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Abstract

This paper presents the classification, over the fields of real and complex numbers, of the
minimal Zs X Zs-graded Lie algebras and Lie superalgebras spanned by 4 generators and
with no empty graded sector. The inequivalent graded Lie (super)algebras are obtained by
solving the constraints imposed by the respective graded Jacobi identities.

A motivation for this mathematical result is to systematically investigate the properties of
dynamical systems invariant under graded (super)algebras. Recent works only paid attention
to the special case of the one-dimensional Zs x Zo-graded Poincaré superalgebra.

As applications, we are able to extend certain constructions originally introduced for
this special superalgebra to other listed Zo x Zo-graded (super)algebras. We mention, in
particular, the notion of Zs x Zs-graded superspace and of invariant dynamical systems
(both classical worldline sigma models and a quantum Hamiltonian).

As a further byproduct we point out that, contrary to Zs X Zs-graded superalgebras, a
theory invariant under a Zs X Zs-graded algebra implies the presence of ordinary bosons and
three different types of exotic bosons, with exotic bosons of different types anticommuting
among themselves.

CBPF-NF-001/21

*E-mail: zhanna.kuznetsova@Qufabe.edu.br
YE-mail: toppan@cbpf.br



CBPF-NF-001/21 2

1 Introduction

Zo x Zo-graded Lie algebras and superalgebras were introduced in [I, 2] by taking the con-
struction of ordinary Lie superalgebras as a starting point; some possible physical applications
were suggested. The difference between Zo x Zo-graded Lie algebras and superalgebras is spec-
ified by a inner product which determines the graded brackets given by (anti)commutators.
Ever since the graded superalgebras have been widely investigated by mathematicians, see e.g.
[31, 14 5, 6L, 7], 18, @].

Early works considering physical applications of Zy x Zo-graded Lie superalgebras are [10,
11), 12), 13]. It is nevertheless only recently that Zs x Zo-graded Lie superalgebras have been
systematically investigated and applied to dynamical systems. It was recognized in [14] 5] that
they describe symmetries of Lévy-Leblond equations; furthermore the following constructions
have been introduced: Zg X Zg-graded invariant worldline [16] and two-dimensional [17] sigma
models, quantum mechanics [18, [19], superspace [20]. The role of Za x Za-graded parastatistics
has been clarified in [21] (see also [23], 22] and references therein for earlier works). Up to our
knowledge, so far Zs x Zs-graded Lie algebras received little or no attention in connection with
dynamical systems. Indeed, the recent activity for graded (super)algebras is mostly based [16], 18]
191, 21] on the special case of the so-called Zg x Zs-graded one-dimensional Poincaré superalgebra,
since this is the natural generalization of the invariant superalgebra of the supersymmetric
quantum mechanics [24].

The main motivation of this paper is to start a systematic investigation of the properties of
dynamical systems invariant under a broader class of Zgy x Zg-graded (super)algebras. Accord-
ingly, this work presents a mathematical part which is complemented by a discussion of some
selected applications.

On the mathematical side this paper presents the classification of the minimal Zo X Zo-
graded Lie algebras and Lie superalgebras (over R and C) spanned by 4 generators and with no
empty graded sector. Two tables, 1 and 2, are given. They respectively list the inequivalent
algebras and superalgebras. The particular case of the Zy X Zo-graded one-dimensional Poincaré
superalgebra mentioned above corresponds to the S10.—1 entry in the classification of Table 2.

The mathematical results are the basis to discuss some applications. A generalization of the
notion of Zg X Zs-graded superspace (for both algebras and superalgebras) is given in Section
4. As an illustration of the method, covariant derivatives for certain listed (super)algebras are
obtained. In Section 5 the derivation of new Zg X Zo-graded invariant dynamical systems (both
classical worldline sigma models and a quantum Hamiltonian) is presented as an example.

As a byproduct of our results we stress the fact that a dynamical system based on a Zy X Zo-
graded Lie (super)algebra presents four types of fields. In the algebra case these fields are
divided into ordinary bosons and three types of exotic bosons (bosons belonging to different
types mutually anticommute instead of commuting). This is a new situation which should be
compared with the already recognized feature, see [16], that the four types of fields associated
with a Zgy X Zo-graded Lie superalgebra correspond to ordinary bosons, exotic bosons and two
types of fermions (fermions of different types mutually commute). Further comments about the
obtained results and suggested investigations are given in the Conclusions.

The scheme of the paper is the following. The classification of minimal Zy X Zo-graded Lie
(super)algebras is presented in Section 2. The construction of minimal matrix representations
is discussed in Section 3. The Zg x Zgo-graded superspace for both algebras and superalgebras
is introduced in Section 4. New examples of invariant dynamical systems are introduced in
Section 5. The notion of Zg x Zo-graded Lie (super)algebras is recalled in Appendix A. Minimal
graded matrices are introduced in Appendix B. Useful minimal matrix representations are given
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in Appendix C.

2 Classification of minimal graded Lie (super)algebras

In this Section we present the classification of the minimal graded Lie (super)algebras, with no
empty graded sector, over the fields of real and complex numbers. The three classes of cases
here considered are presented in Appendix A. For completeness and propaedeutic reasons we
start with the minimal Zs-graded Lie superalgebras. The core result is the presentation of the
minimal Zs X Zs-graded Lie algebras and Zs x Zso-graded Lie superalgebras. A minimal graded
Lie (super)algebra is spanned by one and only one non-vanishing generator in each graded sector.
Therefore, the minimal Zo-graded Lie superalgebras are spanned by two generators, while the
minimal Zo X Zs-graded Lie algebras and superalgebras are spanned by 4 generators. The
inequivalent classes of these graded Lie (super)algebras are obtained by solving the constraints
imposed by the respective graded Jacobi identities, see formula (|A.5]).

2.1 The minimal Z,-graded Lie superalgebras

This case presents one generator, H, belonging to the Gy sector and one generator, (), belonging
to the G; sector (see Appendix A). The most general (anti)commutators compatible with the
gradings are

[H,Q] = rQ, {Q,Q} =2sH, with r,s€R or rseC. (1)
The graded Jacobi identities require the constraint
rs = 0 (2)

to be satisfied. This constraint is implied by taking, in the graded Jacobi identity , either
A=H,B=C=QorA=B=C=Q.

Three classes of solutions are recovered: r = s =0, r = 0 with s # 0 and r # 0 with s = 0,
respectively. By suitably rescaling the generators the three inequivalent minimal Zs-graded Lie
superalgebras are

i) the Zgo-graded “abelian” superalgebra

[H,Q] ={Q,Q} =0, (3)
i1) the N/ =1 one-dimensional supersymmetry algebra
[H,Q] =0, {Q Q}=2H, (4)
i1i) the Zs-graded Lie superalgebra with a Grassmann generator
[H,Q]=Q, {Q,Q}=0. (5)

These three superalgebras are inequivalent for both real (R) and complex (C) number fields.

