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Abstract

Z2 × Z2-graded mechanics admits four types of particles: ordinary bosons, two classes
of fermions (fermions belonging to different classes commute among each other) and exotic
bosons. In this paper we construct the basic Z2×Z2-graded worldline multiplets (extending
the cases of one-dimensional supersymmetry) and compute, based on a general scheme, their
invariant classical actions and worldline sigma-models. The four basic multiplets contain
two bosons and two fermions. They are (2, 2, 0), with two propagating bosons and two
propagating fermions, (1, 2, 1)[00] (the ordinary boson is propagating, while the exotic boson
is an auxiliary field), (1, 2, 1)[11] (the converse case, the exotic boson is propagating, while the
ordinary boson is an auxiliary field) and, finally, (0, 2, 2) with two bosonic auxiliary fields.
Classical actions invariant under the Z2 × Z2-graded superalgebra are constructed for both
single multiplets and interacting multiplets. Furthermore, scale-invariant actions can possess
a full Z2×Z2-graded conformal invariance spanned by 10 generators and containing an sl(2)
subalgebra.
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1 Introduction

In this paper we present the framework to construct Z2 × Z2-graded mechanics as a one-
dimensional classical theory. We extend to the Z2×Z2-graded setting the results and approach
employed for ordinary worldline supersymmetric [1, 2] and superconformal [3] mechanics at the
classical level. A separate paper is devoted to the quantization of the models here introduced.

The theory under consideration possesses four types of time-dependent fields: ordinary
bosons, two classes of fermions (fermions belonging to different classes commute among them-
selves) and exotic bosons which anticommute with the fermions of both classes.

Before discussing Z2 × Z2-graded theories, we briefly sketch the list of the main results of
this work. We introduce at first the basic 4 component-field multiplets and their respective D-
module representations (realized by 4× 4 matrix differential operators) of both Z2 × Z2-graded
superalgebra and superconformal algebra. These results should be compared with the super-
multiplets of the N = 2 worldline supersymmetry. In that case the basic multiplets are [1] the
“chiral” supermultiplet [4, 5], also known in the literature [6] as the “root” supermultiplet and
denoted as “(2, 2, 0)” (in physical applications it produces 2 propagating bosons, 2 propagating
fermions and no auxiliary field), and the real supermultiplet (1, 2, 1) with one bosonic auxiliary
field. The notation “(0, 2, 2)” is sometimes used to denote the supermultiplet with two bosonic
auxiliary fields. In application to the Z2 × Z2-graded superalgebra, similar notations can be
applied, but one has to discriminate between the two subcases (1, 2, 1)[00] and (1, 2, 1)[11], where
the suffix denotes which bosonic field is propagating, either the ordinary one (the (1, 2, 1)[00]

multiplet), or the exotic one (the (1, 2, 1)[11] multiplet). In the following we construct classi-
cal invariant actions in the Lagrangian framework for both single basic multiplets and several
interacting basic multiplets. The construction relies on the Z2 × Z2-graded Leibniz property
satisfied by the matrix differential operators closing the Z2×Z2-graded superalgebra. Following
the approach of [3], Z2 × Z2-graded superconformal invariant actions are obtained by requiring
invariance under K, the conformal counterpart of the time-translation generator H (for a review
of ordinary superconformal mechanics see [7]).

The present work is motivated by the recently introduced Z2×Z2-graded analogue of super-
symmetric and superconformal quantum mechanics [8, 9, 10, 11]. It consists of models of one
particle quantum mechanics on a real line whose symmetries are described by Z2×Z2-graded Lie
superalgebras. Peculiar to these models is the fact that their supercharges close with commuta-
tors, instead of anticommutators; this feature, which reflects the Z2 × Z2-grading, impies that
two types of fermions commute with each other. One should also add that in Z2 × Z2-graded
models central elements appear naturally. Due to properties of this type, the physical meaning
of the Z2 × Z2-graded models has yet to be properly understood and clarified.

We recall that supersymmetry algebra with central extension naturally appears in higher
dimensional Dirac actions with curved extra dimension, see [12], while commuting fermions also
appear in the dual double field theory [13] (see also [14] and [15] for the relation to higher
grading geometry). Therefore, one could expect that the Z2 × Z2-graded quantum systems
possess some physical relevance, at least in nonrelativistic or anyonic physics, where the spin-
statistics connection does not necessarily hold. Obviously, a thorough understanding of these
quantum systems is highly desirable.

For a better understanding of the results in [8, 9, 10, 11], one may pose the following question:
is it possible to recover and extend these given models by quantizing some classical system? This
question relies on a more essential one, namely, are there examples of classical systems invariant
under the Z2 × Z2-graded supersymmetric transformations? And, if this is indeed so, which
are the Z2 × Z2-graded supersymmetric transformations? In the present work we positively
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answer the last two questions about classical systems. The answer to the first question about
quantization is postponed to a separate paper, see [16].

After the introduction [17, 18, 19, 20] of Z2×Z2-graded Lie superalgebras, a long history of
investigations of Z2 × Z2 (and higher) graded symmetries in physical problems, which recently
attracted a renewed interest, began. Several works considered enlarged symmetries in various
contexts such as extensions of spacetime symmetries (beyond ordinary de-Sitter and Poincaré
algebras), supergravity theory, quasi-spin formalism, parastatistics and non-commutative geom-
etry, see [21, 22, 23, 24, 25, 26, 27, 28, 29, 30]. It was also recently revealed that the symmetries
of the Lévy-Leblond equation, which is a nonrelativistic quantum mechanical wave equation for
spin 1/2 particles, are given by a Z2 × Z2-graded superalgebra [31, 32].

