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Abstract

The recent surge of interest in Zs x Zs-graded invariant mechanics poses the challenge of
understanding the physical consequences of a Zs x Zo-graded symmetry.

In this paper it is shown that non-trivial physics can be detected in the multiparticle sector
of a theory, being induced by the Zy x Zs-graded parastatistics obeyed by the particles.

The toy model of the N' = 4 supersymmetric/ Zs x Zs-graded oscillator is used. In
this set-up the one-particle energy levels and their degenerations are the same for both
supersymmetric and Zo X Zo-graded versions. Nevertheless, in the multiparticle sector,
a measurement of an observable operator on suitable states can discriminate whether the
system under consideration is composed by ordinary bosons/fermions or by Zs X Zg-graded
particles. Therefore, Zo x Zs-graded mechanics has experimentally testable consequences.

Furthermore, the Zo x Zs-grading constrains the observables to obey a superselection
rule.

As a technical tool, the multiparticle sector is encoded in the coproduct of a Hopf algebra
defined on a Universal Enveloping Algebra of a graded Lie superalgebra with a braided tensor
product.
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1 Introduction

This paper presents a theoretical test of the physical consequences of the Zo x Zs-graded paras-
tatistics in a toy model case of a quantum Hamiltonian. This work is at a crossroad of two
independent, but related, lines of research which are both based on applications of the Zg x Zo-
graded Lie superalgebras first introduced in [1,2]. The first line, which consists of physical
models possessing a Zg x Zsg-graded symmetry, has recently received a considerable attention
(see [3-8]). The second line, concerning parastatistics induced by Zs x Zs-graded superalgebras,
has been investigated in [9-16].

The motivation of the paper stems from an open question which finds here its answer.
The first derived models of quantum mechanics with Zy x Zo-graded one-dimensional Poincaré
invariance, see [5, 7], are also examples of Supersymmetric Quantum Mechanics. Then, the
natural question which emerges is whether the Zy x Zs-graded symmetry is redundant (a nice
further structure to describe these models, but void of physical consequences not already encoded
in supersymmetry) or whether it has measurable effects. For the class of single-particle quantum
Hamiltonians presented in both [5] and [7] the Zg x Zg-graded symmetry is redundant. We will
show in this article that this is no longer true for the class of multiparticle quantum Hamiltonians
introduced in [7]. In this way the Zy x Za-graded parastatistics comes into play: the consistent
(anti)symmetrizations of the wave functions produce testable differences if the particles are
assumed to be ordinary bosons/fermions (in the case of supersymmetry) or Zs x Zg-graded
particles.

Before delving more into the results of this paper, let us present at first the context, that is
Zo x Zo-graded Lie superalgebras and their applications both as symmetries of physical models
and as a framework for a class of parastatistics.

The Zg x Zs-graded Lie superalgebras were introduced in [1,2] (even if some related structures
were already investigated in [17]). These works extended the notion of ordinary, Zs-graded, Lie
superalgebras appearing in [18] and suggested possible applications to elementary particles.
Ever since the mathematical aspects (including classifications, representations, etc.) of the
Zo x Zo-graded Lie superalgebras and of their generalizations have been constantly investigated,
see [19-29]. In physics Zg x Za-graded Lie superalgebras have been studied in the contexts of de
Sitter spaces [30—-32], quasispin [33], strings [34], extension of Poincaré algebras [35, 36], double
field theories [37], mixed tensors [38,39].

More recent results concern symmetry. It has been shown in [3,4] that Zs x Zg-graded
Lie superalgebras appear as symmetries of the Lévy-Leblond Partial Differential Equations [40]
describing nonrelativistic spin—% particles. A single-particle quantum Hamiltonian dependent
on a prepotential function and possessing a Zs x Zo-graded symmetry has been introduced
in [5]. A systematic Lagrangian construction of Zs x Zg-graded invariant models of classical
mechanics has been presented in [6]. The theories described in [6] possess four types of particles:
ordinary bosons, exotic bosons and two types of fermions (two fermions of different type mutually
commute instead of anticommuting). The canonical quantization of some of these models has
been performed in [7]. The resulting Hamiltonians possess a Zy x Zg-graded invariance. Besides
recovering the [5] single-particle quantum Hamiltonians, in [7] multiparticle Hamiltonians which
allow the presence of interacting terms have also been obtained. The most recent work on this
line of research concerns the construction of two-dimensional sigma-models [8].

Parastatistics were introduced in [41] by replacing the ordinary canonical (anti)commutation
relations with more general algebraic triple relations. Triple relations also appear in the systems
of combined parabosons and parafermions investigated in [42]. It was pointed out in [43] (for
parabosons) and [44] (for parabosons and parafermions) that triple relations can be realized as
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graded Jacobi identities of certain Lie superalgebras. In the light of these results the theory
of Lie superalgebras and their representations finds application to parastatistics. The specific
type of Zy x Zy-graded parastatistics was first introduced in [9,10]. In a series of papers [11-14]
the Zg x Zo-graded parastatistics was investigated in a Hopf algebra framework (a viewpoint
which is also adopted in this work). The most recent papers on Zy x Zo-graded parastatistics
are [15,16].

Just like ordinary boson/fermion statistics does not require a supersymmetric theory to be
applied, similarly the Zo x Zo-graded parastatistics only requires the particles to be consistently
accommodated into a Zy X Zs-graded setting. Nevertheless, the presence of a Zy x Zs-graded
symmetry (which necessarily implies a Zy X Zo-graded setting) simplifies the analysis of the
problem.

The quantum models in [5,7] are Zg x Zo-graded invariants (under both the Zg x Zg-graded
one-dimensional Poincaré and the Beckers-Debergh [45] algebras). The simplest of these models
is a 4 x 4 matrix oscillator Hamiltonian. It is the case investigated here since it allows being
analyzed with the powerful Hopf algebra tools (the noninteracting multiparticle states being
constructed from coproducts, see also the approaches in [46-48]), within the framework described
in Chapter 9 of [49]: the braid statistics is encoded in a braided tensor product. For the case at
hand the braiding is simply given by signs induced by the Zo x Zs-grading.

It should be stressed that, up to our knowledge, this is the first paper in which the conse-
quences of Zg x Zs-graded parastatistics are tested in a Hamiltonian theory. The papers [9-16]
are theoretical in nature and skip this point. The construction of a Zs X Zs-graded Hamiltonian
as an open problem to be left for future investigations was mentioned in [14].

Concerning the structure of the paper, before addressing the Zo x Zo-graded 4 x 4 matrix
oscillator (which can also be regarded as a N/ = 4 model of supersymmetric quantum mechanics
[50]), we discuss at first for propaedeutic reasons the 2 x 2 matrix oscillator with A/ = 2 extended
supersymmetries. Following a modern reinterpretation [46] of the Wigner’s quantization [51] this
model can be regarded either as a bosonic theory (solved by a spectrum-generating algebra of
ordinary creation/annihilation operators) or, alternatively, as a supersymmetric theory whose
spectrum is recovered from a lowest weight representation of a Lie superalgebra. This is the
content of the algebra/superalgebra duality discussed in [52]. At this level the 2 x 2 oscillator
admits in the single-particle sector two interpretations (bosonic and supersymmetric); they
become two inequivalent variants of the theory in the multiparticle sector. Built on that, the 4 x4
matrix oscillator admits three interpretations (bosonic, supersymmetric and Zg x Zs-graded) as
a single particle model. These three interpretations generate three inequivalent models (bosonic,
supersymmetric and Zg x Zo-graded) for the multiparticle theory. The main results are presented
in Section 6.

The scheme of the paper is the following. Section 2 presents the two interpretations for the
single-particle Hamiltonian associated with the A/ = 2 supersymmetric oscillator. In Section 3
the three interpretations of the single-particle N’ = 4 supersymmetric oscillator are introduced.
The two inequivalent multiparticle systems associated with the N' = 2 oscillator are presented
in Section 4. The three different multiparticle systems (bosonic, supersymmetric and Zg X Zo-
graded) associated with the N' = 4 oscillator are computed in Section 5. The proof that the
Zo X Zo-graded and supersymmetric versions of the multiparticle systems lead to inequivalent
theories is given in Section 6. A summary of results with comments and directions of future
investigations is presented in Conclusions. Two appendices are included in order to make the
paper self-contained. In Appendix A the basic features of Zs x Zs-graded Lie superalgebras are
briefly recalled, while in Appendix B a summary of Hopf algebras and braided tensor products
is furnished.
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2 Two graded variants of the N = 2 supersymmetric oscillator

In this Section we consider the 2 x 2 matrix Hamiltonian Hy of the one-particle N' = 2 super-
symmetric oscillator, given by

1 763+x271 0
Hy; = 2( 0 —a§+x2+1>' (1)

It is expressed as
. 0 0
Hy = BiBy+flf,  with fo=(0 1>, (2)

in terms of the operators Bs, B;, f, fT given by

By=b-I, Bl=0bl-T, with b= 5(0 +2), bl =50 —a),

r=(0h) () )

The creation, B;, fT, and annihilation, By, f, operators satisfy the commutators
[H2>B2] = _327 [H2>B;] = B;a 7[H27f] = _fa [H27fT] = fT (4)
The normalized Fock vacuum state |vac), is introduced through the positions

Bslvacys = flvacy, =0, (I[lvacy2|| = 1), so that (5)

\vac>2 _ ﬂ_,i ( exp(g%w ) > . (6)

The single particle Hilbert space ’Hél) is spanned by the normalized energy eigenvectors |n;d)a,

introduced through
1

In; 6% = ﬁ(B;)n(fT)ﬂva@g, for neNyg, 6=0,1. (7)
They are such that
Hj|n;0)s = (n+0)|n;d0)s, (lvacys = 10;0)9). (8)
The energy spectrum
E,s = n+9, E,+s € Ny, (9)

is doubly degenerate for positive integers since
E, 11 = E,o=n for n=1,2,.... (10)

This degeneracy is denoted as “da2(E)”. It follows that d2(0) = 1, da(n) = 2 for n € N.
The two hermitian operators @1, @2 (QI = Q; for i = 1,2), given by

Q1= Boft + fB], Qo= —iBaoff +ifB], (11)
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satisfy the N' = 2 one-dimensional super-Poincaré algebra
{Qi, Q]} = 2(5in2, [HQ,QZ] =0 (fOI“ ’i,j = 1,2). (12)

Due to the presence of Q1,Q2, the Hamiltonian Hs is N/ = 2 supersymmetric. This property
explains [50] the double degeneracy of the energy spectrum for positive integer eigenvalues.