The Zo-graded “abelian” superalgebra i) enters the construction of the simplest example of
superspace, see [25], given by two (one even and one odd) coordinates. The superalgebra i) is the
simplest example of superalgebra associated with the one-dimensional Supersymmetric Quantum
Mechanics [24], where H is a Hamiltonian and @ is its (unique) square root supersymmetry
operator. The superalgebra i) enters the topological mechanics, with H playing the role of a
scaling operator, see [26].
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2.2 The minimal Z, x Z,-graded Lie algebras

We consider here Zo x Zso-graded Lie algebras with non-empty sectors.
The four generators H, @Q; (i =1,2,3) can be assigned into each graded sector as

H € Goo, Q1€ G0, Q2€Go1, @3€Gn. (6)

Since the three sectors Gi1,Go1, G1o are on equal footing (see the remark 1 in Appendix A) any
permutation of the ();’s produce equivalent algebras.
The (anti)commutators defining the algebras are

{Qi,Qj} = dileijr|Qr, [H,Qi] = b;Q;. (7)

The six structure constants d;, b; (d;,b; € K, with K = R or C) have to be constrained to
satisfy the graded Jacobi identities presented in Appendix A, see . In €k is the totally
antisymmetric tensor normalized as €193 = 1. Its modulus is taken because in the right hand
side of the first set of equations the anticommutators appear; the sum over the repeated
index k is understood.

The constraints from the graded Jacobi identities come from the triples H, Q;, Q; with i # j.
They are

dy(by — by — b3) = da(ba — bg — by) = d3(bg — by — b2) = 0. (8)

We classify their inequivalent solutions.

By rescaling the @;’s generators through @; — X\;@Q;, a given non-vanishing d;, let’s say ds,
can be rescaled to 1 by setting A3 = AjA2ds. By plugging this result, a second non-vanishing
coefficient, let’s say do, is rescaled as dy — )\%dgdg. For K = C the second coeflicient can be
rescaled to 1 by setting A\; = ﬁ. For K = R it can be set to £1 according to the sign of
the product dods. For K = R and three non-vanishing constants d;, at least two of them can
be rescaled to +1, while the third one can be rescaled to £1. By taking into account that the
three sectors Gi1,Go1,G10 can be mutually permuted, we arrive at the following inequivalent

presentations of the d;’s structure constants:

For K=C : (di,ds,ds) € {(0,0,0),(0,0,1),(0,1,1),(1,1,1)}. (9)

For K=R : (di,ds,ds) < {(0,0,0),(0,0,1),(0,1,1),(0,—1,1),(1,1,1),(=1,1,1)}. (10)

Once fixed the d;’s structure constants, the b;’s structure constants are determined as follows:

(d1,da,d3) = (0,0,0) = no constraint on by, by, b3,

(di,do,d3) = (0,0,1) = by = by + b,

(di,do,ds) = (0,£1,1) = by =0, by=bs,

(di,do,ds) = (£1,1,1) = by =ba=03=0. (11)

Taking into account the rescaling of H as H — AH and the permutations among the Gi1, Go1, G10
sectors, the list of inequivalent, minimal, Zs X Zs-graded Lie algebras is given by the following
table:
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di|dy | d3| by by | b3
Al : e | 1|1 0 0 0
A2, : 0|e |1 0 0 0
A3 : 0]e]l 0 1 1
A4 010]1 0 0 0
A5 0]0]1 1 -1 |0
A6,: [0 [0 1 [ —-a|[3+a]|1
AT 0(0]O0 0 0 0
A8, .:1 0 10| 0 Yy z 1

Table 1: classification of the inequivalent minimal Zs X Zo-graded algebras over R with
non-empty graded sectors; some of the algebras are labeled by the e = £1 sign, while continuous
classes of inequivalent real superalgebras are parametrized by x,y, z € R. The restrictions are

e=+1 and, for z,y,z € R: x>0, 0<l]yl <|z| <L (12)

Remark 1: The classification of the inequivalent, minimal, Zy X Zo-graded Lie algebras over
C with non-empty graded sectors are directly read from table 1 by taking into account:
i) the irrelevance of the € sign (two complex algebras differing by this sign are identified);
i) that z,y, z € C, with the constraint on = being replaced by 0 < 0 < 7 for = = pe'.

2.3 The minimal Z, x Z,-graded Lie superalgebras

We consider here Zo x Zo-graded Lie superalgebras with non-empty sectors.
The four generators H, (Q1, (Q2, Z are assigned into each graded sector as

H e Gy, @1€Go, Q2€Go, Ze€Gi. (13)

The (anti)commutators defining these superalgebras are

[H,Qi] = a;iQi, (H,Z] = bz, Q1,Q2] = cZ, (14)
{Qi,Qi} = «oH, {Z,Qi} = PBile|Q;.

In the last equation the sum over the repeated index j is understood (the antisymmetric tensor
€ is normalized as €12 = 1).

The structure constants ay, a9, b, c, a1, a9, 51,82 € K are constrained by the graded Jacobi
identities. The complete set of nontrivial constraints derived for each choice of the A, B,C
generators entering equation is given by

A=H, B=@Q;, C=Qs : cb—a;—az) = 0,
A:H, B:Ql, C:Z . ﬁl(ag—al—b) = O,
A:H, B:QQ, C:Z . ﬁg(al—ag—b) = O,
A=0Q1, B=Q, C=0Q2 : cfr—ogap = 0, (15)
A=Q2, B=Q2, C=0Q1 : cfo+aa; = 0,
A=Q1, B=@Q1, C=272 cfr—ab = 0,
A:Qg, B:Qg, C=7 : Cﬁ2+042b = O,
A=0Q1, B=Q2, C=2 pras — a1 = 0.

By taking into account the normalization of the generators and the admissible Gy <> Gig
exchange of the graded sectors recalled in remark 2 of Appendix A, a convenient presentation of
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the inequivalent, minimal, Zs X Zo-graded Lie superalgebras over R is expressed by the following
table of structure constants satisfying the (15]) constraints:

B | B2

s
=
Q
)
S
Q
=
Q
v

S1:
S2:
S3. :
S4:
S5:
S6, :
ST :
S8 :
59 :
S10, :
S11:
S12:
S13, :
S14 :
S15 :
S16 :
S17, :
S18y . :
519, :
S20, :
S21, :

[an)
[an)

=l B==] Hanl Hes] Hen) Hen] Nen) o) Hen) Neo) Hen]) Ran) Nan]

|
[

—_

—

1—z
0
1+y

[l Bl Mol ol Hevll Hewll Hew) Hen) Hen) ool Henll Henll Hev)l Hev) Nev) Nen) o) el Hav)l Havll N aw)
Nl Y I N e e e e Y el N e ) el Hen) Henl Hen) Nenll Hen) ool Hen) Nenll an)
Ll K==l K=l Neo) Reol B Neol Neo ) il Heol el Bl Bl Bl Renll Henll ool Hen) Henl Revll Nenll lo)
[}l Rl Nen) Nen) NRenl il Nenll e Wi Nenll Nen) Hen) Nen) Ren] le Wi e Wi Nenll Nen) Nen) Nen)
(el e W Bl ool Hen) Henl Beol il Henll Henll Nen) Nen) Nen) Renl ol Bl Bl Bl Nen) Ne)

