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1. Introduction

Since the pivotal experimental achievement that led to realizations of Bose-Einstein
condensates (BECs), using ultracold dilute alkali gases [I} 2], a great effort has been
devoted to the understanding of new properties of BEC. The creation of a molecular
BEC compound, which has been obtained by different techniques [3], leads one also to
the compelling chemistry of BECs, where the atomic constituents may form molecules,
for instance, by Feshbach resonances [4] or photoassociation [5]. These results turned
the search for integrable models that could be candidates for describing BEC properties
into a very active field of research [6] [7, [8, 9, (10, [11], 12]. In fact, exactly solvable models
are expected to provide a significant impact in this area, a view that has been promoted
in [13, 14].

Moreover, the recent experimental evidence for Efimov states in an ultracold cesium
gas [I5] provided a physical ground for the search of tri-atomic homonuclear molecular
BECs. Due to the rapid technological developments in the field of ultracold systems,
this experiment is just the beginning of the study of tri-atomic molecules [16], 17].

We introduce, in the present paper, a complete family of new solvable models
for both heteronuclear and homonuclear tri-atomic molecular BECs obtained through a
combination of two Lax operators constructed using special realizations of the su(2) and
su(1,1) algebras, as well as a multibosonic representation of sl(2), discussed recently in
[18].

Until now, integrability was shown for those Hamiltonians describing heteronuclear
and homonuclear di-atomic molecular BECs [7]. In the heteronuclear case, two different
atoms, labelled a and b, can be combined to produce a molecule labelled by c¢. The
different degrees of freedom in such models are represented by canonical creation
and annihilation operators {a, b, c,...,al, bf, ¢, ...} satisfying the usual commutation
relations [a, a'] = I, etc., and commuting among different species. The Hamiltonian for
the di-atomic heteronuclear model reads [7, [19]

H = UaaNf + U'bijb2 + Uchf + UabNaNb + UacNaNc + chNch
+ 11Ny + Ny + peN. 4+ Q(a’bic + c'ba). (1)

The parameters U;; describe S-wave scattering, j1; are external potentials and (2 is the
amplitude for interconversion of atoms and molecules. In the homonuclear case, two
identical atoms labelled a are combined to produce a molecule ¢ [7]. The generalization
to the triatomic case is not immediate and in particular, for the homonuclear case, a
one mode multibosonic realization of sl(2) is essential.

In what follows we will show that it is possible to find other integrable generalized
molecular BEC models, more specifically, heteronuclear and homonuclear tri-atomic
models. We first introduce two models, one with two identical species of atoms and a
different one and another model where there are three different species of atoms. In both
cases the three atoms can be combined to form a molecule. We then introduce a model
consisting of three identical species of atoms which uses a recently defined multibosonic
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realization of the sl(2) algebra [I§]. We present how these generalized models can
be derived from a transfer matrix, thus allowing us to show their integrability by the
algebraic Bethe ansatz method. We also obtain their corresponding energies and Bethe
ansatz equations.

2. Triatomic molecular models

We are going to introduce in this section three different Hamiltonians describing
triatomic-molecular BECs, two for the hetero-atomic case and one for the homo-atomic
case. We are considering the coupling parameters real, such that the Hamiltonians are
hermitian. The U parameters describe the S-wave scattering, the p parameters are the
externals potentials and € is the amplitude for interconversion of atoms and molecules.
The operators N;, j =a, b, ¢, d are the number operators acting in the Fock space.

2.1. Heteronuclear molecular models

We can construct two models for hetero-atomic molecular BECs, one with two identical
species of atoms and a different one and another model where there are three different
species of atoms.