The single-particle quantum theory defined by the Ho Hamiltonian admits two different, but
physically equivalent, interpretations: a bosonic and a supersymmetric interpretation. From now
on, following the conventions introduced in Appendix A, a given ng ]—graded Lie (super)algebra
(with p = 0,1,2) will be denoted with the symbol “glP!” to stress its graded properties.

Let us now briefly discuss the two interpretations.

Interpretation 1 (bosonic): in this version of the theory all orthonormal states |n; d )2 spanning the
Hilbert space Hgl) are assumed to be bosonic. The creation/annihilation operators Bo, B;, f, 11
are generators of an ordinary Lie algebra defined by commutators. The spectrum-generating Lie
algebra ££O] of the model is spanned by the 6 generators ls, B, B;, f, f1, h. We have

(I, Bo, BY, £, fT.n} e £l where €l = b(1) @ su, (13)

(here and throughout the paper, the symbol “I,,” denotes the n x n identity matrix).

o . 0
The nonvanishing commutators in ££] are

(B2, BY] = I, [f, 1 =h, [hfl=2f [hfi]=—2f". (14)

The generators B, Bg, I belong to the Heisenberg subalgebra h(1), while A is the Cartan element
and f, fT the positive/negative roots of sup. The operators h, f, fT close a spin—% representation
of suy with f, fT given in (3), while A is

v (o %) (15)

Interpretation 2 (supersymmetric): this is the “original” interpretation of Hs as a supersymmet-
ric Hamiltonian. The energy eigenstates |n; § )2 are assumed to be bosonic for § = 0 and fermionic
for § = 1. The creation/annihilation operators Bo, B;, f, 1T belong to a Zs-graded Lie superal-
gebra, with B, B; in the even sector and f, fT in the odd sector. The spectrum-generating Lie

superalgebra 251] of the model is spanned by the 5 generators Iy, Bo, B;, f,ft

(I, By, B, f, fT} e &3 where £ = p(1[1),
{Io, B2, B} € b1y = b(1),  {f, /T b)) (16)
The nonvanishing (anti)commutators defining h(1|1) are
(B2, B) = I, {11 =T (17)

This is the Heisenberg superalgebra of one bosonic and one fermionic oscillator.

The following comments are relevant;:
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1t comment: for the single-particle Hamiltonian the two interpretations i) and ) are phys-
ically equivalent. They are both admissible interpretations of the same physical model.

2 comment: for the multiparticle Hamiltonians constructed from Hj the situation changes.
The constructions ) and #4) are no longer just interpretations, but two different variants pro-
ducing inequivalent physical models. To understand how this is possible one should take into
account that indistinguishable particles must be properly (anti)-symmetrized in accordance with
the boson/fermion statistics.

34 comment: as a technical remark, the inequivalence of the multiparticle theories can also be
understood as follows. The condition (f7)? = 0 is encoded in the Lie superalgebra h(1|1) itself
as the anticommutator {fT, ff} = 0, while in the bosonic version it is the output of the spin—%

representation of su(2). Multiparticle-theories induce higher spin representations of su(2).

4 comment: in the supersymmetric interpretation the operator

Ny = (82) (18)

is the “Fermion Parity Operator”, defining bosons (fermions) as its 0 (respectively, 1) eigenstates.
It is related by a constant diagonal shift to the “spin operator” S of the bosonic interpretation,

defined as
) . (19)

3 Three graded variants of the A/ = 4 supersymmetric oscillator

N
N O

S:—;hz(‘o

The 4 x 4 matrix Hamiltonian Hy of the one-particle N/ = 4 supersymmetric oscillator is

. —2 42?1 L0 0 0
H, — - 8 —03 +033 -1 2 +Ox2 . 8 (20)
0 0 0 -0z +2*+1
It corresponds to a “doubling” of the N' = 2 oscillator since
H4 = H2 ® H2~ (21)

It follows, in particular, that its energy spectrum coincides with the Hs energy spectrum, the
energy eigenvalues being F,, = n for n € Ny, but the degeneracy dy4(E,,) of each energy level E,
is twice with respect to da(Ey,):

Hy, d2(0) =1, da(n) =2 for neN,

Hy d4(0) = 2, ds(n) =4 for meN, (22)
The N = 4 supersymmetry is guaranteed by the existence of 4 hermitian operators Q; (I =
1,2,3,4 and @} = @Q;) satisfying the one-dimensional A/ = 4 super-Poincaré algebra

{Q,Q;} =257, Hy, [Hy,Q;]=0 (for I,J=1,234). (23)
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The supersymmetry operators @Q; can be expressed as

0 0 —0z + 0 0 0 0 Op —
g - 0 0 0 O — 0, = 1 0 0 =&tz 0
1= 5| —0.— 0 0 0 ’ 27 5 0 Op + 0 0
2 e~ 2 o
v2 0 0z + 0 0 v2 —0s— 0 0 0
, 0 0 0 —0s + 0 0 P — 0
0, = i 0 0 —0s +a 0 0, 1 0 0 0  0u—
37 /5 0 —0p —x 0 0 ) 47 5| —0,—=z 0 0 0
2 4 2 Ed
V2 S — 0 0 0 v2 0 —0,—x 0 0

The Hamiltonian Hy is also invariant (see [5,7]) under the Zs x Zs-graded one-dimensional
Poincaré superalgebra pl2 defined by the operators Hy, @1, Qy, Z accommodated in the graded
sectors

[2]

2 = 2 = 2 2
H4 € p[oo]’ Ql € ph%)]) QQ € p%O]l]’ Z € p%l]l] (25)
The (anti)commutators definining p[?! are
[@h@ﬂ =1z, [Za H4] =0, [H4>@1] = [H4a@2] =0,
{Q1,Q1} = {Q2, Q2} = Hu, {Z,Q1} ={Z,Q,} = 0. (26)
The hermitian operator Z = Z1 is
0 -0 +a2° -1 0 0
—2+ 22 -1 0 0 0
z = 0 0 0 —2 4+ +1 | (27)
0 0 —0r 4+’ +1 0

We can introduce the following creation, BL ag), aJ{, a;, and annihilation, By, ag, a1, as, operators
defined as

Bl=b-L, By=0"-1;, where b=-(0+z), bl =-(0—x) (28)

V2 V2
and
010 0 00 1 0 00 0 1
w0000 " 00 0 0 " 00 0 0
0=l oooo0o) “T7loooo ) *71o0oo0oo0 o0
00 0 0 00 0 0 00 0 0
00 0 0 00 0 0 00 0 0
i [ 100 0 t [ o o0 o0 o0 i [ o0 o0 o0
W=Vl oo0o0o0) Tl 1000 2|00 0 o0 (29)
00 0 0 00 0 0 100 0
We have
[Hy,Bs] = —Bs, [Ha,BY] =B, |[Hia]=-a;, [Hial]l=al for i=1,2,
(30)

while, due to the (21) double degeneracy of the states,

[Hy,a0] = [Ha,al] = 0. (31)

8

]

—

[\
=~
S~—
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The normalized Fock vacuum |vac), is annihilated by By, ag, a1, as:

Bylvacys = aglvacyy, = ay|vacys = aslvacyy, =0, (32)
so that
1
lvacyy = r1e(-27) g (33)
0

The single particle Hilbert space ”Hil) is spanned by the normalized energy eigenvectors |n; 090102 )4,

introduced through

1
|n; 000102y = W(Bl)"(ag)‘so(al)‘sl (a£)52|vac>4, for neNy, 6&,01,00=0,1,
with 0<dg+ 01 + 92 < 1. (34)

The constraint on dg + d1 + 9 is due to the relations, for the creation operators ag, a]{, a;,
alal = 0 Vors=0,12. (35)
The energy eigenvalues E,,.5,5,5, are

Hy|n; 00010204 = Ensy6,65|15 600102)4,
En;505152 = n+ 01 + 9. (36)

The Fock state |vacy, = |0;000)4 is one of the two degenerate vacua of the theory, the other
vacuum state being [0; 100)4.
It is now clear that three interpretations for the Hamiltonian Hy can be given.

Interpretation 1 (bosonic): in this version of the theory all states are bosonic.

Interpretation 2 (supersymmetric): the states satisfying d; + d2 = 0 (mod 2) are bosons; the
states satisfying §; + do = 1 are fermions. The creation operators BL ag are even, while aL a;
are odd.

Interpretation 3 (Zy x Zz-graded): the Hilbert space ’HS) is Zo x Zo-graded:
1 1 1 1 1
Hz(l )= Hé(l )[00] ® Hz(L )[11] ® Hé(L )[10] ® Hz(i )[01]' (37)
The states |n; g 01 02)4, for any n € Ny, are accommodated into its graded sectors as

1 1
{In;00004} € H gy {Ins 1000} € HEY ),
{n: 01004} € H gy, {15000} € H{ gy, (39)
The Zo x Zo-grading of the creation operators is

Bleo0], afefi1], dfef10], alefo1]. (39)

1%t comment: the three interpretations given above produce three different variants with in-
equivalent physics for the respective multiparticle sectors of the quantum model.
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24 comment: due to the relations (35) the creation operators ag,ai,ag satisfy, in each of the

three above respective cases, a graded abelian (super)algebra. The (anti)commutators are
[af,al} = 0. (40)

The brackets [+, -}, see (A.6), are defined in accordance with the respective grading.