(==} Hevll Rev)l Hew) Hew) Hen) Neo) Hewll e Wi Hevll Nev) No W o) Ren) e i Heoll Havll Havl le W Nev) Nen)
OO OO0 OO OO0 HOIRIOIH OO

Table 2: classification of the inequivalent minimal Zo X Zs-graded superalgebras over R
with non-empty graded sectors; some of the superalgebras are labeled by the e = 41 sign,
while continuous classes of inequivalent real superalgebras are parametrized by z,y,z € R. The
restrictions are

e==1 and, for z,y,z € R: x #£0, 0<lyl <1, z unconstrained.  (16)

Remark 2: The classification of the inequivalent, minimal, Zo X Zo-graded Lie superalgebras
over C with non-empty graded sectors are directly read from table 2 by taking into account:
i) the irrelevance of the € sign (two complex superalgebras differing by this sign are identified);
i1) that z,y, z € C; the restrictions on z,y hold in the complex case as well.

3 Construction of minimal matrix representations

The minimal, faithful, representations of the Zg x Zs-graded Lie (super)algebras presented in
Tables 1 and 2 are given by 4 x 4 matrices whose nonvanishing real entries m;’s are assigned
as in formula presented in Appendix B. For each graded (super)algebra the closure of the
(anti)commutators puts restrictions on the m; values. The construction of these matrices is done
by solving these constraints. For any given (super)algebra all resulting four matrices (one in
each graded sector) are required to be nonzero. For completeness and their possible usefulness in
applications, the results of the computations are reported in Appendix C. Solutions are obtained
for all cases listed in Tables 1 and 2 with three exceptions: the algebra A5, the algebra A6, for
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x # % and the superalgebra S13.. It is easily shown that the consistency conditions, applied to
the above three cases, imply that at least one of the four matrices is identically zero.

The presentation of the results in Appendix C makes use of the freedom to rescale to 1,
for the matrices of the graded sectors Gig, Go1, G11, one of their nonvanishing entries. It is on
the other hand convenient to keep as general as possible the diagonal entries (eigenvalues) of
the matrices H € Gyy. Further comments about the construction and the presentation of the
solutions are given in Appendix C.

It is useful to make some comments about certain special examples of graded (super)algebras
and their matrix representations. In particular, the Zg x Zg-graded abelian (i.e., all their
(anti)commutators are vanishing) algebra A7 and superalgebra S1 define the respective graded
superspaces discussed in the following Section 4. Therefore, their respective matrices given in
Appendix C provide a matrix representation for the superspace coordinates.

Furthermore, the Zs x Zs-graded structures of quaternions and split-quaternions are sum-
marized as follows.

3.1 Zy x Zy-graded structures of quaternions and split-quaternions

Quaternions and split-quaternions (see [27] for definitions and properties) admit a natural
Zo X Zo-graded structure. We present their connections with Zo X Zo-graded algebras and
superalgebras.

The composition law of the three imaginary quaternions e; (i,7j,k = 1,2,3) is

ei-ej = —0;je0 + €k, (17)

where €193 = 1 is the totally antisymmetric tensor and ey is the identity. The three imaginary
quaternions induce a realization of the CI(0, 3) Clifford algebra, see [28].

The split-quaternions are defined by the three elements €; plus the identity éy, with compo-
sition law expressed by

€; - éj = Nijé() + gijkék- (18)

The 3 x 3 matrix NNV;; is diagonal: N;; = diag(N1, N2, N3), with N; = —Ny = —N3 = —1. The
totally antisymmetric tensor of the split-quaternions is €;;; = €;;xNi. The three elements ¢é; give

a realization of the Clifford algebra C1(2,1), see [28].
A matrix presentation of the quaternions is

10 0 0 0 0 1 0 0 0 0 1 0 1 0 0
01 0 0 | o 0o o0 1 | o o -1 0 | -1 0 0 o0
““=lo o0 10| T -1 0o 0oo0] 27 0o 1 0 of” BT 0o o0 0 -1
00 0 1 0 -1 0 0 -1 0 0 0 0 0 1 o0
(19)
A matrix presentation of the split-quaternions is
1 0 0 0 0 0 1 0 0 0 0 1 01 0 0
. o100 | o 0o 01 . o o1 o0 3 1 0 0 O
“=lo o0 10| 7] =1 0o oo0] “27[o1o0oo0o] (oo o -1
0 0 0 1 0 -1 0 0 1 0 0 0 00 -1 0



CBPF-NF-001,/21 8

Quaternionic and split-quaternionic matrices give representations of the Zo X Zs-graded
abelian algebra A7. They are recovered from the formulas given in Appendix C for that case
after setting p = —q = —1 (and, respectively, p = ¢ = —1).

The quaternionic matrices (19) give a representation of the Zy x Zg-graded superalgebra
S10.—1. They are recovered, up to normalizing factors, from the matrices presented in Appendix
C after setting, fore=1, A=-2,p=1,g=—1.

The split-quaternionic matrices give a representation of the Zs X Zs-graded superalgebra
S510.=_1. They are recovered, up to normalizing factors, from the matrices given in Appendix
C after setting, fore=—-1, A=2,p=1,¢q=1.

We recall that the Zs x Zg-graded superalgebra S10.—; was investigated in [16, 18, [19]. Its
role, in those works, is of the one-dimensional Zy x Zo-graded Poincaré superalgebra.

4 Applications to generalized Z, x Zs-graded superspaces

We extend here the notion of Zy X Zs-graded superspace and covariant derivatives, originally
introduced in [20] for the one-dimensional Zg x Za-graded Poincaré superalgebra S10.—;, to
other cases of graded algebras and superalgebras listed in Tables 1 and 2, respectively.

At first the general construction is presented in parallel for both graded algebras and su-
peralgebras. Then, as an illustration, after recalling the S10.-; superspace formulation, we
present the formulas of covariant derivatives in two selected graded algebra cases, A4 and A8, .
aty=2=0.