Various mathematical studies of algebraic and geometric aspects of higher graded super-
algebras have also been undertaken since their introduction. In this respect one of the hot
topics is the geometry of higher graded manifolds, which is an extension of the geometry of
supermanifolds. For those mathematical works the reader may consult the references in [33].

The scheme of the paper is as follows: in Section 2 we review some basic features of Z2×Z2-
graded superalgebras and their 4 × 4 real matrices representations. In Section 3 we introduce
the D-module representations of the Z2 × Z2-graded superalgebra. In Section 4 we present
the superconformal extension of the D-module representations. The construction of Z2 × Z2-
graded classical invariant actions is given in Section 5. We introduce in Appendix A the scaling
dimensions of the Z2×Z2-graded generators and of the component fields entering the multiplets.
We present in Appendix B a derivation (that can be extended to the corresponding Z2 × Z2-
graded case) of the N = 2 supersymmetric action for the real superfield. In the Conclusions
we comment about future developments and the quantization of the models.

2 On Z2 × Z2-graded matrices

We recall at first the definition [17, 18, 19, 20] of a Z2 × Z2-graded Lie superalgebra G.
It admits the decomposition

G = G00 ⊕ G10 ⊕ G01 ⊕ G11 (1)

and is endowed with an operation [·, ·} : G × G → G which satisfies the following properties for
any ga ∈ G~α,

1) the Z2 × Z2-graded (anti)commutation relations

[ga, gb} = gagb − (−1)~α·
~βgbga, (2)

2) the Z2 × Z2-graded Jacobi identity

(−1)~γ·~α[ga, [gb, gc}}+ (−1)~α·
~β[gb, [gc, ga}}+ (−1)

~β·~γ [gc, [ga, gb}} = 0. (3)

In the above formulas ga, gb, gc respectively belong to the sectors G~α,G~β,G~γ , where ~α = (α1, α2)

for α1,2 = 0, 1 and G~α ≡ Gα1α2 (similar expressions hold for ~β and ~γ).

The scalar product ~α · ~β is defined as

~α · ~β = α1β1 + α2β2. (4)

Finally, [ga, gb} ∈ G~α+~β
where the vector sum is defined mod 2.
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A Z2 × Z2-graded Lie superalgebra G can be realized by 4 × 4, real matrices which can be
accommodated into the Gij sectors of G according to

G00 =


∗ 0 0 0
0 ∗ 0 0
0 0 ∗ 0
0 0 0 ∗

 , G11 =


0 ∗ 0 0
∗ 0 0 0
0 0 0 ∗
0 0 ∗ 0

 ,

G10 =


0 0 ∗ 0
0 0 0 ∗
∗ 0 0 0
0 ∗ 0 0

 , G01 =


0 0 0 ∗
0 0 ∗ 0
0 ∗ 0 0
∗ 0 0 0

 , (5)

where the “∗” symbol denotes the non-vanishing real entries.
The matrix generators spanning each Z2 × Z2-graded sector can be expressed as tensor

products of the 4 real, 2× 2 split-quaternion matrices I,X, Y,A (see [31]) given by

I =

(
1 0
0 1

)
, X =

(
1 0
0 −1

)
, Y =

(
0 1
1 0

)
, A =

(
0 1
−1 0

)
. (6)

We have

G00 : I ⊗ I, I ⊗X, X ⊗ I, X ⊗X,
G11 : I ⊗ Y, I ⊗A, X ⊗ Y, X ⊗A,
G10 : Y ⊗ I, Y ⊗X, A⊗ I, A⊗X,
G01 : Y ⊗ Y, Y ⊗A, A⊗ Y, A⊗A. (7)

Up to an overall normalization, the most general Hermitian matrices with real coefficients and
respectively belonging to the G10 and G01 sectors are

Q10 = cosα Y ⊗ I + sinα Y ⊗X, Q01 = cosβ Y ⊗ Y + sinβ A⊗A, (8)

where α, β are arbitrary angles. If α, β 6= nπ2 for n ∈ Z, then both Q2
10 6= I4 and Q2

01 6= I4
(I4 = I ⊗ I is the 4× 4 identity matrix).

Working under the assumption that Q2
10 = Q2

01 = I4, the following choices for Q10 are
admissible. Either Q10 = ±Y ⊗ I or Q10 = ±Y ⊗X. Up to the overall sign and without loss of
generality (the second choice being recovered from the first one via a similarity transformation)
we can set

Q10 = Y ⊗ I. (9)

This position implies, up to a sign, two possible choices for Q01:

either QA01 = Y ⊗ Y or QB01 = A⊗A. (10)

We explore the consequences of each one of these choices.

By assuming choice A one can introduce

1A) a Z2-graded superalgebra spanned by the two odd generators Q10, Q
A
01 and the two even

generators I4, W = I ⊗ Y , which is defined by the non-vanishing (anti)commutators

{Q10, Q10} = {QA01, Q
A
01} = 2 · I4, {Q10, Q

A
01} = 2W. (11)
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Since {Q01, Q
A
10} = W 6= 0, this superalgebra does not correspond to the ordinary N = 2

worldline supersymmetry;

2A) a Z2 × Z2-graded superalgebra defined by the (anti)commutators

{Q10, Q10} = {QA01, Q
A
01} = 2 · I4, [Q10, Q

A
01] = 0. (12)

A non-vanishing G11 sector can be introduced by adding an operator Z ∈ G11, given by

Z = εI ⊗ Y + rX ⊗ Y, with ε = 0, 1, r ∈ R. (13)

It follows that

{QA01, Z} = 2εQ10, {Q10, Z} = 2εQA01. (14)