4 Multiparticle sectors of the N = 2 supersymmetric oscillator

For propaedeutic reasons, before addressing the three multiparticle variants of the ' = 4 super-
symmetric oscillator, it is here illustrated the construction of multiparticle states, via coproduct
and braided tensors, of the N' = 2 supersymmetric oscillator in its two variants. The relevant
formulas presented in Section 2 and Appendix B are recalled. To illustrate the nuances of the
construction that is later applied to the Zs x Zs-graded oscillator, some heavy notation is carried
out. At the end the results are summarized in a simplified notation.

In the single-particle case the state of the system is uniquely determined by the two compat-
ible observables Hy (Hy = B;Bg -Io 4+ Np) and Np introduced in (1) and (18), respectively. The
unique bosonic vacuum state |vacys introduced in (6) is defined as satisfying the Fock’s condi-
tions (5). The single-particle Hilbert space ’Hél) is spanned, see (7), by the creation operators
By', 1 acting on the vacuum.

The M > 1 multiparticle Hilbert space HgM) is a subset of tensor products of M single-
particle Hilbert spaces:

HéM) c Hgl) ®... ®H;1), (tensor product of M spaces). (41)

The coproduct A : U — U QU of a Universal Enveloping Algebra U (g[p]) of a graded Lie algebra
alPl) see (B.2), satisfies A(1) = 1®1, Alg) = 1®g+9g®1 for g € glPl and A(UsUp) =
A(Ua)A(Up) for Uy g €U (formulas (B.6, B.7, B.4), respectively).

The coassociativity property (B.5) allows to recursively determine Al

AV (1@ A)AM) = (Ag1)AM) (with AD = A), (42)

M+1) as

where AM) maps U in the tensor product of M + 1 spaces:
AM) oy YOV (43)

The braiding of the tensor spaces, defined in (B.9), for the cases under consideration here is at
most realized by a —1 sign.

The unique bosonic vacuum |vac>§M) of the M-particle N' = 2 oscillator is determined by
the Fock conditions, for the annihilation operators Be, f introduced in (3),

AMD(By)|vacys™) = AMD(f)wac)i™ = 0. (44)

The normalized M-particle vacuum \Uac>gM) is expressed as

|Uac>gM) = |vac) ®...® |vac)s € HéM). (45)

Once determined the M-particle vacuum, the M-particle excited states and the observables
are recovered from, respectively, the coproducts of the creation operators Bg, fTin (3) and of

HQ, NF:
excited states : A(M*I)((B;)”(ﬁ)’"); observables : AM=D(Hy),  AM=D(NE),  (46)
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where n € Ny and r is restricted as shown below.

We can therefore focus on the Universal Enveloping Algebras U induced by the operators
B;a fTu -H27 Nf

In the bosonic variant we have U (t[)), where t[% is the Lie algebra defined by the commu-
tators

[Ho. Ni] = [Ne, B}] = B}, f] = 0,
[Ho, B} = By, [Ha f1 = [T, [Np, ST =/ (47)
In the supersymmetric variant we have 2 (t{!), where t[1] is the Lie superalgebra recovered

by assuming HQ,NF,B; to be even and fT to be odd. It is defined by the same set of (47)
commutators with the addition of a single (anti)commutator given by

The Lie superalgebra homomorphism realized by the coproduct implies, in the superalgebra
case, that the extra relation (48) produces, for any integer M > 2, the relations

AN, AN () =0 = A1) =0 o

As explained in formula (B.11), the above equations are consequences of the —1 sign entering
the braided tensor for the fermionic generator fT.

In the bosonic case we have AM =D ((£1)2) % 0 for any integer M > 2 (see formula (B.10) for
M = 2). By taking into account that (ff)? = 0, the maximal value r such that AM=D((fT)) »
0 while AM=D((fT)r+1) = 0, is reached for r = M. For that value

AV« e ffe...efh (50)
In the bosonic case the nonvanishing coproducts
AV, r=0,1,00, M, (51)

are accommodated into a spin—% representation of the su, subalgebra of the spectrum-generating
algebra Sg)] introduced in (13).

We can discriminate the bosonic versus the supersymmetric construction by introducing the
p = 0,1 parameter which denotes the Z5-grading of the t7] (super)algebras introduced above.
By using this convention, the normalized M-particle states are expressed as

;0o AT (BH (1)) [vae)S (52)

(the hat indicates the evaluation of the coproducts in the given representation).
They are eigenstates of the M-particle energy and Ng operators, respectively denoted as

Az(nyl)(HQ) and AéMfl)(NF). Their eigenvalues are

M—1
AM D (Ho) Y™ = (04 7)),

—_—

AW = e, (53)
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The bosonic (p = 0) and the supersymmetric (p = 1) Hilbert spaces ”HéM) are spanned by the

eigenvectors

M e 1M with neNy, r=0,1,..., M,
|n;r>gM) € ’HEM) with neNy, r=0,1.

(54)
The supersymmetric Hilbert space is a subset of the bosonic Hilbert space,
HM 0N,
since |n;r>gM) = |n; r>((]M) in the common range neNy, r=0,1. (55)
For the M = 1 single-particle case we have, in particular,
s G = )V = fnsr),  with H{Y = Hl. (56)

By taking into account that the creation/annihilation operators b = ﬁ(&m +x), bl = ﬁ(&x —)
introduced in (3) can be expressed, in each j-th space of the tensor product, by a different
coordinate x; (the position of the j-th particle, with xjz; = xpx; for any j, k), the derived
multiparticle Hamiltonians H®) and the diagonal operators N éM) = AWM-1) (Np),upto M < 3,
can be written as

1

HO = (-3 +ai=1) I+ N, Ny = diag(0,1),
1
HO = (-3, =%, +af+23-2) L+ N, N = diag(0,1,1,2),
1
HO = 2=, =&, — & vt +ad +af—3) Ty + N, Ny = diag(0,1,2,3,1,2,3,4).

(57)
In terms of the normalized two-component single-particle states

) = ng(21), r=0,1, (58)

the normalized M = 2 multiparticle states |n;r)? read as follows:

1=

00 = Nag <Z>|n—k;o>®|k:;o>=

=
Il

0

Nn,O

M:

el
Il
=]

Yn—k;0(21) - Yro(22),

)
In; 1H® = Nmi < > In— kD k0 + |n— k0 |k 1) =
k=0
Nn,1kZ:)< > Yn—k;1(71) - Yr0(2) + Ynpo(21) - i1 (22)),
O = MeY (1 )m- kDSl =
k=0
Nn,zzn: < )% ki1 (1) - Yr;1 (22)- (59)

e
I

0
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The asterisk in front of the |n; 2>(2) states indicates that they only enter the bosonic theory. They

are excluded in the supersymmetric theory due to the Pauli exclusion principle for fermions.
The normalization coefficients IV, for » = 0,1,2 are recovered from the central binomial

coefficients B,, = % which give rise to the 1,2,6,20,70,252,... sequence (sequence A000984

in the OEIS, On-line Encyclopedia of Integer Sequences, database). We have

1 1
NTL;O == Nn;Q == \/?, Nn;l == \/ﬁ (60)
n n

The M = 3 three-particle states |n; r>(3) for n > 0 can be easily recovered from the n = 0,
0; 7)) normalized states given by

0;0)3) = 10;0)®0;0)® [0; 0),
1
0; 1)) = %ﬂo; 1)®10;0)®10; 0) + |0;0) ® [0; 1) ® |05 0) + [0; 0) ® [0; 0) ® |0; 1)),
1
) 10;2)8) = ﬁ(\0;0>®|0;1>®|0;1>+!0;1>®\0;0>®\0;1>+|0;1>®|0;1>®!0;0>),
) 10;3)@ = 10;1)®10; 1) @105 1). (61)

The states [0;2)®), [0;3)®3) only exist in the bosonic theory.

4.1 Summary of results
The M-particle energy eigenvalues F,, coincide in both bosonic and supersymmetric variants,
E, = n with neNp, (62)

but their degeneracies differ.
For the supersymmetric theory the degeneracy dgysy(Ey) is

VM =1,2,3,...: dsusy(Eo) = 1, dsusy(Fn) =2 for n>0. (63)
For the bosonic theory the degeneracy dy,s(Ey,) is
dpos(Ep) =n+1 for n< M, dpos(En) =M +1 for n=>= M. (64)

The above counting is understood by taking into account that for the bosonic states |n; r>(M ),
which have energy eigenvalues n + r, r can be at most » = M. Therefore, as an example, for
the M = 2 two-particle case, the E = 1 energy eigenstates are |1;0)? and [0;1)?). Starting
from F = 2 we get degenerate eigenstates which include r = 2. The three degenerate states are
12;00®) |1;1)3 and |0;2)(?). This counting is repeated for E > 2, so that at £ = 3 we get
13;0)2),12; 1)@ and [1;2)® and so on.

The following table illustrates the degeneracies up to 2 = 5 in the supersymmetric and the
bosonic (up to M = 5 particles) cases:

| |

[ dousy (VM) : ]

&

(65)

O O x| W N DN Ot
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The degenerate bosonic energy eigenstates are accommodated into

the spin-5 representation of su, for n < M,

the Spin—% representation of su, for n > M. (66)

The operator S which measures the spin, introduced in (19), is a shift of the Np operator:
S =Np—3- L.

Comment: a physical application can be envisaged based on the following scenario. Let’s
suppose that we have established that the single-particle sector of a physical system under in-
vestigation possesses the £ = 0,1,2,3,... energy spectrum with respective degeneracies d(E) =
1,2,2,2,.... We still don’t know whether the system under consideration is only composed
by bosons or (the supersymmetric case being realized) by bosons and fermions. To establish
this the investigation of the multiparticle sector is required. The simplest answer is provided
for two particles at the energy level E = 2. In the bosonic case the extra state |0; 2>(2), not
allowed in the supersymmetric case, is present. The complete set of two-particle observables
Hég), N ;WZ) uniquely characterize |0; 2>(2) by their pair of (2,2) respective eigenvalues. If this pair
of eigenvalues is observed, then the supersymmetric case must be excluded.