4.1 Superfield conventions

In the algebra case the Zo X Zs-graded superspace is defined by the graded coordinates
x, w1, ws, ws (with grading assignment = € Goo, w1 € Gig, w2 € Go1, w3 € G11), which satisfy the
graded abelian algebra A7; their (anti)commutators are

[z, w1] = [z, w2] = [z, w3] = {w1, w2} = {w2, w3} = {wsz, w1} =0. (21)

The grading assignment of the derivative operators is: 9, € Goo, Ow, € G105 Owy € Go1, Ows € Gi1-
The superspace coordinates and their derivatives satisfy a Zy x Zy-graded algebra, whose non-
vanishing (anti)commutators are

[8w,x] = 1, {&Ui,w]‘} = 5ij for i,j = 1,2,3. (22)

In the superalgebra case the Zy x Zo-graded superspace is defined by the graded coordinates
x,0,n,s (with grading assignment = € Gy, 0 € G, 1 € Go1, s € G11), which satisfy the graded
abelian superalgebra S1; their (anti)commutators are

[3779] = [x777] = [l’, 5] = [9’7]] = {9’9} = {77>77} = {975} = {777 S} =0. (23)

The grading assignment of the derivative operators is: 9, € Goo, 99 € Gio, Oy € Go1, s € G1.
The superspace coordinates and their derivatives satisfy a Zo x Zo-graded superalgebra, whose
nonvanishing (anti)commutators are

[0, 2] = [0s, 8] = {09, 0} = {9y, n} = 1. (24)

Let us denote:
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i) a graded Lie algebra-valued superfield as ®. We have

Q(z,wi,we,w3) = zH+wiQ1+ waQ2 + w3Qs, (25)

with H, @1, Q2, Q3 the generators of one of the algebias listed in Table 1;
i) a graded Lie superalgebra-valued superfield as ®. We have

6(1’, 97 7, 5) = zH+ 0Q10 + 77@01 + SZa (26)

with H, Q19, Qo1, Z the generators of one of the superalgebras listed in Table 2.

The graded superspace coordinates are compactly denoted, in the algebra case, as
X = x,wy,ws, w3 and, in the superalgebra case, as X = z,0,7,s. In order to have a unified
notation we further set, depending on the case, X = X, X and ®(X) = &(X), ®(X).
Exponentiating ®(X) maps the corresponding Zs X Zo-graded Lie (super)algebra valued
superfield into the group element g(X) = exp(®(X)).

Different A, B points in the graded superspace are expressed by different graded coordi-
nates X4, XB, whose graded components are either xA,sz and zB,wlB or 4,04 nA s and
8,08 nB sB. The (anti)commutators among all graded components are vanishing.

The superfield commutators at different points are expressed in terms of the graded Lie
(super)algebra structure constants, given in formula @ for the algebra case and in formula

for the superalgebra case.

In the algebra case we get

24X, (X)) = (bi(a"wf - wi'e?) - di(wiwd +wiwy)) - Qi+
(ba(2wf — wi'a®) — dy(wiwi +wi'wg)) - Q2+
(b3(cwf —wiwl’) — ds(wiwy +wiw)) - Qs. (27)

In the superalgebra case we get
BN, BNXT)] = (16207 + an®) - H +
(al(erB _ ,IBGA) _ 52(771483 + SAUB)) . QlO +
(az(z*n® — 2Pn?) = p1(04s" + 5707)) - Qo1 +
(b(zAsP — s428) + c(649P — n20P)) - Z.

4.2 The general construction

Let A = K,K be an infinitesimal graded Lie algebra valued superfield, whose infinitesimal
graded components are respectively parametrized by ¢,d; and €, v, p, o:

A=cH+61Q1+6:Q2+03Q3, A=cH+vQio+ pQuo1 +0Z. (29)
The left action induced by A on a group element g(X) reads

9(X) = exp(®(X)) — g(X') = exp(®(X')) = exp(A) - exp(D(X)). (30)
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Due to the Baker-Campbell-Hausdorff formula we get
O(X') = X))+ A+ A +0(A?), (31)
n=0

in terms of the (linear in A) multiple commutators
A = [@(X).A], AP = [2(X), AN, (32)

The coefficients ¢, entering belong to a subset of the Dynkin coefficients [29] for the Baker-
Campbell-Hausdorff expansion.

The A© commutators and their A iterations are read by inserting in formulas (27) and
the appropriate superfields. In particular A©) is recovered after setting ®(X4) = (X )

and ®(XB) = A in 1) while A% is recovered after setting ®(X4) = ®(X) and ®(XB) = A
in (25).

The infinitesimal transformations 6X = X’ — X of the graded component fields can be
expressed in terms of the induced covariant derivatives.

In the algebra case we can set

8(X) = (eDy+ 01Dy, + 02Dy, + 63Dy, )(X). (33)

In the superalgebra case we have

§(X) = (eDy+vDy+ pDy + 0D,)(X). (34)

We illustrate now the construction of covariant derivatives in three selected examples. We
recover at first the [20] results for S10.—1; next we present the algebra cases A4 and A8,—g .—o.
4.3 The superalgebra S10._.; revisited

Superalgebra S10.—11: we recover at ¢ = 1 the results of [20]. We recall that in this case the
structure constants entering area; =ap=b=p01=0,=0, a1 =€, ag = c= 1. For this
choice of structure constants the series expansion in the right hand side of terminates at
n = 0 since

A = @X),Al=—(Ovtnp) H+Op—mw)-Z, KY=0 for n>1 (35

Taking into account that the first coefficient ¢ in iscy = —%, the infinitesimal transforma-
tions of the graded coordinates are

0(z) =e—gved —3pm, 0(0)=v, 6(n)=p, 0(s)=0—35p0+5vn. (36)
The induced covariant derivatives are
E:E = Uz, EG = 89 - %69833 + %7]8& ﬁn = ar] - %nam - %08& Es = as- (37)

Their (anti)commutators close the Zo X Zs-graded Lie superalgebra S10. (with an overall —1
normalization sign in front of the structure constants). The nonvanishing ones are

{Dy,Dyp} = —eD,, {D,,D,}=—D,, [Dy,D,]=—D,. (38)
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4.4 The A4 and A8, .-, algebra cases
We set by = by = di = dy = 0 and consider at first b3 = 0, d3 = 1 (algebra A4) and then
bz =1, d3 =0 (algebra A8, . at y = 2 =0).

Algebra A4:

AO = [B(X),A] = —(w10s + wad) - Qs, A™W =0 for n>1. (39)
The infinitesimal transformations of the graded coordinates are
§(x)=¢e, O(w1) =061, 6&(w2) =02, Jws)=7J3— sdwi— 551w (40)
The induced covariant derivatives are
Dy =08y, Duy, = 0w, — 5w20uy, Duy = Ouy — 5010wy, Dusy = . (41)
The unique nonvanishing (anti)commutator is

{ﬁU)l?ﬁwQ} = _Dws' (42)

Algebra A8y,—o,.—o:

A = [®(X),A] = (203 — waby) - Qs, AHD — g A, (43)

The infinitesimal transformations of the graded coordinates are computed in terms of the ¢,
coefficients entering the Baker-Campbell-Hausdorff expansion (31]). Instead of directly plugging
these known coefficients, an alternative method, based on the Ansatz below, allows to determine
them. From and the infinitesimal transformations of the graded coordinates read as

d(x)=¢€, O(wy) =201, O(we) =702, O(ws)=203(1+xf(x))—wsf(x)e (44)

in terms of the function

o

flz) = Z ™. (45)
n=0
The induced covariant derivatives are
Dy = 0y —wsf(2)0ws, Duwy = Owys Dy = Owys  Duy = (14 2f (%)) (46)

The consistency requirement, for the anticommutator, {Dy, Dy,} o D, implies that f(z)
should satisfy the following Riccati equation for a given constant C'

of'(x) +2f(x) + 2 f ()’ = C(A + zf(x)) = 0. (47)
Once determined the particular solution f(z) = —%, with standard method the most general
solution is expressed as fo(r) = ﬁ(_cx)—%. By requiring that, at the origin, f(0) = ¢y = —%

we obtain f(z) = f_1(x) for C = —1.
Therefore f(z) entering is

fla) = (48)
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This is the generating function of the ¢, coeflicients entering the Baker-Campbell-Hausdorff
expansion . We get

1 1 1
Ch=—5,0C 02207 03:_%7

2 12’
Since the shifted function g(z) = f(z)+ 3 is odd (g(z) + g(—z) = 0, as easily checked), the even
coefficients coy, for positive n are all vanishing (¢, = 0 for n =1,2,3,...).