By assuming choice B one can introduce

1B) a Z2-graded superalgebra given by the (anti)commutators

{Q10, Q10} = {QB01, Q
B
01} = 2 · I4, {Q10, Q

B
01} = 0. (15)

This superalgebra corresponds to the N = 2 worldline supersymmetry algebra;

2B) a Z2×Z2-graded superalgebra spanned by the generators I4, Q10, Q
B
01, Z = X⊗A and

defined by the non-vanishing (anti)commutators

{Q10, Q10} = {QB01, Q
B
01} = 2 · I4, [Q10, Q

B
01] = −2Z. (16)

3 D-module representations and supermultiplets of the Z2×Z2-
graded worldline superalgebra

In analogy with the D-module representations [1, 2] of ordinary worldline supersymmetry, the
D-module representations of the Z2 × Z2-graded superalgebra are obtained by replacing the
constant matrices with real coefficients (as those entering formula (16)) with differential matrix
operators. Since these matrices with differential entries are 4× 4, a total number of four, time-
dependent, real fields are required. In the following the time coordinate is denoted by “τ”.
In the construction of the Z2 × Z2-graded worldline multiplets it is convenient to assume the
reality conditions on all four fields. On the other hand, in the construction of sigma-models, it
is sometimes convenient to assume the fields to be Hermitian and work with the Wick-rotated
time coordinate t, given by t = iτ , so that ∂t = −i∂τ . One can easily go back and forth from
the “Euclidean time” τ to the real time t through Wick rotation. Some fields which are real in
the Euclidean time version become imaginary in the real time formalism.

The reality condition is associated with the complex conjugation (denoted by “∗”). The her-
miticity condition is associated with the adjoint operator (“†”) given by a complex conjugation
and a transposition (denoted by “T”). The operations satisfy

(A∗)∗ = (AT )T = (A†)† = A, (AB)∗ = A∗B∗, (AB)T = BTAT , (AB)† = B†A†. (17)

They are interrelated through

A† = (A∗)T . (18)
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Without loss of generality, all formulas in the paper are presented for the Euclidean time τ .
A given multiplet mT = (x(τ), z(τ), ψ(τ), ξ(τ)) of time-dependent fields belongs to a Z2×Z2-

graded vector space V,

x(τ) ∈ V00, z(τ) ∈ V11, ψ(τ) ∈ V10, ξ(τ) ∈ V01, (19)

such that its grading is consistent with the Z2 × Z2-grading of the differential operators.
A field belonging to Vε1ε2 is called “even” (respectively “odd”) if the sum ε1 + ε2 (ε1 + ε2 =

0 mod 2 or ε1 + ε2 = 1 mod 2) is even (odd).
Four types of multiplets are encountered:

(2, 2, 0), (1, 2, 1)[00], (1, 2, 1)[11], (0, 2, 2). (20)

The first multiplet corresponds to the “root” multiplet with two propagating even fields and
two propagating odd fields. The (1, 2, 1) multiplets, just like the corresponding N = 2 worldline
supermultiplet, correspond to one even propagating field, two odd propagating fields and one
even auxiliary field. An extra piece of information has to be added. The suffix [00] specifies
that the even propagating field is the ordinary boson, while the [11] suffix specifies that the even
propagating field is the exotic boson. Finally, the (0, 2, 2) multiplet corresponds to the case of
two propagating odd and two auxiliary even fields.

As for the worldline supersymmetry, the multiplets (1, 2, 1)[00], (1, 2, 1)[11], (0, 2, 2) are ob-
tained from the root multiplet (2, 2, 0) via a dressing transformation.

The D-module representations associated with the Z2 × Z2-graded Lie superalgebra (16)
are presented in the two following subsections. The operators are H ∈ G00, Z ∈ G11, Q10 ∈
G10, Q01 ∈ G01. The operator H is the generator of the time translation. It commutes with all
algebra generators and replaces the identity I4 in (16). The unnecessary label “B” is dropped
in the definition of the Q01 operator.

The Z2 × Z2-graded superalgebra is defined by the non-vanishing (anti)commutators

{Q10, Q10} = {Q01, Q01} = 2H, [Q10, Q01] = −2Z. (21)

3.1 The root multiplet

The differential operators associated with the (2, 2, 0) root multiplet are

H =


∂τ 0 0 0
0 ∂τ 0 0
0 0 ∂τ 0
0 0 0 ∂τ

 , Z =


0 ∂τ 0 0

−∂τ 0 0 0
0 0 0 −∂τ
0 0 ∂τ 0

 ,

Q10 =


0 0 1 0
0 0 0 1
∂τ 0 0 0
0 ∂τ 0 0

 , Q01 =


0 0 0 1
0 0 −1 0
0 −∂τ 0 0
∂τ 0 0 0

 . (22)

The corresponding transformations of the component fields are (for simplicity here and in the
following it is not needed to report the action of H, being just a time derivative)

Q10x = ψ, Q10z = ξ, Q10ψ = ẋ, Q10ξ = ż,
Q01x = ξ, Q01z = −ψ, Q01ψ = −ż, Q01ξ = ẋ,

Zx = ż, Zz = −ẋ, Zψ = −ξ̇, Zξ = ψ̇.

