have flourished, either in the experimental or theoretical domains. One
noticeable recent effort is the one that proposes the study of a two-well model with
two levels at each well as a mean to study Einstein-Podolsky-Rosen entanglement [3].

This quest encouraged the search for new solvable models that could be related
to the properties of such condensates, including the possibility of interaction among
condensates [4-14]. The motivation that underlies those proposed models is that, by
the study of exactly solvable models, quantum fluctuations may be fully taken into
account providing tools that allows one to go beyond the results obtained by mean field
approximations. We believe that this fruitful approach may furnish some new insights in
this area, and contribute as well to the increasingly interesting field of integrable systems
itself [I5,[16]. In the present paper, we will use the algebraic Bethe ansatz method to
obtain a new multilevel two-well model. Each well is linked to a BEC and tunneling
between the levels of each well is allowed. The algebraic formulation of the Bethe ansatz,
and the associated quantum inverse scattering method (QISM), was primarily developed
in [I7H21].
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The QISM has been used to unveil properties of a considerable number of solvable
systems, such as, one-dimensional spin chains, quantum field theory of one-dimensional
interacting bosons [22] and fermions [23], two-dimensional lattice models [24], systems
of strongly correlated electrons [25,26], conformal field theory [27], integrable systems in
high energy physics [28-30] and quantum algebras (deformations of universal enveloping
algebras of Lie algebras) [31H34]. For a pedagogical and historical review see [35]. More
recently solvable models have also showed up in relation to string theories (see for
instance [36]). Remarkably it is important to mention that exactly solvable models are
recently finding their way into the lab, mainly in the context of ultracold atoms [37]
but also in nuclear magnetic resonance (NMR) experiments [38-44] turning its study as
well as the derivation of new models an even more fascinating field.

Our point of view here comes from very recent results concerning the construction
of Lax operators, by which it is possible to obtain solvable models suitable for the
effective description of the interconversion interactions occurring in the BEC. Acquiring
our motivation from these ideas we present the construction of a two-well solvable model
that contemplates interconversion among the levels in each well. We obtain this model
by a multistate Lax operator whose construction is fully explained in the sequel. It is
motivated by the construction in [7,45], where a Lax operator is defined for a single
canonical boson operator, but instead of a single operator we choose a linear combination
of independent canonical boson operators.

It is convenient to underline that although in the sequel we follow a formal
presentation we do arrive at new integrable physical Hamiltonians that share many
of the aspects of the physical systems studied through interferometric techniques, such
as in [46L47]. In particular, as our models are solvable, one can obtain precise results,
for instance, of properties related to the energy gap, entanglement and ground state
fidelity [48]. Also, as mentioned above, increasingly sophisticated NMR techniques
[44,/49] allows manipulation of qubits and we believe that with our models we add an
interesting possibility to the usual NMR nuclear quadrupole Hamiltonian.

2. Algebraic Bethe ansatz method

In this section we will shortly review the algebraic Bethe ansatz method and present
the transfer matrix used to get the solution of the models [6,51]. We begin with the
gl(2)-invariant R-matrix, depending on the spectral parameter u,

1 0 0 0

1 0 b(u) c(u) O
R=10 cw) bw) o | (1)

0o 0 0 1

with b(u) = u/(u+ 1), c(u) = n/(u+n) and b(u) + c(u) = 1. Above, 7 is an arbitrary
parameter, to be chosen later.
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It is easy to check that R(u) satisfies the Yang-Baxter equation
ng(u - ’U)ng(u)Rgg(’U) = Rgg(v)ng(u)ng(u — 'U) (2)

where Rji(u) denotes the matrix acting non-trivially on the j-th and the k-th spaces
and as the identity on the remaining space.
Next we define the monodromy matrix 7'(u),

(AW B
T(“>‘<c<u> D<u>>’ ¥

such that the Yang-Baxter algebra is satisfied
ng(u - ’U)Tl(u)Tg(U> == Tg(v)Tl(u)ng(u - ’U). (4)

In what follows we will choose a realization for the monodromy matrix 7(7'(u)) = L(u) to
obtain solutions of a family of models for multilevel two-well Bose-Einstein condensates.
In this construction, the Lax operators L(u) have to satisfy the relation

ng(u - ’U)Ll (U)LQ(U) == LQ(U)Ll (u)R12(u - U), (5)
Then, defining the transfer matrix, as usual, through
t(u) =tr (T'(u)) = 7(A(u) + D(u)), (6)

it follows from (@) that the transfer matrix commutes for different values of the spectral
parameter; i. e.,