5 Multiparticle sectors of the N/ = 4 supersymmetric oscillator

We start here the investigation of the physical consequences, in the multiparticle sector, of
the three graded variants of the N' = 4 supersymmetric oscillator introduced in (20). The
methods that we are employing have been illustrated in Section 4 in application to the A = 2
supersymmetric oscillator. This gives the opportunity to focus on the relevant questions and
results without unnecessary distracting technicalities.

Since the main question that we are addressing concerns the physical signature of the Zgy x Zo-
grading with respect to the Zs-grading, the bosonic variant will just be sketched (it will be
discussed, in any case, for completeness). It is already clear, by extending the results of Section
4, that it produces a different physics with respect to both other (Zg- and Zg x Za-graded)
variants of the theory.

5.1 The single-particle case revisited

For our purposes we introduce two different complete sets of 4 compatible observables.
The Hamiltonian (20) can be written as

0 0 0 O
1 . 0 0 0 O
0 0 0 1

With an abuse of language we can refer to Ny as the Fermion Parity Operator, even if this is
only true in the supersymmetric and Zy x Zs-graded interpretations of the model.
The other observables that we are considering are

N, = , Ny = ) N = Ny + Ny, (68)

o O oo
oo = O
o O oo
o O o
o O oo
oo = O
o= OO
o O oo
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and

X = (69)

o O O O
o O OO
—_ o OO

= o o

The operator Xy exchanges the fermions in the Zs- and Zy x Z-graded interpretations of the
model.
With these positions we have

Set 1: the operators Hy, Ny, N,, N,, furnish a complete set of 4 compatible, mutually com-
muting, observables;

Set 2: the operators Hy, Ny, N7, Xy furnish a complete set of 4 compatible, mutually com-
muting, observables.

The grading of these operators is summarized as follows.

Remark 1: the diagonal operators Hy, Ny, N,, Ny, N7 are 0-graded when assuming the Zg—
and Z}-graded versions of the theory; they are 00-graded in the Z3-graded version.

Remark 2: the operator Xy is O-graded (bosonic) when assuming the Z3- and Zi-graded
versions of the theory; it is 11-graded in the Z%—graded version.

The single-particle Hilbert space from now on will be simply denoted as H(); it is spanned
by the orthonormal vectors |n;d9d102)4 introduced in (34), with n € Ny and dg, d1, d satisfying
0 < dg + 01 + 92 < 1. For simplicity we drop the suffix 4 so that we can write

{|n;000), |n;100), |n;010%, |n;001} € HWD,  for neNp. (70)

As a vector space the Hilbert space H) is the same in all three 78, p=0,1,2, graded versions
of the theory. Once introduced the symbol ”HZ(,M) to denote the M-particle Hilbert space in the

Zb-graded variant of the theory, the above statement can be expressed as
HY =1 =yl = 5O, (71)

The vectors |n;000), |n;100), |n;010), |n;001) form an orthonormal basis of eigenvectors
for the Hy, Ny, Ny, Ny, set of complete compatible observables.
The vectors |n; 000), |n;100), [n;0+), |n;0—), with |n;0+) defined as
1
n;0+) = —(|n;010) £ |n;001)), 72
n; 0+) \/§(| == ) (72)
form an orthonormal basis of eigenvectors for the Hy, Ny, Ny, X set of complete compatible
observables.
The corresponding eigenvalues can be read from the respective tables below.
For the first set of observables we have:

Hy | Ny | Ny | Ny
|n;000): | n 0] 0] 0
|n;100): | n 011 (73)
|n;010): |{n+1] 1 | 0| 1
|n;001): |{n+1| 1 | 1] 0
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For the second set of observables we have:

Hy | Ny| Np| Xy
|n;000): | n 0] 0 0
|n; 100y : | n 0| 2 0 (74)
n;04+): [n+1| 1 | 1 1
In;0—): |n+1| 1 | 1 |—-1
5.2 The multiparticle Hilbert spaces
We present now the construction of the Z5-graded M-particle Hilbert spaces ’HI(,M) forp=0,1,2;
its vectors will be denoted as ]v>;()M) € ’HéM). We have
HM < (HD)SM, (75)

The single-particle annihilation and creation operators have been introduced in (28) (B, BT)
and (29) (ag, a1, asg, a(T), aj, a2) The Z5-graded Coproducts Will be denoted as A,. Just like the
N = 2 counterpart, the M-particle Fock vacuum |0; 000>p is defined by requiring

AM D (9)]0; 000" = 0 for g = By, ao,a1,as. (76)

The same Fock vacuum |0; 000YM) = |0; 000>£4) is found for p = 0,1, 2; we have
105000 = 0;000)®...®0;000) € HM. (77)

The excited states are created via the coproducts A, defined on the Universal Enveloping Algebra

U(alP) of the Zh-graded abelian (i.e., all (anti)commutators are vanishing) superalgebra al?]

induced by the creation operators BL ag, aJ{, ! The grading assignment, see (A.2), i

p=0 : BJ:,ag,aLa;Ea%7
p=1: B};,agea%, ai,a%eaﬁ%,
2 2 2 2
p=2 : Ble a%oé], al e ah]l], al e aH)], al e aioi]' (78)

The Hilbert space ’HI(,M) is spanned by the normalized vectors |n; r0r1r2>§,M) such that

s rorra)M) o AT (B ah)(al) (ad)) - 10; 000y, (79)

with n € Ny, while the restrictions on 7o, 71,72 are given below. The hat on the coproduct
symbol means that it is evaluated in the representation given by formulas (28) and (29).

The constraints on rg, 71,79 are recovered by applying the same reasonings discussed in
Section 4 to derive formula (54). We get

fOI' p = 0 : 0<T07T1,7’2<M7
for p = 1,2 0<rg<M; ry,ro=0,1, together with
for p = 0,1,2: 0<ro+r +7r2<M. (80)

The grading of the vectors |n; r0r1r2>1(,M) is determined, see (A.11), from the assignment of the
grading of the Fock state |0;000)(™), given by

0;000)M) e [0] for p=0,1, [0;0005* €[00] for p=2. (81)
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Since Bl = b' - Iy, where b' is the oscillator introduced in (28), the coproduct &(BZ) reads
A (BT

A,(By) = Bl QL+ ® Bl = 2b - I;4; more generally we have

—_

AMV(BD™M o 6h)" Ly, (82)

so that the vectors |n; 7“07“17"2>,(,M) can be expressed as

—_

s roriradM o (01" APV ((ah) ™0 (a]) 1 (ad)72) - 10; 000y, (83)

therefore separating the differential part given by the powers of bT. At n = 0 the operators

AéM_l) ((aé)rO (a];)’”1 (ag)”) are a set of 4M x 4M constant real matrices whose total number déM)
is derived from the restrictions (80).

The finite-dimensional vector spaces H;%?p - HéM) of dimension déM) are obtained by

applying the AI(DMfl)((ag)TO(aD” (a;)”) coproducts to the vacuum |0;000Y™). The counting of

dz(,M) goes as follows. In the supersymmetric and Zy x Zy grading (p = 1,2) the restrictions (80)
ive. for dM — gM) — 4(M)

glve, 10r a, 2 = Vsusy/ZLaoxZLsa’

M+1 states from r; =1y =0;
2x M states from r;i=1,ro=0 and ri =0, ro =1;
M-1 states from 7} =1y =1. (84)

(M)

Therefore, the dimension d
susy/Za x

spaces ch%)l , H;%)Q is

Zo of the supersymmetric and Zo x Zs-graded finite Hilbert

(M)

susy/ZoxTn M+1+2xM+M—1=4M. (85)

In the bosonic case the counting takes into account that, for an admissible j > 1 given by
r1+1re = j, there are j + 1 combinations (ry = j,re =0; 11 =j—1,re=1; ...; 11 =0,72 = J)
producing the same number of states. It is easily shown, after some combinatorics, that d(()M) =
dég? is recovered from the tetrahedral numbers T'(M), defined as

M
T(M) = D PG) for P(G) = 3G+ 20 +1). (56)
5=0

In the above formulas P(j) represents the partition of j identical objects in 3 boxes.
Starting from M = 0,1,2,..., the tetrahedral numbers produce the sequence
1,4,10,20, 35,56, ... (sequence A000292 in the OEIS database).

The explicit formula for the dimension dég) of the bosonic finite Hilbert spaces H(()M) is
1
d™ — (M) = G(M® +6M* + 11M +6). (87)

Remark: In the tensor product construction, the M-particle N' = 4 Hamiltonians are re-

alized by 4™ x 4M matrices with differential entries. Since, however, the p = 0, 1,2 physical

Hilbert spaces ’H;(;M) are, see (75), a subset of (H())®M  the Hamiltonians can be projected
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onto the ”H},M) subspaces and therefore expressed by d;,M) X d;,M) matrices with differential en-

tries. In the supersymmetric and Zo x Zo-graded cases the vectors which respectively belong to
(M)

HgM),HéM) have dgﬁ)y /Zox T components, while in the bosonic case the vectors in H; "’ have

dl()]o\;[) components.

It has to be noted, in particular, that while the size of the columns/rows of (H(1)®M
grows exponentially with M as 4™ (4,16, 64,256, ...), the dimension of the supersymmetric and
Zs x Zo-graded column vectors grows linearly as 4M (4,8,12,16,...). This counting allows
to make the connection between the present construction and the derivation of the 2-particle
Zg x Zo-graded invariant quantum Hamiltonians obtained in [7] by quantizing classical actions.
In that paper the Hamiltonians, the observables and the creation operators are 8 x 8 matrix
differential operators. The N = 4 oscillator Hamiltonian under consideration here is a specfic
example of the large class of Zo x Zg-graded invariant Hamiltonians (which even allow for the
presence of multiparticle interacting terms) obtained in [7].