The series of denominators of ¢y, c3, ¢s, . . . corresponds to the A060055 series in the OEIS (On-
line Encyclopedia of Integer Sequences) database; the numerators correspond to the sequence
A060054 in the OEIS database.

The only nonvanishing (anti)commutator for the covariant derivatives associated with
the A8,—¢ .—o graded algebra is given by

[Dx’Dw?,] = —Dw3~ (49)

5 Classical and quantum Z, X Zs,-graded invariant models

Invariant models under the one-dimensional Zy X Zo-graded super-Poincaré algebra have been
presented in [I6] (classical worldline sigma models) and [18, [19] (quantum Hamiltonians). We
show in this Section that other graded Lie algebras and superalgebras listed in Tables 1 and 2
can be realized as dynamical symmetries. We present a general framework and illustrate it with
three examples. The selected examples are the classical worldline sigma models invariant under
the graded algebra Al.—; and the graded superalgebra S7.—1, plus the quantum Hamiltonian
invariant under S7.—1.

Minimal Zo X Zs-graded worldline sigma models depend on four time-dependent fields. In
the graded algebra case the fields are the 00-graded ordinary boson z(t) and the exotic bosons
w1 (t), wa(t), ws(t), whose respective gradings are 10, 01 and 11. In the graded superalgebra
case the fields are the 00-graded ordinary boson z(t), the 11-graded exotic boson s(t) and two
types of fermions (parafermions), 6(¢) and 7(t), whose respective gradings are 10 and 01 (see
Appendix A for the grading assignments).

The operator H € Gy is the generator of the time translations, so that H oc dy - 4. The
time coordinate ¢ can be assumed to be either a real or a Euclidean time. The two choices are
related by a Wick rotation, see [16]. We work here for simplicity with the Euclidean time.

The operators acting on the four fields and closing a Zs x Zs-graded (super)algebra are
differential operators. Such D-module representations can be derived from the 4 x 4 real-matrix
representations (as the ones given in Appendix C), by promoting some of the real parameters
to be differential operators (for instance, by replacing A entering the S7.—; matrices by a term
proportional to J, as in the case discussed below).

The differential operators H, Q1, Q2, @3 of a graded algebra case (and, similarly, H, Q10, Qo1, Z
of a graded superalgebra case) act as Zg X Zg-graded Leibniz derivatives. An invariant worldline
sigma model is defined by the classical action S = [ dtL, with the Lagrangian £ depending on
the set of four fields. The Zs X Zo-graded invariance requires that each one of the four operators
produces a time derivative when acting on £. Let R be one of these operators, we therefore have

RL = 0y(Lg), (50)

for some given functional Lg.
We present now the construction of invariant classical actions for the two cases mentioned
above.
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5.1 The Al._; invariant worldline action

The Al.—; D-module representation is obtained from the A1, real matrices given in Appendix
C for the p = X case, by setting A = 0; and e = 1. We have

g 0 0 O 0 010
o a 0 o0 1|00 01
H=1"9 0 a o |’ @=31100 0|
0 0 0 0O 01 00
0 0 01 01 0 0
1 0010 1 1 0 0 O
@=510100]| @=3100 01 (51)
1 0 0 0 0 010
The above operators close the Al.—; (anti)commutators as in Table 1 conventions.
The induced transformations on the z(t), w;(t) (i = 1,2, 3) graded fields are
Hr =1, Qiz = juwn, Qrr = %1“]2’ Qsr = Lws,
Huwy =y, Qrwi = 3 , Qw1 = Fws, Qsw1 = Fws, (52)
Huwy = w2, Quwz = Fws, Qowy = 3, Qswz = Fwy,
Huwsz = ws, Qrws = Fws, Qaws = w1, Qsws = 3z
with the dot denoting a time derivative (¢ = Cé—f).

An Al._;i-invariant action can be constructed in terms of a kinetic term K and a potential
term V' (u), where the constant kinetic term is

1
K = §(¢2—w§—w§—w2). (53)

The potential term V' (u) is chosen to be a function of u given by the quadratic expression

u = x?—wi—wi—ws. (54)

The potential term is invariant under the @Q;’s since Q;(u) = 0.
The invariant worldline action is defined by the Lagrangian

L = K+V(u). (55)
The action § = [ dtL is invariant since
HL =L, QL=0 for i=1,2,3. (56)

The Lagrangian L is, by construction, 00-graded due to the mod 2 additivity .

The sigma model defined by is the simplest example of a non-trivial dynamical system
invariant under a Zo X Zo-graded Lie algebra. It implies the consistency of the equations of
motion involving three mutually anticommuting exotic bosons w;(t) such that {w;(t),w;(t)} =0

for i # j.

5.2 The S7.; invariant worldline sigma model
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A convenient D-module representation for the S7.—; superalgebra is given by the differential
operators

9 0 0 0 0 cos(7)? 0 0
1 0 9 0 0 | cos(v)? 0 0 0
H=119 0 a o | Z= 0 0 0 sin(y)? |’
0 0 0 o 0 0 sin(y)? 0
0 0 1 0 0 0 01
0 0 0 1 0 0 1 0
QIO - at 0 0 0 ) QOI 0 at 00 ) (57)
0 0 0 0 o 0 0 0

where v is an arbitrary angle.
The above representation can be recovered, at v = 0, from the second set of S7. real matrices
given in Appendix C by setting ¢ = 1, A\ = 20; and by taking the special value p = 1 (for
convenience the operator H has been renormahzed by a i factor)

The Zg x Zs-graded (anti)commutators obtained from are

(H,Z] =[H,Q0] = [H,Qo1] =0,  [Q10,Q01] =0,
{Q10,Q10} = {Qo1, Qo1 } = 2H, {Z,Q10} = Qo1,  {Z,Qu1} = Qio- (58)

Since the commutator between Q19, Qo1 is vanishing, the subalgebra generated by H, Q19, Qo1
is the Beckers-Debergh algebra, see [31]. The presence of the extra generator Z makes it to be
the S7.—1 superalgebra.