(23)
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3.2 The dressed multiplets

Following the derivation [1, 2] of the worldline supermultiplets, the remaining Z2 × Z2-graded
multiplets are obtained from the operators given in (22) and associated with the root multiplet,
by applying the dressing transformation

M 7→M′ = DMD−1. (24)

In the above formula M denotes any operator in (22), while D is a differential diagonal operator.
The three consistent choices for D,

D1 = diag(∂τ , 1, 1, 1), D2 = diag(1, ∂τ , 1, 1), D3 = diag(∂τ , ∂τ , 1, 1), (25)

are such that the transformed operators M′, despite the presence of D−1 in the right hand side,
remain differential operators. They correspond to the D-module representations respectively
acting on the (1, 2, 1)[11], (1, 2, 1)[00] and (0, 2, 2) multiplets. They are given by:

i) for the (1, 2, 1)[11] multiplet the D-module representation is

H =


∂τ 0 0 0
0 ∂τ 0 0
0 0 ∂τ 0
0 0 0 ∂τ

 , Z =


0 ∂2

τ 0 0
−1 0 0 0
0 0 0 −∂τ
0 0 ∂τ 0

 ,

Q10 =


0 0 ∂τ 0
0 0 0 1
1 0 0 0
0 ∂τ 0 0

 , Q01 =


0 0 0 ∂τ
0 0 −1 0
0 −∂τ 0 0
1 0 0 0

 . (26)

The corresponding transformations of the component fields are

Q10x = ψ̇, Q10z = ξ, Q10ψ = x, Q10ξ = ż,

Q01x = ξ̇, Q01z = −ψ, Q01ψ = −ż, Q01ξ = x,

Zx = z̈, Zz = −x, Zψ = −ξ̇, Zξ = ψ̇;

(27)

ii) for the (1, 2, 1)[00] multiplet the D-module representation is

H =


∂τ 0 0 0
0 ∂τ 0 0
0 0 ∂τ 0
0 0 0 ∂τ

 , Z =


0 1 0 0

−∂2
τ 0 0 0

0 0 0 −∂τ
0 0 ∂τ 0

 ,

Q10 =


0 0 1 0
0 0 0 ∂τ
∂τ 0 0 0
0 1 0 0

 , Q01 =


0 0 0 1
0 0 −∂τ 0
0 −1 0 0
∂τ 0 0 0

 . (28)

The corresponding transformations of the component fields are

Q10x = ψ, Q10z = ξ̇, Q10ψ = ẋ, Q10ξ = z,

Q01x = ξ, Q01z = −ψ̇, Q01ψ = −z, Q01ξ = ẋ,

Zx = z, Zz = −ẍ, Zψ = −ξ̇, Zξ = ψ̇;

(29)
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iii) for the (0, 2, 2) multiplet the D-module representation is

H =


∂τ 0 0 0
0 ∂τ 0 0
0 0 ∂τ 0
0 0 0 ∂τ

 , Z =


0 ∂τ 0 0

−∂τ 0 0 0
0 0 0 −∂τ
0 0 ∂τ 0

 ,

Q10 =


0 0 ∂τ 0
0 0 0 ∂τ
1 0 0 0
0 1 0 0

 , Q01 =


0 0 0 ∂τ
0 0 −∂τ 0
0 −1 0 0
1 0 0 0

 . (30)

The corresponding transformations of the component fields are

Q10x = ψ̇, Q10z = ξ̇, Q10ψ = x, Q10ξ = z,

Q01x = ξ̇, Q01z = −ψ̇, Q01ψ = −z, Q01ξ = x,

Zx = ż, Zz = −ẋ, Zψ = −ξ̇, Zξ = ψ̇.

(31)

It is worth noticing that the D-module representation of (21) acting on the (0, 2, 2) multiplet
can also be recovered from the (2, 2, 0) root D-module representation by applying a similarity
transformation. Let g denotes a given generator in (22). The corresponding generator g′ acting
on the (0, 2, 2) multiplet can be expressed, in terms of the 2× 2 matrices Y, I introduced in (6),
as

g 7→ g′ = (Y ⊗ I) · g · (Y ⊗ I), where (Y ⊗ I)2 = I4. (32)

This expression for g′ coincides up to a sign with the corresponding generator obtained from
the D3 dressing and presented in (30).

Similarly, the D-module representations associated with the (1, 2, 1)[00] and (1, 2, 1)[11] mul-
tiplets are interrelated by a similarity transformation. Let g̃ denotes any generator given in (26),
its associated ĝ operator expressed by

g̃ 7→ ĝ = (I ⊗ Y ) · g̃ · (I ⊗ Y ), where (I ⊗ Y )2 = I4, (33)

coincides, up to a sign, with the corresponding generator obtained from the D2 dressing and
presented in (28).

4 D-module representations of the Z2×Z2-graded conformal su-
peralgebra

A Z2 × Z2-graded conformal superalgebra extension of the Z2 × Z2-graded superalgebra (21) is
obtained by introducing the conformal partners of the generators H,Q10, Q01, Z. The minimal
conformal extension Gconf corresponds to a superalgebra spanned by 10 generators. The 6 extra
generators will be denoted as D,U, S10, S01,K,W . The (anti)commutators defining Gconf respect
both the Z2 × Z2-grading ij and the scaling dimension (see Appendix A) s of the generators.
Scaling dimension and Z2 × Z2-grading of the Gconf generators are assigned according to the
table

s \ij 00 11 10 01

+1 : H Z

+1
2 : Q10 Q01

0 : D U

−1
2 : S10 S01

−1 : K W

(34)



CBPF-NF-002/20 9

The minimal conformal extension Gconf can be recovered from the (22) D-module root repre-
sentation (22) of the superalgebra (21) by adding an extra operator K (the conformal partner
of H), which is introduced through the position

K = −τ2∂τ I4 − 2τΛ, Λ = diag(λ, λ, λ+
1

2
, λ+

1

2
). (35)

The remaining generators entering table (34) and their (anti)commutators defining Gconf are
recovered from repeated (anti)commutators involving the operators Q10, Q01 and K.