5.3 Energy degeneracies and quantum numbers

The first set of compatible observables Hy, N¢, Ny, N,, introduced in (67) and (68) induces an
abelian algebra a. Let & = U(a) be its associated Universal Enveloping Algebra and let g € a
denote one of the four observables mentioned above. The M-particle observable induced by g is
recovered by evaluating the coproduct A(mfl)(g) EU®...®U in the representation given by
(67,68). The corresponding operator A(M—1)(g) will be denoted, for simplicity, as g,

The four derived operators H iM), N JEM),NIEM),N&M) define a complete set of compatible

observables for each one of the p = 0,1, 2 variants of the M-particle Hilbert space HI(,M). Their

. M . : . o
common eigenvectors |n; 7"07“17“2}1(, ) have been introduced in (79). Their respective eigenvalues
are

Hﬁ )]n; r0r1r2>](9M) = (n+r1+r)n; 7"07“17’2>](9M),

NJ(CM) |n; r0r1r2>§M) = (r+mr)|n; r0r17’2>1()M),

N5M) |n; r0r1r2>z(,M) = (ro+r2)|n; r0r17‘2>1(,M),

NwM) |n; r0r1r2>2gM) = (ro+m)n; r0r17‘2>1(,M). (88)

The spectrum of the multiparticle Hamiltonian H, LEM) is given by the set of non-negative integers
E =0,1,2,3,.... The degeneracy of each energy level E is computed by taking into account
the (80) restrictions on rg,r1, 9.

In the supersymmetric and Zy x Zo-graded cases (which will be denoted with the subscript
p = 1,2) we obtain, adapting formula (84), the degeneracy of the energy level E. To avoid
confusion with other symbols, we indicate the degeneracy in this Section as “f; 2(E)”. We get

ﬁgﬂg) (0) = M +1, (states obtained from n = r; = ry = 0);
ﬁgﬂg)(l) = 3M +1, (M + 1 states from n =1, =ry =0; 2M from n = 0,71 + o = 1);
gg)(Q) = 4M, (3M + 1 states from n =1,2; M — 1 states from n = 0,7 + ro = 2).

(89)
The E > 2 counting repeats the above F = 2 counting with the shift, in the right hand side,
n—>n+ F — 2, so that

Woy=m+1, gV =3m+1, #YV(E)=4M for E>2. (90)
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The counting in the (p = 0) bosonic case of the jj(()M)(E) degeneracy for E € Ny, M € N is based
on the expansion

(M+ 1) +2M+3(M 1) 4.+ G+ DM —j+1)+... =S G+ )M —j+1). (91)

The sum of the above series gives two terms, one linear in M and the other one depending only
on E. We have

E
NG+ —j+1) = AE) M-B(E), with
j=0
A(E) = %(E2+3E+2), B(E) - é(QE—S)(E+2)(E+1). (92)

Statring from E = 0,1,2,..., the term B(F) produces the sequence —1,—1,2,10,25,49,...
(sequence A058373 in the OEIS database).

We get, for the bosonic degeneracy jj(()M)(E),

ljéM)(E) = A(E)M — B(E) for M <E,
e = (P(E) = é(E3 +6E*+11E+6)  for M > E. (93)

The energy levels degeneracy grows linearly with M until reaching the maximal value at M = F.

The following table is useful in order to compare, for low energy values E and low parti-
cle numbers M, the degeneracy of the bosonic (denoted with the “B” subscript) versus the
supersymmetric/Zy x Zg-graded (denoted with “S”) cases. We have

[ 25 [25 [ 3535 [ 45 [4s [ 55| 5s |

=

[15]1

| M: [1p[1s
E=0:{2 2|3 |3 (|4 [4]5>5]|5]|6]F6
E=1:4 |4 7 |7]10]10| 13|13 16|16
E=2:] 44108 |16]12| 22|16 | 28|20 (94)
E=3:|4|4]10 8 |20 |12 30|16 40|20
E=4:| 4|4 10| 8 |20 |12 35|16 | 50 |20
E=5:] 441|108 1]20]12]| 35|16 | 56|20

Comment 1: in all three variants of the theory the vacuum state is (M + 1)-degenerate and
the first excited level is (3M + 1)-degenerate; furthermore, these states present the same quan-
tum numbers.

Comment 2: starting from the energy level ' = 2 the bosonic variant is discriminated with re-
spect to the supersymmetric/Zg x Zo-graded variants of the theory for the presence of extra states
characterized by different quantum numbers. At F = 2, e.g., two extra states are found. They
correspond to ]0;020>‘SM) and ]0;002>(()M); their respective sets of (H4(M), N}M),Nz(,M),NI(UM))
eigenvalues are (2,2,0,2) and (2,2,2,0). In the supersymmetric/Zo x Zo-graded variants the
states with these quantum numbers are absent due to the Pauli exclusion principle for fermions.
Comment 3 so far, with measurements conducted with the observables H, iM), N }M), NIEM), N&M),
the supersymmetric Hilbert space HgM) and the Zy x Zo-graded Hilbert space ”HgM) cannot be

discriminated. They lead to equivalent theories as far as measurements which only involve

HAEM)v N](cM), NéM),ngjM) are performed.
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5.4 The M = 2,3-particle Hilbert spaces

We present here, for later convenience, the explicit formulas of the 2-particle states belonging
to the Hilbert spaces ’HI(,Q) for all three p = 0,1, 2 variants of the theory and of the 3-particle
states belonging to 7—[1(,3) for the p = 1,2 supersymmetric/Zs X Zo-graded variants.

For any p = 0, 1, 2, the 2-particle H f) and 3-particle H f’) Hamiltonians can be expressed as

1
7Y - 5(-&51—a§2+x%+x§—2)-ﬂg+zv}2) with N =L ® Ny + N; @1,

1
HY = (- =2, -3+ ad b ad+ad - 3) Tes+ NP with

N —LOLON; +LON;®L + N; L ®L. (95)

The diagonal operator Ny was introduced in (67).

The states will be written in terms of the column vectors v;, with entry 1 in the i-th position
and 0 otherwise. In the 2-particle case the vectors have 16 components and i = 1,2,...,16
while, in the 3-particle case, we have ¢ = 1,2, ..., 64 for the 64-component vectors.

) states are easily obtained by applying the creation

Since, see formula (83), the |n; 7“07"17’2>Z(;M
operator (b1)" to the |0; r0r1r2>}(,M) states, it is sufficient for our purposes to present the p = 0,1, 2
finite bases of n = 0 orthonormal vectors. We have indeed

M M M M
]0;r0r1r2>1(0M) € H;in?p = |n; 7“07"17'2>1() ) = jﬁ(bT)”\O; r0r1r2>1(; ) e ’HI() ), (96)
with b given in (28).

The M-particle states are given in terms of tensor products of the normalized single-particle
vectors |0; 9pd1d2) (for 0 < dp + 01 + 2 < 1) given in (70).

The results are summarized as follows:
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I - Bosonic 2-particle case:

In the 2-particle case we have that the finite-dimensional bosonic Hilbert space H

spanned by the 10 orthonormal vectors

10; 0005 = 10;000)® [0;000) = Gy - vy,

10; 10002 = i(yo; 1005 ® |0; 000) + |0; 0005 ® |0; 100)
V2

10; 01052 = i(|0; 010) ® |0; 000) + [0; 000) ® |0; 010)
V2
1

10; 0012 = T@OO; 001)® [0; 000) + [0; 000) ® |0; 001)
1

10; 110y = ﬁ(m; 100) ® |0; 010) + |0; 010 ® |0; 100)) =

J01n@ — L. . . .

0;101),” = ﬁ(|07 100y ® 0;001) + |05 001) ® |0; 100))

@ — L. . . .

0;011), = ﬁ(yo,010>® 0;001) + [0;001) ® [0;010))

10;2005% = 10;100)® [0;100) = G+ - v,

10;020%2) = 10;010)® |0;010) = G - v11,

10;002)%2 = 10;001) ® |0;001) = G - v16.

z2+22)

The factor G5 is the Gaussian term G = ﬁe‘é(

SR

Sl

SRS

!

Sl

(vi2 + v15),

20

2
fin;0 18

(97)
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11 - Supersymmetric and Zo X Zo-graded 2-particle cases:

It is convenient to introduce a unified framework to express the Z-graded Hilbert spaces
(M)
Hfin;p
for the Zs x Zs-graded case). The vectors spanning H

for p = 1,2 by introducing a ¢ = (—1)? sign (¢ = —1 for the supersymmetric case, ¢ = 1

;21.21;}7 for p = (3 + ) will be denoted as
’0; 7“07’17“2>(l2()3+€) = ’O; 7’07“17’2>E§]).
2

The 8 orthonormal vectors of the respective € = +1 Hilbert spaces are

105000y = 10;000) ®10;000) = G5 - vy,

q00n@ — L. . . . _Ge

0;100)5 = ﬁ(\0,100>®yo,000>+10,000>®\0,100>)_ﬁ(vﬁvg,),

0105@ — Lo . . . _G

0;010);] = ﬁ(\0,010>®yo,000>+|0,000>®|0,01o>)_ﬁ(vgﬂg),

0@ — Lo . . . _ G

0;001) 5] = ﬁ(\0,001>®|0,000>+|0,000>®|0,001>)—\/§(U4+1113),

052002 = 10;100) ®10;100) = G - v,

1100@  — L. L0105 — <10- . _G

0;110)5 = ﬁ(\0,100>®yo,010> 5|0,010>®\O,100>)—\/§(v7 v10),

PPONC) R S 001> — <10- . _Gr

0:101)5 = ﬂ(\0,100>®yo,001> E|O,001>®|O,100>)—\/§(v8 cv14),

0;011)2) = i(|0;010>®|0;001>+s|0;001>®|o;010>):@(vlﬁsvlg,). (98)
€] V2 V2

Some comments are in order:

i) the supersymmetric and Zy x Zs-graded Hilbert spaces are not subspaces of the bosonic

Hilbert space (H;QiZL'IQ e 7—[;22310) since, e.g., in the supersymmetric case |0; Oll)gl] ¢ ’H}Qiib_o

and, in the Zy x Zp-graded case, [0;110)2;,10; 1017 ¢ 1)

i1) as vector spaces, the intersection H%)n_l N 7-[}2%2 # (J is spanned by the first 5 vectors
in formula (98). These vectors do not depend on the ¢ sign. Since, however, the last three

vectors differ due to the presence of € in their right hand side, then Hﬁ%;l # 7-[5021212 From (96)
we get ’ng) # HéQ);

(2)
1

iii) the (98) states are eigenvectors with +1 eigenvalue of the S;3’ permutation operator in-

troduced in (B.12). Sg) exchanges the first and second spaces in the right hand side tensor
products; the (anti)symmetry of the wave functions is automatically taken into account by the
signs obtained from braiding the tensors.