The action of the operators on the bosonic x(t), s(t) and parafermionic 6(t), n(t) graded
fields is

Hzx =z, Zx = cos(y)?s, Qiox = 0, Qoixz =n
Hs =3, Zs = cos(v)%x, Qo8 =1, Qo1s =0, (59)
HO =6, Z6 = sin(y)?n, Q100 = 4, Qo160 = 3,
Hny =1, Zn = sin(v)*0, Quon = 5, Qoin = .

The (anti)commutators of the graded fields are
[(2), s(t)] = [2(2),0(1)] = [(),n(8)] = [6(2),n(1)] = 0,
{0(1),6()} = {n(@),n()} = {s(),0(t)} = {s(t),n(t)} = 0. (60)
Let us now introduce the 00-graded quadratic expression z, given by
z = 2% -4 (61)
A ST.—i-invariant action S = [ dtL is recovered by a Lagrangian £ expressed as

L = Q- Qo1 (f(2)0n), (62)

where f(z) is an arbitrary prepotential. By construction the Lagrangian £ is 00-graded.

The invariance of the action & under the operators, which act as graded Leibniz deriva-
tives, immediately follows from the fact that £ transforms at most as a time derivative. For
instance, the invariance under Z is implied by the identities Z(z) = Z(6n) = 0.

The expression of the Lagrangian is

L = f(2) (;'U2 - m?) +21.(2) (On(s — 23)), (63)
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where f,(z) = dj;(j).

The first term in is a second-order kinetic term, while the second term (which is of
first-order in the time derivative) has the form of a spin-orbit interaction.

The construction of a classical Lagrangian for Zo X Zo-graded fields satisfying follows
the scheme of reference [16]. The difference, with respect to that paper, consists in producing
an action which is invariant under a new Zgy X Zs-graded superalgebra (S7.—; instead of the

Poincaré superalgebra S10.-1).

5.3 The S7.-; quantum model

In principle the classical model can be quantized with the prescription discussed in [19].

We know that the (anti)commutators of the parafermions 6 and 7 are realized by constant
real matrices, while space coordinates are associated with each one of the two propagating bosons
x,s. The prepotential f(z) entering is reabsorbed in the kinetic term, which leads to a 2-
dimensional constant laplacian. The derivative 0, f(z) induces extra terms which are expressed
below by the complex function g(x,y) entering the quantum Hamiltonian.

All in all, the following quantum operators close the S7.-1 graded superalgebra . Since
no confusion arises, for simplicity we keep the same name of the operators also in the quantum
case.

We have
Hyi1 O 0 0
B 0 Hyp 0 0
H = 0 0 Hss O ’
0 0 0 Hy
0 cos(7)? 0 0
7 _ cos(7)? 0 0 0
0 0 0 sin(y)? |’
0 0 sin(y)? 0
0 0 Oy — 10y + g(x,y) 0
0 0 0 0 Op — 10y + g(z,y)
10 —8, — 10y + g*(z,y) 0 0 0 ’
0 —0p — 10y + g (z,y) 0 0
0 0 0 ax_iay+g(x7y)
0 0 0 Op — 10y + g(,y) 0
o1 0 0y — 10y + g*(2,y) 0 0 '
—0, — 10y + g* (2, y) 0 0 0
(64)
where
Hiy=Hy = —02-02+ (9" —9)0: —i(g+9%)0y + 99" + g5 — ig;,
Hiyz3=Hy = —0.—0;+ (9" —9)0: —i(g+ g0y + 99" — g — igy. (65)

The space coordinates are denoted by x,y. The complex function g(z,y) is arbitrary. By
construction the above operators are Hermitian. They close the S7.—; graded superalgebra
for any given value of the angle v. The quantum Hamiltonian H describes a two-dimensional
single-particle model. This is a new Zs X Zo-graded theory. Indeed, we mention that the S10.—1-
invariant single-particle quantum Hamiltonians presented in [I8, [I9] are one-dimensional.
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6 Conclusions

We presented the classification of the minimal Zy x Zs-graded Lie algebras and superalgebras
with no empty graded sector. We pointed out that, besides the one-dimensional Zo X Zo-
graded Poincaré superalgebra already discussed in the literature, other graded (super)algebras
act as symmetries of dynamical systems. We analyzed a few cases, postponing a systematic
investigation to future works.

Among the constructions that we discussed we mention the derivation (see subsection 4.4)
of the graded superspace and covariant derivatives of the A8,_ ,—o algebra, by solving a Riccati
equation and producing a generating function for a class of Dynkin coefficients of the Baker-
Campbell-Hausdorff expansion.

The construction of graded invariant worldline sigma models was discussed in Section 5 and
two such models, for the graded algebra Al.—; and the graded superalgebra S7.-1, were given.
A new quantum model S7.—1 has been presented in formula .

The complementary results discussed in Section 3 and shown in Appendix C are presented
in order to facilitate the model-building of Zs X Zso-graded invariant theories.

We mention that Zy x Zs-graded Lie algebras so far have not been considered as symmetries
of dynamical systems, since Zy X Zo-graded Lie superalgebras were more naturally investigated
as extensions of ordinary supersymmetry. This should not be the case. As a byproduct of
the results in this work we point out that, while Zo x Zs-graded Lie superalgebras produce
models containing ordinary bosons, exotic bosons and two types of fermions which mutually
commute, see[l6], similarly Zs X Zo-graded Lie algebras induce models which contain ordinary
bosons and three types of exotic bosons which mutually anticommute. Ordinary and exotic
bosons satisfy the graded abelian algebra A7, whose (anti)commutators are given in . The
same (anti)commutators are also satisfied, at equal-time, for the fields of worldline sigma models
invariant under a graded algebra (see, e.g., the Lagrangian whose action is invariant under
the Al.—; algebra).

We can refer, for short, to a model based on a Zs X Zo-graded superalgebra as a Zo X Zo-
graded parafermionic theory, while a model based on a Zy X Zo-graded algebra can be referred to
as a Zg X ZLo-graded parabosonic theory. It was proved in [21] that Zy x Zs-graded parafermionic
multiparticle Hamiltonians lead to new testable predictions which do not have a counterpart in
ordinary bosons/fermions theories. An investigation of the testable consequences of Zgy x Za-
graded parabosonic theories here outlined is currently under way. The outcome of this analysis
will be presented in a forthcoming paper.

Appendix A: review of Zy- and Z, x Zy-graded Lie (super)algebras

We collect here the basic properties of the Zs-graded Lie algebras (usually called Lie super-
algebras in the literature, see [30]) and of the Zy x Zg-graded color Lie (super)algebras [1 2],
together with their respective graded vector spaces. To avoid unnecessary duplications of the
formulae, whenever possible, the symbols that we are introducing will be unified. In the main
text we discussed three classes of Lie (super)algebras, corresponding to

i) the Zo-graded Lie algebras,
i1) the Zg x Zg-graded Lie algebras and
ii1) the Zg x Zs-graded Lie superalgebras.
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Each one of the above classes of Lie (super)algebras will be defined over the field of either
real (R) or complex (C) numbers. For each application presented in the text it is specified which
numerical field has been employed.