2.1.1. Model for 2 atoms a and 1 atom b
The Hamiltonian that describes the interconversion of a heterogeneous tri-atomic
molecule labelled by ¢ with two atoms of type a and one atom of type b is given by

H = UaaNf + U'bijb2 + Uchf + UabNaNb + UacNaNc + chNch
+ 11Ny + Ny + peN, 4+ Q(a'a'dlc + c'baa). (2)

This Hamiltonian (2]) has two independent conserved quantities,

Il = Na + 2NC7
I = N, — 2N,, (3)

where [y is the imbalance between the number of atoms of type a and b. The total
number of particles N = N, + N, + 3N, can be written using these conserved quantities,

31, — I
N=21—2
2 Y

and it is also conserved.
Writing the S-wave diagonal part of (2)) as a combination of the conserved quantities

@) we find

olf + BI3 + L I,
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where we have used the following identification for the coupling constants

Uwa = a0+ 3+, U, = 45, Uee = 4av,

Up = —48 — 27, Uye = 4o + 27, Up. = —4~.

Therefore the Hamiltonian (2) can also be written as

H = ol} + 8L + v, I
+ ptaNg 4 11Ny + peN, 4+ Q(a’a'dlc + c'baa). (4)
This form will be used later when we show how the Hamiltonian (2)) can be derived from

a transfer matrix to establish integrability in the general context of the Yang-Baxter
algebra.

2.1.2. Model for 3 different atoms: a, b and c
The Hamiltonian for a model of heterogeneous tri-atomic molecule labelled by d with
one atom of type a, one atom of type b and one atom of type c is given by

H = Uy N? + Uy N + U, .N? + UgyN:
+ UabNaNb + UacNaNc + UadNaNd + chNch + UbdNbNd + UchcNd
+ uaNa + ,UbNb + ,Uch + ,Ude + Q(aTbTCTd + chba). (5)

This Hamiltonian (5]) has three independent conserved quantities,

Il = Na+Nd>
I, = Ny + Ny, (6)
I3 = N.+ Ny.

The physical quantities representing the different imbalances between the number of
atoms of different species (Jyp, Jue, Joe) and the total number of atoms N can be expressed
as a combination of these quantities, for example,

Jab:Na_NbIII_I%

Jac:Na_Nc:II_I37

ch :Nb_Nc:]2_[37

N =N,+ Ny+ N.+ 3Ny, =11 + I, + I3,
and are conserved as well.

We can write the S-wave diagonal part of the Hamiltonian (B in terms of a
combination of the independent conserved quantities (6)) as



CBPF-NF-007/14

Exactly solvable triatomic models D

alf + BI3 + 815 + vy Iy + ply I3 + 01513, (7)

where the following identification has been made for the coupling constants

Uaa:au Ubb:ﬂu Ucc:(Sv Udd:a+6+5+7+p+‘97

Uw =7, Use = p; Upe =0, Upg =28+~ +0, Uy =20+p+0.
Then the Hamiltonian (Bl can be also written as
H = al} + B + 0I5 + I Iy + pI, I3 + 01513
+ 1aNo + 1Ny + p1eNe + paNg + Qa’bc’d + d'cba). (8)

2.2. Homonuclear-molecular model

In the homogeneous case, we can construct a model describing a triatomic-molecular
BEC, where all atoms are identical.

2.2.1. Model for 3 atoms a
The Hamiltonian that describes the interconversion of a homogeneous triatomic molecule
labelled by b with three atoms of type a is given by

H = UaaNg + (]bb]\/vb2 + UabNaNb + ,uaNa + ,UbNb
+ Q(a'a’a’ba_(N,) + a_(N,)b'aaa). 9)
where a_(N,) is a function of N, (see next section for more details) that controls the
amplitude of interconversion ). This indicates that the density of atoms N, has some

influence in the generation of a bound-state composed by three identical atoms.
This Hamiltonian (@) has one conserved quantity,

I = N, + 3Ny, (10)
the total number of particles N = N, + 3N,.

3. Integrability and exact Bethe ansatz solution

In this section we will discuss the derivation, the integrability and the Bethe ansatz
solution of these models. We begin with the su(2)-invariant R-matrix, depending on
the spectral parameter u:

1 0 0O O

| 0 b(u) c(u) O
R=1"0 cw) b o
0 0 0 1
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with b(u) = u/(u+n) and c¢(u) = n/(u+n). Above, n is an arbitrary parameter, to be
chosen later. It is easy to check that R(u) satisfies the Yang-Baxter equation

ng(u — U)ng(u)Rgg(U) = RQg(’U)ng(U)ng(U — U).