CBPF-NF-007/20

11T - Supersymmetric and Zo X Zs-graded 3-particle cases:

22

We consider here the 3-particle cases with p = 1,2. In the e-unified notation, the 12 or-

®)

thonormal vectors spanning for € = +1 the respective H'’ ,
fin;5(3+¢)
05000y = 10;000) ®10; 000) ®10; 000) = G - vy,
0: 1000 = 1 (10:100) & |0; 000> ® [0; 000 + [0 000) & |0; 100 @ |0; 000)-+
[e] 73
G
105 000) ® [05000) ® [0 100y) = 7% (g + v5 + v17),
1
0:0105®) = —(]0;010)® |0; 0005 ® |0; 000} + |0; 0005 ® |0; 010 ® |0; 000)+
[e] 73
G
105000y @ |0; 000) ® [0; 010)) = 7% - (vs + vy + vs3),
1
0:00)% = —(]0;001)® |0; 0005 ® |0; 000} + |0; 0005 ® |0; 001> ® |0; 000)+
[¢] 73
G
10;000) ® |0; 000) ® [0; 001)) = 7% - (vg + vi3 + va9),
0:2000 = 1 (10:100) & |0: 100> ® [0; 000 + [0; 100) & |0; 000} @ |0; 1005+
[e] 73
G
105000) ® 05 100y & [0; 100y) = 7% - (v6 + v1s + va1),
0;300)% = 10;100) ®10; 100) ®[0; 100y = G - vas,
01100 = L (10:000) @ |0: 1005 ® [0; 0105 — 2[0; 000 & [0; 0105 & |0 100+
[e] 76
10; 100 ® |0; 000) ® |0; 010 — £]0; 010> ® |0; 0005 ® |0; 100)+
105100y ® 05 010) & |05 000y — £[0; 010) ® [0; 100) ® [0; 000)) =
G
7 (v7 — evio + vig + Vo5 — EV34 — EV37),
1
0; 101>E§]) = %(m; 000> ® |0; 100Y ® [0; 001 — £]0; 0005 ® |0; 001) @ |0; 100+
10; 100 ® |0; 000) ® |0; 001 — £]0; 001> ® |0; 0005 ® |0; 100)+
105100) ® [0; 001) @ [0; 000y — £[0; 001) |05 100) ® [0; 000)) =
Gs
% . (’Ug — EV14 + Vg0 + V29 — EV50 — 61/53),
1
0;010%) = ——(]0;000)® |0; 1005 ® |0; 001 + £[0; 000> ® |0; 001> & |0; 010)+
[¢] 76

Hilbert spaces are

10;010) ® |0; 000) @ |0; 001) + £]0; 001) @ |0; 000) ® |0; 010)+

105010) ® |05 001) @ [0; 000) + £[0; 001) @ [0; 010) & [0; 000)) =

G3

e (1}12 + EV15 + V36 + Vg5 + EV51 + €U57),

V6
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1
0111y = —(]0;100) ® [0; 010) ® [0; 001) + £[0; 100) ® [0; 001) ® [0; 010)—

€] \/é
£]0;010) ® |0; 100> ® |0; 001) — [0; 001> ® |0; 100> ® |0; 010>+

105010) ® [0; 001) @ [0; 100y + £[0; 001) ®[0; 010) ® |0; 100)) =
Gs
V6

1
0;210)(%) 7

G
0:010) ® [0; 100) @ |0: 100)) = 7= - (vag = evag + v3s).

0;201)% = \}g(|0;100>®\0;100>®\O;OOl)—5|0;100>®|0;001>®\0;100>+

G
105001) ® 05 100) ® |05 100)) = 7% - (vag — V30 + vs4)- (99)

. . _3 _1 2 2 2
The factor G is the Gaussian term Gg = 7~ 12 (@1H23+25)

- (v7 — evip + vig + V25 — EV34 — V37,

(105100 ® [0; 100) ® [0; 010) — £[0; 100) @ |0; 010) @ |0; 100)+

Analogous properties as those encountered in the 2-particle case hold. The first 6 vectors
in formula (99) do not depend on the ¢ sign, while the remaining 6 vectors differ due to the
presence of ¢ in their right hand side. Therefore ’Hﬁzﬂ N ’HSSZZQ # ¢ and ’Hﬁzﬂ # 7-[53212

The (99) states are eigenvectors with +1 eigenvalue of the SS), Ség) permutation operators
introduced in (B.13). These operators generate the S3 group of permutations of the three spaces

appearing in the tensor products.

The extension of the M = 2,3 construction to the M > 3 particle cases is immediate.

6 Discriminating Z,-graded versus Zs x Zo,-graded oscillators

The core results of this paper are presented in this Section.

In the multiparticle sector the bosonic variant of the N' = 4 oscillator is easily discriminated
with respect to the supersymmetric and Zs x Zs-graded variants for the presence of extra states
with different quantum numbers. This is reflected in different degeneracies of the energy levels,
see e.g. table (94), of the bosonic case with respect to the two other cases.

The open question is whether the supersymmetric and Zo x Zo-graded variants can be dif-
ferentiated. The positive answer is given here. We recall from Section 5 that the M > 1
multiparticle supersymmetric HgM) and Zo x Zo-graded ”HgM) Hilbert spaces differ, see e.g. the
comment 7 concerning the states presented in formula (98); on the other hand we noted, see
comment 3 of subsection 5.3, that these Hilbert spaces cannot be discriminated with measure-
ments conducted with multiparticle observables induced by the first set (Hy, N¢, Ny, Ny,) of 4
complete single-particle observables.

The key ingredient to differentiate, for M > 1, the Hilbert space ’HgM) from ’HgM) is to
conduct measurements of multiparticle observables induced by the second set of 4 complete
single-particle observables, given by the operators Hy, N¢, N7, X ¢ introduced in (67,68,69). The
multiparticle operators induced by the Fermion Exchange Operator X allow to make the dis-
tinction. Let’s see how this happens.
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To prove our point is sufficient to consider just M = 2. In any case, explicit formulas will
also be given for M = 3 (the extension to M > 3 particles is immediate).

The operators Hy, Ny, N7, X¢ induce an abelian (all commutators are vanishing) algebra .
As usual (see Appendix B), U = U(a) denotes its Universal Enveloping Algebra; _the coproduct

of a primitive element, for g € @, is denoted as AM=D(g) € U®M while AM-1)(g) is the
evaluation of the coproduct in the representation of @ provided by formulas (67,68,69).

L —

Besides the operators g(M) = A(M —1)(g), the considerations below also involve the operators

AGT=1(g2) = A1) (g) - ABI=T)(g) for g = X;.
Overall, for the 2-particle case the list of operators that we are discussing is

HY —H,@L+LeH, N?=NL+L®N,

i
NP = Nr@L+L@Nr, X =X;®L+1L® X, (100)

together with

2 2
(XJ(C)XJ(C )) = ng:}/Qf—i-WQf, for Ygf:(Xf)2®H4+H4®(Xf)2, WQf:2Xf®Xf.

(101)
For the 3-particle case the list is
Hf’) = QL+ @H, @I + 1, @14 ® Hy,
N}?’) = NOLOL+LO®N @+ 1L, QL ® Ny,
N;(p?’) = NrLR®L +LONr @Iy + 14 ®I ® N,
XJ(“3) = XrQLOL+LX, QL + L ®L ® Xy, (102)
together with
(X](cg) -X](c3)) = ng = Ygf + ng, for
Yay = (X)POLOL+L® X)) ®l+LoLe (X)),
ng = 2-(Xf@Xf®H4+Xf®H4®Xf+H4®Xf®Xf). (103)
All 2-particle operators given in formulas (100,101) mutually commute.
All 3-particle operators given in formulas (102,103) mutually commute.
In the supersymmetric case all above operators are bosonic (0-graded).
In the Zo x Zo-graded case the grading assignment of the above operators is
[00] : HP NP NE Yoy, Wap, Zop, Y HP NP NP Yyp, Wiy, Zsy,
2 3
1]« xP,x%. (104)

The 11-grading of X}Q),Xj(cg) is a consequence of the fact that the single-particle operator X
exchanges the two types of fermions, see (69) and the following “Remark 2”. The 00-grading of
Zoy, Z35 (and the related operators Yaor, Way, Ys¢, Wsy) follows, by consistency, from (A.8).