The round bracket “(A, B)” denotes either a commutator ([4, B] = AB— BA) or an anticom-
mutator ({A, B} = AB + BA), depending on the grading of the Lie (super)algebra generators
A, B.

Let us introduce now three Lie (super)algebra generators A, B, C' and denote their respective
gradings as the vectors @ = deg(A), 8 = deg(B), ¥ = deg(C'). We have that
in case i), @’ = @ is a 1-component vector, such that @ = (a), with a € {0,1};
in cases 44) and 4i1), @ is a 2-component vector (&7 = (a1, az)) with ai,as € {0,1}.

A inner product (a- 5 € {0,1}) is defined for a given pair of &, e gradings. It is respectively
given, for each of the three classes above, as

casei): a-f := afe{0,1},
case i) : a-f = a1y — B € {0,1},
case iii): @-f := aif1+ aBs e {0,1}, (A1)

where the additions on the right hand sides are taken mod 2.
We are now in the position to define the bracket (A4, B) as

(A,B) := AB—(-1)%PBA, (A.2)
so that
(B,A) = (~1)%+1(4,B). (A.3)
The grading deg((A, B)) of the Lie (super)algebra generator (4, B) is
deg((A,B)) = a+p, (A4)

where, in each of the vector components, the sums are taken mod 2.

A graded Lie (super)algebra G is endowed with a (+,-) : G x G — G bracket defined as
for each A, B pair of generators in G (A, B € G). The degree of the (anti)commutators is defined
according to . A graded Lie (super)algebra is requested to satisfy, for any A, B, C triple of
generators of G, a graded Jacobi identity. Thanks to the compact, unified notation, in each of
the three above cases, the graded Jacobi identity involving A, B, C' can be expressed as

(1)7(A, (B, C)) + (=)™ (B,(C, 4)) + (-1)7T(C, (4, B)) = 0. (A.5)
In the case i), the Zo-graded Lie algebra G is decomposed into the two sectors
G = GodoGh (A.6)

of, respectively, even and odd (also known as bosonic and fermionic) generators.
In the cases ii) and iii) the Zg x Zs-graded Lie (super)algebra G is decomposed into the four
sectors

G = Goo® Y01 @ Gio® G- (A.7)
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The Zg x Zo-grading of the (A, B) bracket is read from the entries of the table below, at the
intersection of the row (A) with column (B):

| A\BJ[00]10]01]11]
00 [oo|10[o01]11
10 [[10]00[11]01 (A.8)
01 [Jo1[11]00]10
11 [[11]01[10]00

The brackets (A, B) for the Zo x Zo-graded Lie algebras are (anti)commutators, according to
the table

| A\BJ oo 10| o1 | 11|
00 o e ][]
10 [’] [7] {’}
]
]

)

(A.9)

B

The brackets (A, B) for the Zg x Zs-graded Lie superalgebras are (anti)commutators, according
to the table

) B

=

3 K

A\B | 00 10 01 11
0 LI HTTHTTT
10 LIS HT 16 (A.10)
0L LIl L1167
VRIS

A graded vector space V is a representation space for the graded Lie (super)algebra G
provided that for any A € G the bracket is realized by (anti)commutators through the
mapping A — E, where A : V — V is an operator acting on V. The graded vector space V
requires the vectors v € V' to be associated with a grading 7 (depending on the case, it is either
7= (v)and v € {0,1} or T = (v1, 1) with vy, 9 € {0,1}). Therefore, the graded vector spaces
V are

V=VeVi (for Zy) and V=VyaVudVie®Vi (for ZyxZy). (A.11)

The compatibility of the gradings for the vector space and for the Lie (super)algebra requires
a vector v = Av € V to have grading @ + 7.
We conclude with the following remarks:

1. In the Zy X Zy-graded Lie algebra case, due to the definition of the brackets in terms
of the second inner product of , the sectors Gio,G01,G11 are on equal footing: their
grading assignment can be permuted under the S3 group of permutation without altering
the (anti)commutators among the graded Lie algebra generators;

2. In the Zo x Zs-graded Lie superalgebra case, on the other hand, the only sectors which
can be switched without altering the (anti)commutators are Gig and Gp; (S2 permutation),
while the G171 sector has a different role.

Appendix B: minimal graded matrices
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We present here the general features of the constant graded matrices (whose entries are
either real, R, or complex, C, numbers) which can be applied to provide a matrix represention
of the graded Lie (super)algebras classified in Section 2. We further require the matrices to act
on a graded vector space, see formula . Therefore, the minimal matrix representations
for the minimal Zo-graded Lie algebras presented in Subsection 2.1 consists of 2 x 2 matrices,
while the minimal matrix representations for the minimal Zy x Zo-graded Lie (super)algebras of
Subsections 2.2 and 2.3 consist of 4 x 4 matrices.

For the Zs-grading the even (bosonic) vectors vp and the odd (fermionic) vectors vp are
respectively given by

vp = ( 8 ) € Vo, vp = ( 2 ) e W, (v € K, with K either R or C).  (B.1)

The Gy sector of the Zs-graded Lie superalgebra is given by diagonal matrices, while the Gy
sector is given by block-antidiagonal matrices. In the 2 x 2 matrix representations we have

di O 0
Mg=|( "1 € Go, Mp = “ ) egq, (d1,dg,a1,a2 € K).  (B.2)
0 ds az 0

Bosonic (fermionic) vectors are defined in terms of the +1 eigenspaces of the Fermion Parity
Operator Np, introduced through the position

Np = <(1) _01) (B.3)

The Fermion Parity Operator N allows to define the projectors P+ onto the bosonic (fermionic)
vector subspaces; we have

1
P:t = i(HQiNF% (Pi:P:b P+P—:P—P+:0)7 (B4)

where I is the 2 x 2 identity matrix. The grading (0 or 1) of the vector subspaces is given by
the eigenvalues of the P_ projector.
For what concerns the Zy x Zs-gradings, the vector subspaces are spanned by the vectors

v 0 0 0
0 v 0 0
vo=1 ¢ [ €V, vu=1| g | €V, vio=1] " [EVio, vou=[ 5 | €Vor,
0 0 0 v
(B.5)
with v € K.
Under this assignment the Zg X Zo-graded 4 x 4 matrices are
mp; 0 0 0 0 ms O 0
0o my 0 0 | mse 0 0 0
Moo = 0 0 ms 0 € Goo, M = 0 0 0 mm € G,
0 0 0 my 0 0 mg O
0 0 mg O 0 0 0 my3
0 0 0 mio - 0 0 mig 0
Mo = my 0 0 0 € Gio, Moy, = 0 mys 0O 0 € Gor,
0 mi2 0 0 mie 0 0 0
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with the entries mq,ma,...,mg € K.