Here R, (u) denotes the matrix acting non-trivially on the j-th and the k-th spaces and
as the identity on the remaining space.
Next we define the Yang-Baxter algebra T'(u),

subject to the constraint
ng(u — ’U)Tl(U)TQ(U) = TQ('U)Tl(U)RlQ(U — ’U). (11)

In what follows we will choose different realizations for the monodromy matrix
(T (u)) = L(u) to obtain triatomic models for heteronuclear and homonuclear molecular
BECs. In this construction, the Lax operators L(u) have to satisfy the relation

ng(u - ’U)Ll (U)LQ(U) == LQ(U)Ll (u)R12(u - U). (12)
Then, defining the transfer matrix, as usual, through
t(u) = trr(T(u)) = w(A(u) + D(u)), (13)

it follows from ([T that the transfer matrix commutes for different values of the spectral
parameters; i. e., [t(u),t(v)] = 0. Consequently, the models derived from this transfer
matrix will be integrable. Let us now particularize this construction for the hetero and
homo-atomic molecular cases.

3.1. Heteronuclear-molecular models

We may choose the following realization for the two models of heteroatomic molecular
BECs

7(T(u)) = L(u) = u~ GL® (u™)L¥ (u™), (14)
with u* = u + w, G = diag(+, —), the Lax operator L*(u)
1 uw—ns* —pSt
LS(U) — _ ( u 77‘? 775 )
u —nS u+nS*
in terms of the su(2) Lie algebra with generators S* and S* subject to the commutation
relations

(5%, 5% = £5%, [ST,57] =257,
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and the Lax operator L*
1 # -
LAy =1 u+nk nk ’
u\ —nKt u-—nK*
in terms of the su(1,1) Lie algebra with generators K* and K¥* subject to the
commutation relations
[K*, K*]| = +K*, [Kt K|=—-2K". (15)

Now, using two different realizations for the su(2) and su(1,1) algebras we will show
how to construct the hetero-atomic Hamiltonians (2) and (H) from the transfer matrix
(I3) and present their exact Bethe ansatz solution.

3.1.1. Model for 2 atoms a and 1 atom b
Using the following realizations for the su(2) and su(1, 1) algebras

N, — N,

St =ble, 5 =clb, SZ:%,
\2 2

. (ah) _ (@?* . 2N, +1

Kh="0 K=f K="

it is straightforward to check that the Hamiltonian () is related with the transfer matrix
t(u) (I3) through

1
H = t(u) — SU N+ al? + BI3 + 611y,
where the following identification has been made for the parameters

2

_ n
Ha =0, pe= —pp = uln, Q=T

We can apply the algebraic Bethe ansatz method, using as the pseudovacuum the
product state (]0) = |k) ® |¢), with |k) denoting the lowest weight state of the su(1,1)
algebra with weight k, i.e., K?|k) = k|k) and |¢) denoting the highest weight state of
the su(2) algebra with weight m,), to find the Bethe ansatz equations (BAE)

M

(v; — w —nm,)(v; + w + nk) vi—v;—n .

— T — =1,...M 1
(v; —w+nm,)(v; + w — nk) H b o M (16)

oy UZ'—’Uj‘i"f]’

and the energies of the Hamiltonian (2) (see for example [7, [§])

l uU— v+
E=(u —nmz)(u++nk)HTZU

i=1
M
- u—v—n
_ + . + _pk R
e =) [

1
— U+ alf + B3 + 1L 1. (17)
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3.1.2. Model for 3 different atoms: a, b and c
Using the following realizations for the su(2) and su(1, 1) algebras

N,— N
St=cld, S =dle, y:>—3—i
KuJ“W e (@) Net Nyl

2 27 n 2 ’

it is straightforward to check that the Hamiltonian (8)) is related with the transfer matrix
t(u) ([I3) through
H(u)=t(u) —u n+ali + B + 613 + vy Iy + pli I3 + 01513,
with the following identification for the parameters
fa=pp=u"n, He=—pa=—u'n, Q=n"

Applying the algebraic Bethe ansatz method we find the Bethe ansatz equations
(BAE)

M
(v; —w —nm,)(v; + w + nk) _Hvi—v]——n
Ui—'l}j‘l‘n’

i,j=1,..,M, (18)

(v; = w +nm;)(v; +w — k) iy

and the energies of the Hamiltonian ()

LEpy— +1n
E=(u" —nm,)(u" +nk)HTZU
i=1 !