The nonvanishing Gconf (anti)commutators are

[H,D] = −H, [H,U ] = 2Z, [H,S10] = Q10, [H,S01] = Q01,
[H,K] = 2D, [H,W ] = −U, [Z,D] = −Z, [Z,U ] = −2H,
{Z, S10} = Q01, {Z, S01} = −Q10, [Z,K] = −U, [Z,W ] = −2D,
{Q10, Q10} = 2H, [Q10, Q01] = −2Z, [Q10, D] = −1

2Q10, {Q10, U} = −Q01,
{Q10, S10} = −2D, [Q10, S01] = −U, [Q10,K] = −S10, {Q10,W} = S01,
{Q01, Q01} = 2H, [Q01, D] = −1

2Q01, {Q01, U} = Q10, [Q01, S10] = U,
{Q01, S01} = −2D, [Q01,K] = −S01, {Q01,W} = −S10, [D,S10] = −1

2S10,
[D,S01] = −1

2S01, [D,K] = −K, [D,W ] = −W, {U, S10} = S01,
{U, S01} = −S10, [U,K] = 2W, [U,W ] = −2K, {S10, S10} = −2K,
[S10, S01] = 2W, {S01, S01} = −2K.

(36)

The closure of the Gconf algebra is realized for any real value of the parameter λ entering (35).
Therefore λ ∈ R is unconstrained.

The D-module representation corresponding to the (2, 2, 0) root multiplet is given by the
operators
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H =


∂τ 0 0 0
0 ∂τ 0 0
0 0 ∂τ 0
0 0 0 ∂τ

 ,

Z =


0 ∂τ 0 0

−∂τ 0 0 0
0 0 0 −∂τ
0 0 ∂τ 0

 ,

Q10 =


0 0 1 0
0 0 0 1
∂τ 0 0 0
0 ∂τ 0 0

 ,

Q01 =


0 0 0 1
0 0 −1 0
0 −∂τ 0 0
∂τ 0 0 0

 ,

D =


−τ∂τ − λ 0 0 0

0 −τ∂τ − λ 0 0
0 0 −τ∂τ − (λ+ 1

2
) 0

0 0 0 −τ∂τ − (λ+ 1
2
)

 ,

U =


0 2(τ∂τ + λ) 0 0

−2(τ∂τ + λ) 0 0 0
0 0 0 −(2τ∂τ + 2λ+ 1)
0 0 2τ∂τ + 2λ+ 1 0

 ,

S10 =


0 0 τ 0
0 0 0 τ

τ∂τ + 2λ 0 0 0
0 τ∂τ + 2λ 0 0

 ,

S01 =


0 0 0 τ
0 0 −τ 0
0 −(τ∂τ + 2λ) 0 0

τ∂τ + 2λ 0 0 0

 ,

K =


−τ2∂τ − 2τλ 0 0 0

0 −τ2∂τ − 2τλ 0 0
0 0 −τ2∂τ − (2λ+ 1)τ 0
0 0 0 −τ2∂τ − (2λ+ 1)τ

 ,

W =


0 −τ2∂τ − 2λτ 0 0

τ2∂τ + 2λτ 0 0 0
0 0 0 τ2∂τ + (2λ+ 1)τ
0 0 −τ2∂τ − (2λ+ 1)τ 0

 . (37)

The Gconf algebra contains several subalgebras. In particular the sl(2) subalgebra generated
by H,D,K where D, the scaling operator, is the Cartan element. Two different osp(1|2) superal-
gebras are recovered from the subsets of generators {H,D,K,Q10, S10} and {H,D,K,Q01, S01},
respectively.

4.1 Z2 × Z2-graded conformal superalgebra and dressed multiplets

The D-module representation of Gconf acting on the (0, 2, 2) multiplet is obtained by extending
the (32) similarity transformation to any generator of Gconf . Let g denotes a given generator in
(37). The corresponding generator g′ acting on the (0, 2, 2) multiplet is given by

g 7→ g′ = (Y ⊗ I) · g · (Y ⊗ I), where (Y ⊗ I)2 = I4, (38)
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with Y and I introduced in (6).
The D-module representation of the minimal Gconf algebra acting on the (1, 2, 1)[11] multiplet

is obtained by applying to the (37) operators the dressing transformation generated by the
diagonal matrix D1 introduced in (25).

Let g be a given operator in (37), the corresponding g̃ dressed operator is given by

g 7→ g̃ = D1 · g ·D1
−1, (39)

where D1 has been introduced in (25).
The four dressed operators H̃, Z̃, Q̃10, Q̃01 are differential matrix operators. On the other

hand, due to the presence of the inverse matrix D1
−1 in (39), the remaining 6 transformed

matrices D̃, Ũ , S̃10, S̃01, K̃, W̃ are differential operators only if the real parameter λ, which is
unconstrained in (37), is set to 0:

λ = 0. (40)

Therefore, the minimal Gconf conformal algebra is recovered from the (1, 2, 1)[11] multiplet by

taking repeated (anti)commutators of the operators Q̃10, Q̃01, K̃λ=0, given by

Q̃10 =


0 0 ∂τ 0
0 0 0 1
1 0 0 0
0 ∂τ 0 0

 , Q̃01 =


0 0 0 ∂τ
0 0 −1 0
0 −∂τ 0 0
1 0 0 0

 ,

K̃λ=0 =


−τ2∂τ − 2τ 0 0 0

0 −τ2∂τ 0 0
0 0 −τ2∂τ − τ 0
0 0 0 −τ2∂τ − τ

 . (41)

A nonminimal Z2 × Z2-graded conformal extension of Gconf , requiring the introduction of new

generators, is recovered by taking repeated (anti)commutators of the operators Q̃10, Q̃01 and
K̃λ, where K̃λ is defined for λ 6= 0 as

K̃λ = K̃λ=0 − 2λτ · I4. (42)

This new nonminimal algebra is denoted as Gnm,conf .