One would expect, on a general ground, that a Hermitian, observable operator in a Zy x Zs-
graded theory should belong to the 00-sector since the result of a measurement should be a real
eigenvalue. If the operator would belong to a different sector, like the 11-grading, by consistency
its eigenvalues should also be 11-graded and not just real numbers.
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This point is better illustrated if, for the time being, we disregard the gradings of the Hilbert
(2)

spaces ’HgMZZ’g), HgMZZ’S) and just focus on the action of the matrix operators Xf , X](cg).
We introduce a set of normalized 2-particle eigenstates of XJ(CZ) belonging to 7—[&2()3%) as
2
0@ _ 01052 + 1n: 00152
|n,0i>[6] = ﬁ . (|n7010>[€] + |n7001>[€]),
@ 11052 + 1 1015@
1) = 5 (Ins 110)5 £ [ns 101)15), (105)
while, a set of normalized 3-particle eigenstates of XJ(;’) belonging to H(l3()3+a) is
2
o® 0105® % - 00153
]n,0i>[€] = ﬁ . (\n,010>[€] + \n,001>[€]),
e 1105® + 1 1015®
1) = 7 (Im; 110y *+ [n; 101>[€]),
25 = L (n210)®) + [ 201)®) (106)
gt V2 ’ [e] — 1'% [e]/*

From now on we use the ¢ = +1 sign employed in (98) and (99) to distinguish supersymmetric
versus Zo x Zs-graded vectors.

The Hilbert space H(l2()3+5) is spanned, see (96,98), for n € Ny by the vectors given in (105)
2

and the vectors |n; OOO}ES]), In; 100>E§]), In; 2OO>E€2]), |n;011>g]).

The Hilbert space H(f()%s) is spanned, see (96,99), for n € Ny by the vectors given in (106)
2

) (3) ) (3) ) 3) ) (3) . (3) . (3)
and the vectors |n; 000>[E], |n; 100>[€], |n; 200>[E], |n,300>[5], |n; 011>[5]’ \n7111>[5].
Let’s set aside, for the moment, the 2-particle vectors |n; 011}%3]) and the 3-particle vectors

|n; 011>E§]), |n; 111>E§]). The remaining M = 2, 3-particle vectors are eigenvectors of the cor-

responding (M = 2,3) H ZEM),N }M),N}M),X}M) operators. Their eigenvalues are reported as

entries in the tables below.
In the 2-particle cases with ¢ = +1 we have:

HP [ND [ NP [ XD
n;0000Z ] n | 0 | 0 | 0
n;100)2 | n | 0 0
;2002 n | 0o | 4 | 0

5 (107)

|n; 0+>[€] cln+1) 1 1 1
\n;0—>g cln+1| 1 1| -1
RN ERE
1o [n+1] 1 | 3 [ 21
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In the 3-particle cases with ¢ = +1 we have:

Hii%) N}S) N}3) X}(CS)
n;000 ] n | 0 | 0 | 0
100y | n [ 0 | 2 | 0
|n;200>g’]) lon 0 4 0
300y | n [ 0 | 6 | 0
00 s [n+1] 1|1 ] (108)
0 s [n+1] 1 ] 1 |
RN ERE
R
|n;2+>f§]) sl 1 ] 5 | 1
2= [n+1] 1 ] 5 | 1

Since the eigenvalues reported in the two tables (107,108) do not depend on &, we cannot distin-
guish the supersymmetric with respect to the Zs x Zo-graded Hilbert spaces with measurements
performed on the above sets of states.

Let’s now consider the 2-particle supersymmetric states |n;01 1>Ei)1]. They are eigenvectors

of Hf), N }2)7 Nf), XJ(P) with eigenvalues

D [ NOD [N | x @
. P | NP | NP | XS (109)
;012 s nk2| 2 | 2 | 0

The corresponding Zs x Zy-graded 2-particle states |n; 011>Ei)1] are eigenvectors of Hf), N}Q), Ng)
with eigenvalues

Hf) N}Q) Nj(ﬂZ) XJ(cQ)

n+2 2 2 X

2 (110)

+1]°

[n; 011)f

The difference with the previous case lies on the XJ(?) operator. In the supersymmetric case,

according to its 0-grading, X](?) is an observable for the supersymmetric Hilbert space 7-[52). In

the Zy x Zso-graded case X}Q) is not defined as an operator acting on 7-[52).

This can be understood as follows. It was shown in (98) that the vectors |n;011>g]) are
proportional to
n;01)(P)) o (v1a —v1s),  [ms 012} o (vr2 + v15). (111)

The operator X](c2), acting on the component vectors vi2, v15 gives
2 2
X](c )7}12 = X](” )’015 = V11 + Vi6. (112)

The relative — sign entering |n; 011>Ei)1] makes the two contributions vanish, leading to the 0

eigenvalue shown in table (109). On the other hand, the + sign entering |n; 01 1>Ei)1] implies that

2 2
XP ;017 o (vn1 + vig). (113)
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By inspecting (98) it is clear that neither the vector v11, nor vig belong to the Zo x Zg-graded
Hilbert space 7—[52). Therefore,

XPmony, ¢ #HY. (114)

]

Analogous formulas are obtained for the 3-particle operators |n; 011>E§’]) , s 111>E§]) . In that case

the eigenvalues are read from the table

Hf)) N](c3) N}S) XJ(P)
017 s ln+2] 2 | 2 | 0
Py fn+2] 2 | 4 | 0 (115)
|n; 011>Ei)1] ln+2] 2 2 X
i 2] 2 | 4 | x

The action of Xj(cg) on the vectors |n; 011>Ei)1] and |n; 111>ﬁ)l] is not defined in ’Hgs).

6.1 Observables detecting Zj,-graded versus Z, x Z,-graded Hilbert spaces

A legitimate observable, such as X (2), of the supersymmetric theory fails to be an operator
of the Zo x Zo-graded theory. We now show the existence of observables which, acting on
both the supersymmetric and Zy x Zs-graded Hilbert spaces, produce different, e-dependent,
eigenvalues on certain states of the models. The observables in questions, presented in (101,103)

as Way, Zoy, W3y, Z3y are recovered, together with Yo r, Y3, from squaring the M = 2, 3 operators

X](CM). All these observables have 0-grading in the supersymmetric case and, see (104), 00-

73)

grading in the Zgy x Zo-graded theory. The |n;ror; r2>%/[:2 vectors spanning the Hilbert spaces

H]%\/I(;ff; are eigenvectors of Yaor, Wor, Zoy (for M = 2) and Yzp, Wsy, Z3f (for M = 3). Their
eigenvalues are given as entries in the tables below.

For the 2-particle case we have

o
—

Way

B

D!
~

—_ — — ) — )

|n; 000)
In: 100)
|n; 200)
In:010)
|n;001)
|n; 110)
|n;101)
|n; 011)

(116)

MRS U CRS RS CRO RS K
=N elNolhaol el el el

N R~ RrR|O|O| O
+r—t>—~r—t>~©©©

[\
™

2e

[\

m

—_
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For the 3-particle case we have

B
&
5

W)
=

— b — — — ) - ] I

In; 000)
|n; 100)
In: 200)
|n; 300)
In;010)
|n;001)
|n; 110)
|n;101)
|n; 210)
|n;201)
In; 011)
|n;111)

(117)

=N NelNel ol Holl Nol Noll Nl Rl o)
Rl =)= RrRRR|OlO|O| O

[\
™

2+ 2¢

B ERC ERC B B DR ERC R R B B
NN R R R R| R R OO O] O

— N N N N N N N N N o~

L)

[\
™

2+ 2¢

As a consequence of (116) the following theoretical scenario can be applied. At a given ¢ = +1
the 2-particle state |n;01 1>E§]) can be selected as the unique state possessing, see (88), the set of

(n+2,2,1,1) eigenvalues for, respectively, the operators (Hf), N](CQ), Nf), NQS,Q)).

A system under investigation can be prepared at first in this eigenstate. Once this is accom-
plished, it is possible to determine whether the 2-particle system so prepared is composed by
ordinary bosons/fermions (supersymmetric case) or by Zy x Zs-graded particles by performing
a measurement of the Wys (or, equivalently, Zsf) observable. The output of the measurement
can be expressed in terms of the ¢ sign (—1 for supersymmetry, +1 otherwise).

The term “chirality” can be conveniently employed to convey the difference between the two
cases. One can then say that the supersymmetric versus the Zs x Zs-graded variants of the
model have opposite chirality.

The same scenario works for 3-particle systems prepared in the |n;011>g’]) and |n; 111>E§])
eigenstates.

7 Conclusions

The Zo x Zo-graded parastatistics requires the particles to be accommodated into the Zy X Zo-
graded setting presented in Appendix A. The particles are 00-graded ordinary bosons, 11-graded
exotic bosons and two types of fermions (10- and 0l-graded, with fermions of different types
which mutually commute). The presence of some given Zy x Zg-graded invariance is a sufficient,
but not necessary condition, for the application of a Zy x Zs-graded parastatistics.

We tested the consequences of the Zg x Zg-graded parastatistics by analizing the simple
model of a 4 x 4 matrix quantum oscillator which, in its single-particle sector, admits three
different interpretations: as a bosonic, as a N/ = 4 supersymmetric and as a Zg X Zg-graded one-
dimensional Poincaré-invariant theory. These three interpretations give equivalent, physically
indistinguishable, single-particle theories. The simplicity of the model allows to construct non-
interacting multiparticle sectors by applying Hopf algebra coproducts. The multiparticle states
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are defined in terms of braided tensor products; for each one of the three above cases the braiding
is related with the respective grading (bosonic, supersymmetric, Zs x Zz). As a consequence,
each grading produces a different multiparticle theory.

The bosonic grading is easily distinguished from the other two cases since it produces different
degeneracies of the energy levels; this is easily understood by noting, in the bosonic theory, the
existence of extra states which are not allowed, due to Pauli’s exclusion principle, when fermions
are present.

The difference between the supersymmetric and Zs x Zo-grading is much subtler and more
elusive. The energy levels and their degeneracies coincide in both cases. Despite of that it is
still possible to construct certain types of observables such as X ) in the discussion of Section
6. These observables act on both the supersymmetric and Zo x Zo-graded multiparticle Hilbert
spaces and, on certain states, produce different outputs (eigenvalues) which depend on the
grading. A measurement of these observables allows to determine whether the system under
investigation is composed by ordinary bosons/fermions or by Zs x Zo-graded particles.