Two independent “Fermion Parity Operators”, Ny, No, associated with each Zy component
grading, can be introduced (a third “Fermion Parity Operator”, N3, is the product Ny - Na).
These operators are expressed as

N1 = Np ® Np, No =15 ® Np, (N3:N1‘N2:NF®]I2). (B.7)

They allow to define the projectors
1 1
P4 = 5(]14 + Ny), Py = 5(]14 + Ny), (B.8)

where I is the 4 x 4 identity matrix.

Let us denote with p; (p2) an eigenvalue of the projector operator P; _ (and, respectively,
P, ). The assigned Zgy x Z-gradings (00, 01, 10, 11) correspond to the pair (p1, p2) of eigenvalues
of the two projectors.

Appendix C: minimal Z, x Z,-graded matrices and (super)algebras

We present here a list of 4 x 4 minimal matrix representations of the Zo x Zo-graded algebras
and superalgebras given in Tables 1 and 2. The main motivation to present these results is that
they can be put into use for different physical applications (some of them have been discussed
in the main text).

For each one of the given cases, all four matrix generators are assumed to be nonvanishing.
The generators belonging to the Gyg, Go1, G11 sectors are suitably normalized and presented up
to similarity transformations. The parameters A, i, p, ¢ appearing in some of the formulas given
below are assumed to be real. In some of the cases these parameters have to be restricted to be
# 0. This occurs when p, ¢ appear in the denominator (see, e.g., the operator Q1 entering the
superalgebra case S2). Furthermore, the requirement A # 0 guarantees a nonvanishing diagonal
operator H (see, e.g., the algebra case A7) when H is a multiple of the identity. Some graded
(super)algebras do not admit a minimal 4 x 4 representation with 4 nonvanishing generators.
This happens for the algebra A5, for the algebra A6, with x # % and for the superalgebra S13..
A restriction on the diagonal entries of the operator H can lead to a more general form for
the remaining operators. The corresponding cases are also presented. In particular the p = A
restriction for the algebra Al._; was applied, see , to derive the worldline action (the
normalization of the @;’s operators below is chosen to comply with the conventions used in
deriving the action).

Minimal matriz representations of the Zo X Zo-graded algebras of Table 1:

Algebra Al.:

A 0 0 O 0 0 0 0 0 0 0 1 01 0 0
0 A 0 O 00 0 1 0 0 0 0 e 0 0 O
H=1 9 o pw 0 Q=19 0 0 0 ["22= 0000 |"B=|l0 0 0 0]
0 0 0 A 01 0 0 e 0 0 0 00 0 O
for p = X\ we get
A0 0 O 00 1 0 0 0 0 1 01 0 0
o x o0 0 1] 0 0 01 1|l 00 €0 1 e 000
H 00 x 0 |"9=2| 1 000 |"92=3 0100|920 0 0 1
0 0 0 A 01 0 0 e 0 0 O 0 0 ¢ O
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Algebra A2,

— O O O

SO oo

SO oo

oo oo

o

SO oo

S o oo

— O O O

SO oo

o —H OO

SO oo

S OO w

S o oo
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for p

—~ o oo
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co Jo

o O oo

oo To
[ el elie)
— O O O

o O oo

p
0
0
0

(1 —pq)

Algebra A3,

— O O O

o O oo

oo - o

[ el e lie)

SO wo

o O oo

— O O O

[l en e en)

Algebra A4

— O O O

S o oo

oS o oo

oo oo

o

(el

S o oo

— O O O

S o oo

o —H OO

SO OO

(e el e

S o oo

A we get
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— O O O

S o oo

S o oo

(e jie e len)

o

O O /O
oo oo
— O O O

S o oo

>7Q2

no 4 x 4 matrix representation.

o= OO

oo oo

oo oo

S o oo

Algebra A5

1 matrix representation:

2

. AG,_

1
2

Algebra A6,: no 4 x 4 matrix representation for x #

oo oo

SO oo

SO - O

[l el e}

o

oo oo
oo oo
— O O O

[l ele)

)7Q2

[ e el e}

oo oo

S oo

S o - O
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— O O O

— o OO
070100

oo O
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S o oo

— O O O
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— O O O
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— O O O
(el el el en]
(el e el en]

oo oo

coco |
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and, fory=1—z:

SO oo
[ el eie)
— O O O

o O oo

)’Q?)

Minimal matriz representations of the Zo X Zo-graded superalgebras of Table 2:

[ je e len)

— O O O
0007

S o oo

— O O O
[ el e}
OO Kxo

[ e e len)

A—1+4=z

.
.

Superalgebra S1

— O O O

OW.,OO

S o oo

S o oo

S /O O
— O O O
S o oo

oo oo

>7Q10

Superalgebra 52

o oo
oo <o
oo o

<o oo

SO oo

O OO K

— O O O

Superalgebra 53,

Superalgebra 54

S o oo

OO O K

— O O O

Superalgebra 55

Superalgebra S6,

A we get

for p

1—pq

0
p2
0
0
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Superalgebra 59
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—
o
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—
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.
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Superalgebra S10,

0

0

0
Aleq—p)

Superalgebra S11

Superalgebra S12

Superalgebra S13.: no 4 x 4 matrix representation.
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Superalgebra S14
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SO O~

oo oo

A we get

for

Superalgebra S15

SO = O

S o oo

S o oo

A —1 we get

for

Superalgebra 516
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— O O O
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[l e}

O OO &

— O O O
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SO OO

— O O O

S o oo

Superalgebra S17,

o oo

S o oo

— O O O

.
.

Superalgebra 518, .
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0
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0

for z =y — 1 we get
0

for z=1— 1y we get
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oo oo

O OO K

— o OO

0
0
A—1

0 A4+y—-1
0 0
0 0

for z =0, y =1 we get
Superalgebra S19,

(el el e en)

SO O~

oo oo

.
.

A+z—1 we get
0 A+z-—1
0

0
Superalgebra 520,

for p

oo —HO

SO O w
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— o OO
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oo oo

A we get

Superalgebra 521,

for p

(e en e en)
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— O O O
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A 0 0 0 00 1 0 00 0 0 01 0
0 A—1—y 0 0 o 0o 0 p | o 0o o0 o0 I ORI
0 0 A—1 0 Q=199 ¢ 0|9 =01 00 [ %00 o0
0 0 0 Xx—2-y 00 0 0 00 0 0 0 0 0
for pu = A+ y we get
A 0 0 0 00 1 0 0 0 0 O 01 0
0 A—1—y 0 0 | o 0o o0 o0 _ 0 0 0 0 N O
0 0 A—1 0 Qo= 45 g ¢ ¢ | Qu= o 100 /"% 0o o0 o0
0 0 0 Aty 00 0 0 —p 0 0 0 0 0 p
for pu = A\ — y we get
A 0 0 0 00 1 0 0 0 0 p 01 0 0
0 A—1—y O 0 Ow—| 0 0 00 Qoi—| 0 000 sl 0000
0 0 A—1 0 ®0= 90 0 0 0 |’% Tl 0 1 0 0 |”“T] 0 o0 0 0
0 0 0 M-y 00 0 0 00 0 0 00 0 0
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