[t(u),t(v)] =0, Vou, v. (7)

Consequently, the models derived from this transfer matrix will be integrable. Another
consequence is that the coefficients Cy in the transfer matrix ¢(u),

t(u) = chuk, (8)
k
are conserved quantities or simply c-numbers, with
Cj,Ce] =0, Vi k. (9)
If the transfer matrix ¢(u) is a polynomial function in w, with & > 0, it is easy to

see that,

1 d*t(u)
Co=1t(0) and Cp = o duk

u=0

(10)
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3. Multi-State Lax Operators

Now we introduce a new L operator with multi-state bosonic components. We have n
operators (5;" each one acting on a given state, here the index j means the state and the
index r means the site corresponding to the Lax operator. In our case we will consider
only two sites, each one supposed to be a well containing a Bose-Einstein condensate. In
other words the operators act, for each site, on the direct sum of the spaces associated
to those states,

V=VieWoe.. oV, (11)
The operators of different states or different sites commute,
[07,05] =0V r # s and j # k, (12)

and for the same state and site they obey their respective algebras. More explicitly, for
the usual bosonic operators satisfying the canonical commutation relations ( and from
hereafter we drop the r index as we denote one site a and the other site b),

[aj,a}] = [a;,a;] =0, [ai,aj] = 0;;1. (13)
we have the following solution for a multi-state Lax operator,

g = (LR B ), (14
;-‘:1 Sja; n ¢l
if the condition, ¢ = 377 s;t;, is satisfied, where ( is a constant value. The above Lax
operator satisfies then equation ().
Viewed as a monodromy matrix (B) the Lax operator (I4]) has the following
identifications

A(u) = ul+nZNaj, B(U) = thaj,
j=1

=1

Cw) =Y s,al,  D(w) = n-'cl,
=1

and the commutation relations,
[A(u), B(v)] = =nB(v),  [A(u), C(v)] = nC(v),

[B(u),C(v)] =¢I, [ D(u)] =0,
where * stand for A(v), B(v),C(v) or D(v).

4. Models

In this section we present two applications of the Lax operator L in (I4]). The two-well
model for two on well states and its generalization for n on well states.
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4.1. The two-well model with two on well states

The Hamiltonian of the system for two wells (sites) a and b is,

H = Usat1 N2 + Usa12Na1 Naa + Una2a N2
+ U1 Njy + Uppia Nyt Noz + Uppzo Niy
+ Uap11Na1 No1 + Uap12Na1 Np2
+ Uab21 Na2 N1 + Uapzo Naz Np2
- M1(Na1 - Nbl) - M2(Na2 - Nb2)
+ €a1Na1 + €2 Na2 + €61 Vo1 + €2 Npo
— Qll(albl + bial) — ng(albg + bgal)
— Qo1 (abby + blag) — Quo(abby + bhay). (15)

In the diagonal part of the Hamiltonian (I5)), the U,,;; parameters describe the atom-
atom S-wave scattering in the wells, the p; parameters are the relative external
potentials between the wells for the on well states €,;. The operators N,; are the number
of atoms operators. The labels p and ¢ stand for the wells a and b, and the labels j and
k stand for the on well states 1 and 2. In the off diagonal part of the Hamiltonian the
parameters (), are the tunnelling amplitudes.

In the Fig. 1 we show a two-well potential with their respective on well states,
where €,1, €,0 are the two states in the well a and €1, €, are the two states in the well
b. The external potentials, p;, shift their respective on well states.

It is important to note that if we turn off the tunnelling, 2;;, = 0, the Hamiltonian
(I5) describes two decoupled Bose-Einstein condensates with two states in each one,
{lnpj)}, 7 = 1,2, p = a,b, and only one pure vector state for each condensate
V) = |np1) ® |npe), p = a,b, with the total vector state of the system the tensor
product of those pure vectors states,

|\IIT> = |na1> & |na2> & |nb1> (%9 |nb2>.