We also pointed out in Section 6 that the Zy x Zs-grading forces the observables of the theory
to be superselected and belonging to the 00-graded sector.

In principle the construction based on the coproduct can offer the guidelines to correctly
(anti)symmetrize the Zs x Zo-graded multiparticle states in more complicated Hamiltonians
such as those, obtained in [7], which present Zs x Zs-graded invariant multiparticle interacting
terms. This extension will be left for a future work.

The elusiveness of the Zgy x Zg-graded parastatistics (the observables detecting it should be
carefully cherry picked) implies that it can be easily get unnoticed even if present. Fermions, in
Nature, can be either fundamental, as those entering the Standard Model, or emergent, e.g. as
collective modes in materials.

Concerning fundamental spinors, in the light of the results here presented, the spin-statistics
connection for relativistic Zg x Zo-graded Quantum Field Theories would demand a careful
(re)evaluation. If the observables of the theories are requested to obey a superselection rule and
possess the 00-grading (just like their nonrelativistic counterparts), it looks possible to realize
consistent relativistic Zo x Zs-graded models which take into account the commuting properties
of the fermions belonging to different gradings (01- and 10-). No matter which is their grading,
these fermions would continue to be half-integer spin particles. It seems that the simplest setting
to check the consistency of this scheme should be formulated for a Zs x Zs-graded extension of
the Wess-Zumino model [53]. Investigations are currently underway.

Concerning emergent spinors, a connection could be made with the [54] proposal to use
Majorana fermions for the construction of a Topological Quantum Computer which offers topo-
logical protection from decoherence. The connection with braiding properties and statistics is
elucidated in [55]. This could be a playground for Zg x Zs-graded parastatistics and possibly
general Z4-graded parastatistics with n > 3. Currently Z3-graded structures are under intense
investigation, see [56-59]. At the moment the formulation, for a generic n, of a Zj-graded
mechanics following the lines of [6,7] for n = 2 is still lacking.
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Appendix A: Graded Lie superalgebras

This paper deals with the physical differences induced, in the multiparticle sector of a quan-
tum theory, of three different graded Lie (super)algebras. It makes sense to discuss them in a
unified framework to pinpoint, as much as possible, their common properties.

The graded structures under consideration will be denoted as Z& for p = 0, 1, 2:

7y =1, 7k = 7o, 73 = 7o x L. (A1)
They respectively correspond to
i) for p = 0, ordinary Lie algebras,

ii) for p = 1, ordinary Lie superalgebras [18] and,
i11) for p = 2, the so-called, see [1,2], Zy x Zgs-graded Lie superalgebras.

A graded Lie superalgebra gl?) denotes a Lie algebra of graded brackets (represented by (anti)commutators)
satisfying the respective graded Jacobi identities for p = 0, 1, 2.
The p = 1,2 graded superalgebras are decomposed in the graded sectors

[1] [1]
= o @ o
_ 42 (2] (2] (2]
g’ = 91001 D 9[111 D 9110 D@ 9joyy (A.2)

(0]

Formally one can also set gl% = g[g].

gp 1 grading which takes values

A generator g € glP! is associated with its €
p=0: = (o} p=1: =101} p=2: el ={00,11,10,01}. (A.3)
[p]>

The operations on the €;"'’s gradings are the sum and the inner scalar product. Let us set
i) for p=1: EQ] = a, 6%] =0 with «a,6=0,1 and

it) for p=2: e[f] = (a1, a9), eg] = (61,B2) with ag,a9,81,082=0,1.

We have
Aad) o mod2), AN g
e+ BV = (a1 + Br a0 + B2)  (mod 2), il = a1 + s (A-4)

Let A, B, C € gl be three generators of a graded Lie superalgebra, with respective gradings
€A, €B, €c (for simplicity the now unecessary superscript “[p]” is dropped). The brackets

[} ¢ gl x gl — glv) (A.5)

which define the graded Lie superalgebra must be compatible with the Z5 grading. This requires
the following properties to be satisfied:
i) (anti)symmetry

[A,B} := AB—(—1)4“5BA, (A.6)
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so that
[B,A} = (=1 *l[A, B (A7)
the grading of the [A, B} generator is
€[A,B} = €A+teB. (A.8)
i) graded Jacobi identities given by
(=D)A,[B,C}} + (=) P[B,[C, A}} + (=1)P“?[C,[A, B}} = 0. (A9)

A graded vector space VI is a representation space for the graded Lie (super)algebra glel if
for any pair of generators A4, B € gl?! the bracket (A.6) is realized by (anti)commutators of the
operators A, B through the mapping

A— A, Bw— B, with A B:VF -yl (A.10)

The grading of VP! is compatible with the grading of glP!. This implies that for any pair of
vectors v, w € VPl with respective gradings €,, €, and for any operator A of grading €4 one has

w=Av = €w = €4 + €. (A.11)
For p = 1,2 the graded vector spaces are decomposed as
) 11 _ /11 [1] . 2] _ y/[2] (2] (2] (2]
Z,: VU=Vl eV, Zyx Ly VP = Vg @ Vil @ Vi @ Vg (A12)

For p = 2 the graded (anti)commutators defined on the A, B generators of a Zg x Zg-graded Lie
superalgebra can be read from the table

A\B [ [00] | [10] | [01] | [11]
[00] [ v'] ['v ] ['7 ] [ ) ]
(0] | [ 3 sl (A.13)
[01] [7] [7] {7} { ) }
[11] [7] {7} {7} [7 ]

Appendix B: a summary of Hopf algebras and braided tensors

This paper relies on coproducts for the construction of multiparticle states of a quantum
system and the hermitian operators acting on them. The coproduct is a costructure entering
the definition of Hopf algebra. To make the paper self-consistent the notion of Hopf algebra is
here briefly recalled (for a more comprehensive treatment, see [60,61]).

The Hopf algebras under consideration in this work are the Universal Enveloping Algebras
U (gl of a Zb-graded (with p = 0,1,2), see (A.1), Lie superalgebra.

A Universal Enveloping Lie Algebra U/ (g[p]) over a field which, for our purposes, is assumed
to be C, is a unital associative algebra containing the identity 1 and the polynomials of the
gl?) generators modulo their (anti)commutation relations. In the following, and throughout the
text, a generic element of U (g[p]) is denoted as “U”, while the symbol “g” is reserved to the
generators of glP!.
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As a Hopf algebra U = U(glP!) possesses:
- two algebraic structures, the associative multiplication m and the unit n, where
m:UQU - U, (m:Us®Up—Uy-Up), n:U—->C (n:1—1), (B.1)
- two algebraic costructures, the coproduct A and the counit &
A:U-URRU, e:C—-U, (B.2)
- an operation, the antipode S, relating structures and costructures,
S:U—-U. (B.3)

The compatibility of structures and costructures is guaranteed by a set of properties relating
them. We have

A(UAUE) = AUDAUE),  e(UaUg) = e(Ua)e(Ug),  S(UaUg) = S(UE)S(U.)

(B.4)
and
(A®id)AU) = (1d®A)AU) ,
(e®id)A(U) = (id®e)AU)=U
m(S®id)A(U) = m(id® S)AU) =¢e(U)1. (B.5)
The first relation is the coassociativity of the coproduct.
The action on the identity 1 is
A(l)=1®1, e(1) =1, S(1) =1. (B.6)
The action on a primitive element, i.e. a generator g € g[p], is
Alg) =1®g9+g®1, e(g) =0, S(9) = —g. (B.7)

Following [49], to properly (anti)symmetrize bosons and fermions in the language of the coprod-
uct, the notion of braided tensor (which naturally incorporates a braid statistics) has to be used.
The Zs-grading is the simplest non-trivial example of braiding; the Zo x Zs-grading is the next
simplest case. In a braided tensor product,

(Ua®Up)(Uc®Up) = Ua¥(Up®Uc)Up, (B.8)

Up and U are braided by an operator ¥ acting on their tensor product; U is called the “braiding
operator” (see [49] for details).

gp ], p = 1,2 gradings, the braiding simply reads

In our applications to the Z
(Ua®Up)(Uc®Up) = (-1)"“(UaUc)® (UsUp) (B.9)

and corresponds to a sign.
For the creation operator fT introduced in (3), with (f7)? = 0, in the bosonic interpretation
(for e fto= 0) the coproduct gives

AN = aeff+flenae i+ el =2ffef o (B.10)
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In the fermionic interpretation (for €+ = 1) the coproduct gives

AN = aeff+ffenaefl+flel)=fel11efl+1eff ffel=
floff—ffeff=o. (B.11)

The physical consequence is that the coproduct, combined with the braided tensor, encodes the
Pauli exclusion principle for fermions.

The permutations of spaces for the tensor products Y ® ... @ U of a graded Universal En-
veloping Lie superalgebra i/ (g[p]) are defined as follows.

In the case of the product of two tensors the permutation operator is

SP L Uy@Up > (~1)4 U ®@Us, (Uapeld and S22 .52 1) (B.12)

This action extends linearly to linear combinations of elements of I ® U/. One should note in
the definition the presence of the +1 sign induced by the respective €4 p gradings of Uy p.
(

In the case of the product of three tensors we have two generators, Slg) and Sé?,)), given by

S L UL@UE®Ue — (—1)4"8Uz @ Us ® Ue,
S Us@®@Up®Uc — (~1)FCU, @ Uc ® Us. (B.13)

The 6 elements of the Sg permutation group of three letters are conveniently expressed in terms
of the operators S, T":

=88 7:=9% .53 sothat S2=T3=1 and {1,S,T,ST,T? ST?} € S;.
(B.14)

The extension to permutations of tensor products with M > 3 spaces is immediate.

Throughout the text, if the abstract Universal Enveloping Algebra U/ is represented on a
vector space V under the R representation, a hat denotes the action (on the tensor products of
V') of the operators induced by the coproduct:

L —

for R:U—V, A:=AlgcEnd(V®V), with AU)eV®V. (B.15)
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