Gnm,conf is finitely generated by the the three generators Q̃10, Q̃01, K̃λ. Each generator

entering Gnm,conf is obtained by taking repeated (anti)commutators involving Q̃10, Q̃01, K̃λ. For

instance, H̃ is recovered from the anticommutator {Q̃10, Q̃10} = 2H̃, Z̃ from the commutator
[Q̃10, Q̃01] = −2Z̃, while Ũ , belonging to the 11-sector, from [Z̃, K̃] = −2Ũ and so on.

For λ 6= 0 Gnm,conf is an infinitely dimensional Z2 × Z2-graded Lie superalgebra, possessing
an infinite number of generators. This is seen as follows: the commutator between the 11-graded
generators Z̃, Ũ produces [Z̃, Ũ ] = −2H̃−4λH̃2, where H̃2 is a new 00-graded generator, given by

H̃2 =


−∂ 0 0 0
0 ∂ 0 0
0 0 0 0
0 0 0 0

. The commutator [Z̃, H̃2] = 2Z̃2 produces the new 11-graded generator

Z̃2 =


0 ∂3 0 0
∂ 0 0 0
0 0 0 0
0 0 0 0

. By taking repeated commutators with Z̃ one generates an infinite tower

of new generators H̃n, Z̃n. This shows that, for λ 6= 0, Gnm,conf is an infinite-dimensional
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Z2 × Z2-graded Lie superalgebra.

The generator M̃ =


0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0

, obtained from the right hand side of

[Q̃10, S̃01] + [Q̃01, S̃10] = 4λM̃, (43)

is another extra generator entering Gnm,conf .
We finally mention that the D-module representations of the conformal algebras associated

with the (1, 2, 1)[00] multiplet are recovered from the (1, 2, 1)[11] representations by applying
an extension of the (33) similarity transformation. Let g̃ denotes any conformal generator
associated with the (1, 2, 1)[11] multiplet, the corresponding ĝ generator associated with the
(1, 2, 1)[00] multiplet is given by

g̃ 7→ ĝ = (I ⊗ Y ) · g̃ · (I ⊗ Y ), where (I ⊗ Y )2 = I4, (44)

for Y , I introduced in (6).

5 Z2 × Z2-graded invariant actions

In this Section we present a general framework to construct Z2 × Z2-graded classical invariant
actions, in the Lagrangian setting, for the basic multiplets introduced in Section 3. The approach
works for both single basic multiplets and for several interacting basic multiplets. We discuss,
at first, the actions for the root multiplet. The modifications to be applied for the construction
of actions for the dressed multiplets are immediate.

5.1 Invariant actions for the (2, 2, 0) root multiplet

We rely on the fact that the differential operators introduced in (22) satisfy the Z2×Z2-graded
Leibniz rule when acting on functions of the component fields x, z, ψ, ξ. The actions and the
Lagrangians are required to belong to the 00-graded sector.

Therefore, a manifestly invariant sigma-model action Sσ for the (2, 2, 0) multiplet can be
expressed as

Sσ =

∫
dτLσ, Lσ = ZQ10Q01g(x,w), for w = z2. (45)

In the above formula g(x,w) is an arbitrary 00-graded prepotential of the even fields x, z. Due
to the (21) (anti)commutators and their explicit expression, the action of H,Z,Q10, Q01 on Lσ
produces a time derivative, making the Sσ action Z2 × Z2-graded invariant. Up to boundary
terms we have

Lσ ∼ Φ(x,w)(ẋ2 + ż2 − ψψ̇ + ξξ̇) + (Φxż − 2Φwẋz)ψξ, (46)

where

Φ(x,w) = gxx + 2gw + 4wgww (47)

(here and in the following the suffix denotes derivative with respect to the corresponding field

so that, e.g., Φx(x,w) = ∂Φ(x,w)
∂x ).
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The invariant sigma-model defined by (45) is not the most general one. Another manifestly
invariant (2, 2, 0) action Sσ is obtained from setting

Sσ =

∫
dτZQ10Q01 (f(x,w)zψξ) , (48)

where the new prepotential f(x,w)zψξ also belongs to the 00-graded sector. Since the odd-fields
ψ, ξ are Grassmann, the most general manifestly invariant sigma-model is produced by the linear
combination S = Sσ + Sσ for arbitrary prepotentials g(x,w), f(x,w)zψξ.

One should warn that, contrary to g(x,w), the f(x,w)zψξ prepotential in (48) produces
higher derivatives. Indeed the simplest choice, obtained by setting f(x,w) = 1, produces the
Lagrangian

L = ZQ10Q01(zψξ) ∼ Z(z(ẋ2 + ż2 − ψψ̇ + ξξ̇)− ẋψξ) (49)

which contains a third order time derivative in x (L = ẋ3 + . . .) that cannot be reabsorbed by
a total time derivative.