The energies, E, and Ej, are respectively,

_ 2 2
Ea - Uaallnal + Uaa12na1na2 + Uaa22na2

+ (€a1 — p1)Na1 + (€a2 — H2)Na2, (16)

By = Upiingy + Uppionpinpg + Uppoaniy
+ (€p1 + p1)ner + (€p2 + o) npe. (17)

The total energy is, £ = E, + E}, and the ground state in each condensate depends
only of the scattering interactions Ug.i; and Up,j, and the external potentials p;.
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Figure 1. (Color online) In the figure we have two wells coupled by Josephson
tunnelling with two on well states in each well. The atoms can tunnel between the wells
for the same or different states. The dashed red arrows and the respective tunnelling
amplitudes, €)1, between the wells for the same or different state are shown. We have
two external potentials, uy and ps, that shift the on well states. The dotted blue lines
and the green arrows show two possible shifts, with p; # pe.

We have four conserved quantities, [H,[;] = [H, L] = [H,I;] = [H,Iy] = 0, with
I; = Ngi, Io = N4, I3 = Ny and Iy = N, and so the total number of atoms is a
conserved quantity, N = Iy + I + I3 + I4.

When we turn on the tunnelling, 2;;, # 0,the BEC are now coupled by Josephson
tunnelling and the total number of atoms,

N = Ny + Nga + Npi + Nig,

continues a conserved quantity, but now, I;, j = 1,2, 3,4, are no more conserved because
of the tunnelling amplitudes,

[H,N] =0, [H,I]#0.

If Q15 = Q9 = 0, we have another conserved quantities, [H, J;] = [H, Jo] = 0, with
Ji1 = Ng1 + Ny and J5 = Ny + Nyo, and so the total number of atoms is a conserved
quantity, N = J; + Js.

The state space is spanned by the base {|nq1, 142, np1, 7p2) } and we can write each
vector state as

1
M1y a2, M1, Mp2) = (abnal (ag)n‘ﬁ(bbn“ (bg)nbz 0), (18)

\/nal!na2!nb1!nb2!

where [0) = |041, 042, 0p1, Op2) is the vacuum vector state in the Fock space. We can
use the states (BH) to write the matrix representation of the Hamiltonian (I5]). The
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dimension of the space increase very fast when we increase N,

d— é(N+ S)(N + 2)(N + 1),

with N as a constant c-number, N = ng, + Ngo + Ny + Npo.
Now we use the co-multiplication property of the Lax operators to write the
following monodromy matrix,

L(u) = L (u+ ;wj)Lr?b(u - Z:le)- (19)

Following the monodromy matrix (B]) we can write the operators,

R(A(w)) = [(u o+ @) +7 Z Nogl(t =y — )+ z Ny

+ %2_:1 sitiblay, (20)
*(B(w) = [(u+ w1 + ) +1 z Najé by + 07 Z (@)
*(Clu)) = <Z syl = — ) +7 z N

+ n‘lgit]—b}, (22)
m(D(u)) = é sitralbe +n 1. (23)

Taking the trace of the operator (I9]) we get the transfer matrix

t(u) = v +unN + 72 — (w1 +wo)?] T
+ 7*(Na1Not + Na1 Nig + Noa Nyt + Noo Npo)
+ n(w1 + w2) (Ne1 — Na1 + Nez — Nag)
+ sity(alby 4 blay) + sita(alby + bha,)
+ oty (abby + blas) + sota(abbs + bhay). (24)

From (I0) we identify the conserved quantities of the transfer matrix,

Co = [n72¢* = (w1 +w)?|I
+ 7°(Na1 Nyt + Na1iNig + NoaNot + Noa Nio)
+ n(w1 + w2)(No1r — Na1 + Nz — Nag)
+ sty (alby 4 blay) + sita(alby + bhay)
+ oty (abby + blas) + sata(albs + blas), (25)



CBPEF-NF-005/14

A bosonic multi-state two-well model 8
Cl = 77N> (26)
Cy=1. (27)

The Hamiltonian (I7]) is related with the transfer matrix (24]) by the equation,
H =2 4 uCy + %c’% + (7722 = (wi + wa)?)T — t(u), (28)

where we have the following identification between the parameters,

o = Uaajj = Ubbjj> 200 = Uaajk = Ubbjk (] 7é k)>
200 — 772 - Uabjk>
n(u —wi — wa) = €qj — 1, n(u+ wi + ws) = €5 + 4

2
Qe =site,  d_osit;=¢  Gk=12
j=1

Using as pseudo-vacuum the tensor product vector state, |0) = |0,0), ® |0,0),, with
|0, 0),, which belongs to the direct sum space, denoting the Fock vacuum state associated
to the well p (p = a,b), we can apply the algebraic Bethe ansatz method in order to
find the Bethe ansatz equations (BAE),