=1
—u Tt ali + B+ 013+ vy + pli I3 + 01515, (19)

3.2. Homonuclear-molecular model

In this case we may choose the following realization for the Yang-Baxter algebra
m(T(u)) = L(u) = ' GL"(u — & —n ") L (u +w), (20)

with, G = diag(—, +), the Lax operator L(u)

u+nNy, b
Lb<u>=< o 77_1)

in terms of the canonical boson operators b and bf with N, = b'b, subject to the
commutation relations

b5 = [bf,0T] =0, [, =1,
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and the Lax operator L4

—|— QA() 7’]A_
LAwy=( “72
(w) ( S )
in terms of the si(2) Lie algebra with generators Ay and A, subject to the commutation
relations
[A_, Ayl = Ao, [Ao, AL] = £2A,. (21)

We find from the L operator (20) the following transfer matrix

tu) = —n Hu+w+ gAO)(u — 5=+ N,)
+ 2 (u+w— gAO) +bA, +bTA_, (22)
with
t(0) =n"'w(d +207") — wiNy + %(6 —nNy) Ay +bAL +bTA_. (23)

There is a one-mode realization of the si(2) algebra [18§]

Ag = ao(N), A_=a_(N)d, A;=(a")a_(N)

with
B 2

ag(N) l

(N —R)+ a(R) (24)

o (N) = \/ TG~ B+ e RGO = R+ 1) (25)

where N = a'a and [ € N. The operator R is
R={1_1 KL ~emunN

and acts on the states {|n)} as R|n) = n mod l|n). The function ay(R) is a function of
the spectrum of R. For n = r < [, we have
1
1
with Ay = ap(R) such that ag(R)|r) = ao(r)|r) and R|r) = r|r). The operator R
commutes with a' and (a')! and so is a conserved quantity for all models presented in

(N = R)|r) = 0lr) (26)

this paper.
Now we will apply this realization to show how to construct the Hamiltonian (9]
from the transfer matrix (22)) and present their exact Bethe ansatz solution. For | = 3,
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which is the case of interest here, it is straightforward to check that the Hamiltonian
@) is related with the transfer matrix ¢(0) (23) through

H = t(0) (27)

where we have the following identification

n= 9Ua + Ub - 3Uab
6(w + 8) = (18U, — 2U,)N — np + 184, — 611

360 wd + T2wn % = np? + [(4Uy — 6Uu) N + 6(ty — 3pta +w)]p
+ 4U,N? +12(pp + w)N

with p = p(R) = 3ap(R) — 2R. Let |0), denotes the Fock vacuum state and let
|r)a denotes the lowest weight state of the si(2) algebra where r = 0, 1, 2, are the
eingenvalues of R for [ = 3 and N = nl 4+ r, with n € N. On the product state
|W) = |r)4 ®|0), we can apply the algebraic Bethe ansatz method to find the Bethe
ansatz equations (BAE)

(1 = nv; +n16)(vi +w + Fao(r)) M v — v —1
v +w — Zag(r)

and the energies of the Hamiltonian (2)

E=n10+n") (w + gao(r)> ﬁ UZ; i
+n7° (w - an(T)) ﬁ UZ;_ L (29)

4. Summary

We have introduced three new integrable models for both, homogeneous and
heterogeneous tri-atomic molecular BECs obtained through a combination of Lax
operators constructed using special realizations of the su(2) and su(1l,1) algebras
and a particular one-mode multibosonic representation of sl(2), possibilities that were
overlooked in previous studies. The models were solved by means of the algebraic
Bethe ansatz method and their corresponding energies and Bethe ansatz equations were
derived.
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