The free kinetic action is defined by setting Φ(x,w) = 1
2 in (46). The corresponding La-

grangian L, given by

L =
1

2
(ẋ2 + ż2 − ψψ̇ + ξξ̇), (50)

is invariant under the full (36) Z2 × Z2-graded conformal superalgebra Gconf . This is a conse-
quence of the relation

KL =
1

2

d

dτ

(
−τ2ẋ2 + x2 − τ2ż2 + z2 + τ2ψψ̇ − τ2ξξ̇

)
, (51)

for K given by (37) with the

Λ = diag(−1

2
,−1

2
, 0, 0) (52)

assignment of the scaling dimensions of the root multiplet component fields.
We can generalize the manifestly invariant action (45) to the case of n independent root

multiplets labeled by i = 1, 2, . . . , n. In each multiplet its component fields xi, ψi, ξi, zi transform
according to (23). An invariant sigma-model action Sint, describing the motion of interacting
multiplets, can be defined through the position

Sint =

∫
dτZQ10Q01g(xi, wij), (53)

for a generic prepotential g(xi, wij), with wij = zizj . The introduction of nontrivial interactions
among multiplets requires suitably choosing the prepotential function g(xi, wij). One can set,
e.g., ∂xk∂xlg(xi, wij) for k 6= l to be nonvanishing functions of the component fields.

5.2 Invariant actions for the (1, 2, 1)[00] multiplet

As the next case we are considering the invariant actions for the dressed (1, 2, 1)[00] multiplet
with an ordinary propagating boson. Its component fields x, z, ψ, ξ transform according to (29).

A sigma-model type of action, the counterpart of (46), can be formally expressed with the
same notation, but taking into account the different role of the exotic boson z:

Sσ =

∫
dτLσ, Lσ = ZQ10Q01g(x,w), for w = z2. (54)
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Up to boundary terms the Lagrangian Lσ now reads

Lσ ∼ (gxxx − 2gxxwẍ)zψξ + [(2gxxww + gxx)− 2hxẍ](ξξ̇ − ψψ̇) + 2h(ξ̇ξ̈ − ψ̇ψ̈) +

(4gxw + 2hx − 4hwẍ)zψ̇ξ̇ + gxxw − (4gxww + gx)ẍ+

2hẍ2 − 2gwzz̈ − 2gxwz(ψ̈ξ + ψξ̈), (55)

where h(x,w) is introduced as

h(x,w) = 2gwww + gw. (56)

Let us present several particular cases:

1) for g(x,w) = g(x) we have

Lσ ∼ gxx(ẋ2 + z2 − ψψ̇ + ξξ̇) + gxxxzψξ; (57)

2) for g(x,w) = g(w) we have h(x,w) = h(w). The Lagrangian Lσ possesses higher-order
time derivatives,

Lσ ∼ 2h(ẍ2 + ż2 − ψ̇ψ̈ + ξ̇ξ̈)− 4hwẍzψ̇ξ̇; (58)

3) the condition h(x,w) = 0 implies that the prepotential g(x,w) has the form

g(x,w) = a(x)
√
w + b(x).

Under this condition the Lagrangian Lσ admits up to a second order time derivative. The
result of the computation of the second term, b(x), is recovered from the result at item 1.
The new contribution for a(x) 6= 0, b(x) = 0 reads

Lσ ∼ axx
√
w(3ẋ2 + z2 − 2ψψ̇ + 2ξξ̇) + 2ax

√
wzψ̇ξ̇ + 4

ax√
w
zẋż +

(axxx
√
w − axx√

w
ẍ)zψξ− ax√

w
z(ψ̈ξ + ψξ̈). (59)

Let us focus our discussion on the sigma-model Lagrangian (57). By setting φ(x) = 2gxx it
differs from the N = 2 supersymmetric Lagrangian (also denoted as Lσ) entering formula (B.8),
in the sign in front of the ξξ̇ term. This difference is due to the Z2 × Z2 grading; in particular
the (57) operators Q10, Q01, unlike the Q1, Q2 supersymmetry operators used in the derivation
of (B.8), act on the Z2 × Z2-graded component fields as Z2 × Z2-graded Leibniz derivatives.

It is worth mentioning that the sigma-model action (57), when specialized to the choice
gxx = xα for α 6= −2, is invariant under the nonminimal Z2 × Z2 conformal algebra Gnm,conf
with the identification λ = − 1

α+2 .

Since ψ, ξ are classical Grassmann fields (satisfying, in particular, ψ2 = ξ2 = 0), by solving
the algebraic equation of motion for z, the new Lagrangian reads

Lσ ∼ 1

2
φ(x)(ẋ2 − ψψ̇ + ξξ̇). (60)

By setting, as in formula (B.11),

x = C(x), ψ = Cxψ, ξ = Cxξ, where Cx =
√
φ, (61)
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we realize that the Lagrangian (60) corresponds to the non-interacting constant kinetic La-
grangian Lkin for the barred fields

Lkin =
1

2
(ẋ

2 − ψψ̇ + ξξ̇). (62)

The introduction of interacting terms is reached by adding, as also discussed in the Appendix,
a linear potential term in z to the sigma-model Lagrangian (57). Since z transforms as a time-
derivative under the (28) operators, the total action S is invariant. This action is

S =

∫
dτ

1

2

(
φ(x)(ẋ2 + z2 − ψψ̇ + ξξ̇) + φxzψξ + µz

)
. (63)

In order for the action to be 00-graded, the constant parameter µ should be 11-graded. We
recall that the classical Z2 × Z2-graded fields (anti)commute, satisfying the (anti)commutators
(2). This is a consistent extension of ordinary classical supermechanics whose fields are assumed
to be real or complex (the bosons) and Grassmann (the fermions). We have now two types
of Grassmann fields (10-graded and 01-graded) and two types of bosons (00-graded and 11-
graded). They are time-dependent and their ordering is determined by the Z2 × Z2-graded
structure. E.g., following the (2) prescription, if z(τ) is 11-graded and ψ(τ) is 10-graded, then
z(τ)ψ(τ) = −ψ(τ)z(τ). The same prescription (2) holds for Z2 × Z2-graded constant (not
depending on τ) fields. The 11-graded coupling constant µ is such an example. It can be
interpreted as a non-dynamical, constant, 11-graded, background field. When quantizing the
theory as discussed in [16], µ becomes a constant 4 × 4 matrix belonging to the G11 sector in
formula (5). At a classical level µ is assumed to (anti)commute with the Z2×Z2-graded fields.