20,2 _ 2 N o s —
n°lv; (‘*;ﬁ‘*’?)]:l‘[i“ Sl i j=1,...,N. (29)
g ji Vi — V5 + n
The eigenvectors {|vy, vy, ...,vx)} of the Hamiltonian (I3) or (28) and of the
transfer matrix (24)) are

N

|0) = |vy,v9, ..., 05) = H?T(C(’Ui))|0>, (30)

i=1

and the eigenvalues of the Hamiltonian (I3]) or (28]) are,

E({v:}) = u® +uCy + %c’f F 2 — (w1 + wy)?

N

2 2 Vi —u—n
[u” — (w1 + wo) ]i:Hlivi—u

N

_ Vi — U+

-1 QCQHﬁa (31)
=1 i
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Figure 2. In the figure we have the dimensionless ground state Ey/p; versus the
relative external potential ps/py for different values of the total number of atoms
N and for the following choice of the parameters: U,q;; = Uwpj; = Uapjr = 1,
Usar12 = Upp12 = 2, €q1 = —€a2 = =2, €1 = —e2 =1, p1 =1, Q, =05, j,k=1,2,
u=0andw; =wy=n=(=1.

where the {v;} are solutions of the BAE (29)) and N is the total number of atoms. We
can choose arbitrarily the spectral parameter u. In Fig. 2 we show the dimensionless
ground state Ey/u; versus the relative external potential uo/p; for different number of
atoms N and for a particular choice of the others parameters.

4.2. The two-well model with n on well states

The Hamiltonian of the system is,

H = Z ZUppijijpj

p=a,b j=1
1 n n
+ 2 Z Z Uppjk Npi Npk + Z Uabjrk Naj Nok
p=ab jk=1(j#k) jk=1

115 (Naj = Nog) + D €ajNaj + > €4 N

j=1 j=1

|
M=

<.

ij(a;»bk + bLCLj). (32)
1

.

|
i I
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The parameters in this model are like the parameters in the Hamiltonian (I5]), we just
remark that Up,jr = Upprj. The Hamiltonian (B2) describes s-wave scattering between
the atoms in all n on well states and the tunnelling of the atoms between the wells a
and b to the same or to different on well states.

It is important to note that if we turn off the tunnelling, 2, = 0, the Hamiltonian
[B2) describes two decoupled Bose-Einstein condensates with n states in each one,
{lnyj)}, p = a,b, j = 1,...,n, and only one pure vector state for each condensate,
[Vp) = @j_y Iny;), p = a,b, with the total vector state of the system the tensor product
of those pure vectors states,

|Ur) = |Ya) @ |U).

The energies, E, and Ej, are respectively,

n 1 n
Z aa]j + 5 Z Uaajk k + Z €aj — a]> (33)

G k=1(j#k)

Ey =Y Up;jjNojNyj + ! Y UnbirNogNow + D (evj + p15) Noj.— (34)

j=1 i k=1(j#k) j=1
The total energy is, £ = E, + Ej, and the ground state in each condensate depends
only of the scattering interactions U,qi; and Uy,j, and the external potentials p;. We
have 2n conserved quantities, [H,I,;] =0, I,; = Np;, 7 =1,...,n, (p =a,b), and so
the total number of atoms is also a conserved quantity, N = Zp ap 2j—1 dpj-
When we turn on the tunnelling, €2;; # 0,the BEC are now coupled by Josephson

tunnelling and the total number of atoms,

N = Ny + Nga + Npi + Nig,

continue a conserved quantity, but now, [,;, are no more conserved because of the
tunnelling amplitudes,

[H,N] =0, |H, 1,;] # 0.
If Q, = Q; =0, Vj # k, we have another conserved quantities, [H,J;] = 0, with

Jj = Ngj + Npj, j =1,...,n, and so the total number of atoms is a conserved quantity,
N=3"J;
The state space is spanned by the base {|n1,-- ., %an, M1, - -, M)} and we can

write each vector state as

n

|na17'"7nan7nb17"'7nbn> = H na] bT ”b3|0> (35)

H] 1 na]'nb j=1

where [0) = [041, - -, 0an, Op1, - - -, Opy) is the vacuum vector state in the Fock space. We
can use the states (B3] to write the matrix representation of the Hamiltonian (B82]). The
dimension of the space increase very fast when we increase N,
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(L—1+ N)!
(L—1)IN!"~
where L = 2n is the total number of states in both wells and N as a constant c-number,

d=

N = ng1 + Ng2 + np1 + np2. In the case where we have only two states [12] (one in each
well, n = 1) the dimension is d = N + 1.
Now we use the co-multiplication property of the Lax operators to write,
L(u) = Ly*(u+ Y wy) Ly (u = wj). (36)
j=1 j=1

Following the monodromy matrix (B]) we can write the operators,

m(A(u)) = (ul + ]zn:wj +nzn:Naj)(ul — Izn:wj +nzn:ij)

Jj=1 Jj=1 j=1 j=1
+ Z sjtkb}ak, (37)
Gk=1
7T(B( )) UI—FIZM]—FT]ZNM th]—l—n_lCZt]b], (38)
7j=1 7=1 7j=1 7j=1
7(Clu) = (X sjal)(ul — I w;j+n1d" Nyj)
Jj=1 j=1 j=1
_l_ 77_1< Z tj _]7 (39)
m(D(u) = Y sitpalby + 07231 (40)
Gk=1

Taking the trace of the operator (36]) we get the transfer matrix

t(u) = u?l +unN + [77_2(2 — Z wjwg] 1

jik=1
—+ 7](2 wj) Z(ij — Naj) + 7]2 Z Naijk
j=1 j=1 4.k=1
+ 3 sit(alby + blay). (41)

From (I0) we identify the conserved quantities of the transfer matrix ({I)),

Jk=1

C() Zw
k

M:

wj) ) _(Npj — Naj +77 Z aj Nok
1 j=1 j,k=1

<.
Il

+ sjtk(a;bk +bla), (42)

1

“WM3

J
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Cl = 77N> (43)

The Hamiltonian (B2]) is related with the transfer matrix (41) by the equation,

H = u*I +uC + %C% + 3¢ - Z wjwe)l — t(u), (45)

J,k=1

where we have the following identification between the parameters,

o = Uaajj = Ubbjj> 200 = Uaajk = Ubbjk (] 7é k)>

200 — 772 - Uabjk>

U(U—ij)zﬁaj—uj, 77(U+ij):€bj+ﬂj
i=1

j=1
n
Qjp = sjt, > sty =, jk=1,..., n.
j=1
We use as pseudo-vacuum the product state,

10) = [{0}n)a @ [{0}n)e,

with

|{O}n>p = |01’ O2a SR 0n>p>

belonging to the direct sum space associated to the states and denoting the Fock vacuum
state for the well p (p = a,b). For this pseudo-vacuum we can apply the algebraic Bethe
ansatz method in order to find the Bethe ansatz equations (BAE),

(v} — Z?,kﬂ W;wy ) _ IJ—V[ Vi —U; =1

C2 '#'U'_'Uj‘l"r]’ Z,]:]_,,N (46)
Jj#i Tt

The eigenvectors {|vy,va,...,vy)} of the Hamiltonian (B2) or (@3) and of the
transfer matrix (41l) are

N

|0) = |vy,v9,...,05) = H?T(C(’Ui))|0>, (47)

i=1

and the eigenvalues of the Hamiltonian (B32) or (45]) are,
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o - n
E{v}) = u? +uCy + ?612 + 72— Z WjW
§k=1

— 22 ﬁ w (48)

where the {v;} are solutions of the BAE (46]) and N is the total number of atoms. We
can choose arbitrarily the spectral parameter u.

5. Summary

We have introduced a new family of two-well models with arbitrary n on well state in
each well and derived the Bethe ansatz equations and the corresponding eigenvalues.
These models were obtained through a combination of Lax operators constructed using
the Heisenberg-Weyl Lie algebra. An interesting aspect of these models is that no
selection rules for tunnelling between the on well states are present, the atoms can
thus tunnel to the same or different on well states. We believe that the models
proposed, as they can furnish precise results on physical quantities as the energy gap,
entanglement and ground state fidelity, have potential applications in studies such as
those involving quantum metrology [3,52,53] in the context of ultracold atoms. Also,
the obtained Hamiltonians may be useful in the context of NMR techniques [441[49]50]
as an alternative to the usual nuclear quadrupole Hamiltonian.
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