By repeating the computations for the analogous case presented in the Appendix, one can
solve the algebraic equation of motion for z so that, up to boundary terms, the Lagrangian L
can be expressed as

L =
1

2
(ẋ

2 − ψψ̇ + ξξ̇)− 1

8
(
µ

Cx
)2 − µ

2

Cxx
(Cx)3

ψξ, (64)

where the barred fields and C(x) are given in (61). After setting

W (x) = W (C(x)) = µ
2Cx(x) (65)

we can rewrite the Lagrangian as

L =
1

2
(ẋ

2 − ψψ̇ + ξξ̇)− 1

2
W 2(x) +Wxψξ. (66)

The potential W (x) in (65) is proportional to µ and is 11-graded since C(x), defined in (61),
is 00-graded. The Lagrangians (64) and (66) are 00-graded. In particular, the cubic term µψξ
entering the right hand side of (64) is 00-graded since, from (2) and (4), [00] = [11] + [10] + [01],
where the addition is mod 2. The consistency of the procedure follows from respecting the
Z2 × Z2-graded properties.

This construction of the interacting action follows the second approach described in the
Appendix. The first approach which works nicely for the N = 2 supersymmetric action and is
based on a constant kinetic term plus a potential term, cannot be repeated in the Z2×Z2-graded
case. The reason is that the only Z2 × Z2 invariant potential term is given by the linear term
in z. To get the nontrivial interaction one is therefore obliged to add this linear term to the
sigma-model action and perform the (61) field redefinitions.
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5.3 Interacting (1, 2, 1)[00] multiplets

The construction of invariant actions for interacting multiplets proceeds as for the root mul-
tiplets case. We explicitly present it for two interacting multiplets. The fields are denoted as
x1, z1, ψ1, ξ1 and x2, z2, ψ2, ξ2, respectively. They transform independently; nevertheless, their
interaction can be induced by the prepotential.

The sigma-model action can be defined as before, so that

Sσ =

∫
dτLσ =

∫
dτZQ10Q01g(x1, x2). (67)

Up to boundary terms, the Lagrangian is

Lσ = g11(ẋ2
1 + z2

1 − ψ1ψ̇1 + ξ1ξ̇1) + g22(ẋ2
2 + z2

2 − ψ2ψ̇2 + ξ2ξ̇2) +

+g12(2ẋ1ẋ2 + 2z1z2 − ψ1ψ̇2 − ψ2ψ̇1 + ξ1ξ̇2 + ξ2ξ̇1) + g111z1ψ1ξ1 + g222z2ψ2ξ2 +

+g112(z2ψ1ξ1 + z1(ψ1ξ2 + ψ2ξ1)) + g221(z1ψ2ξ2 + z2(ψ1ξ2 + ψ2ξ1)) (68)

where g12 := ∂x1∂x2g(x1, x2), etc. The necessary condition g12 6= 0 is required to have interact-
ing multiplets.

The action S, obtained by adding the linear potential term, is also invariant:

S =

∫
dτ (Lσ + Llin) , where Llin = µ1z1 + µ2z2, (69)

For consistency, the µ1,2 constants belong to the 11-graded sector; their (anti)commutation
properties with respect to the Z2×Z2-graded fields are defined in accordance with this position.

Extending this construction to the case of n > 2 interacting multiplets is immediate.

5.4 Invariant actions for the (1, 2, 1)[11] multiplet

The sigma-model invariant action is expressed as

S =

∫
dτLσ =

∫
dτZQ10Q01f(z), (70)

where f(z) is an even function of z. The computation produces, up to boundary term,

Lσ ∼ Φ(z)(ż2 + x2 − ψψ̇ + ξξ̇)− Φz(z)xψξ, (71)

where

Φ(z) = fzz(z) (72)

is also an even function of z.
Just like the (1, 2, 1)[00] case, an invariant linear potential term Llin can be added. For this

multiplet the total Lagrangian L is

L = Φ(z)(ż2 + x2 − ψψ̇ + ξξ̇)− Φzxψξ + µx, (73)

where µ is an ordinary real (i.e., not exotic) coupling constant.
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5.5 Invariant action of the (0, 2, 2) multiplet

The free kinetic Lagrangian

L =
1

2
(x2 − z2 − ψψ̇ − ξξ̇) (74)

defines the invariant action S =
∫
dτL of the (0, 2, 2) multiplet. The scaling dimension of the

fields is λ = 1
2 for the even fields x, z and λ = 0 for the odd fields ψ, ξ.

With respect to the differential operators defined in (38), the action S is invariant under the
10-generator Z2 × Z2-graded Gconf conformal superalgebra (36).

6 Conclusions

In the supersymmetric literature the term “supermechanics” refers to classical systems formu-
lated in the Lagrangian setting. There are hundreds, possibly thousands, of papers devoted on
this topic. Somewhat surprisingly, after more than fifty years since the introduction (inspired by
superalgebras) of Z2 × Z2-graded superalgebras [18, 19, 20], no work has been presented yet to
analyze Z2 × Z2-graded symmetries in this context. To fill this vacuum is the main motivation
of the present paper.

Our basic strategy is to mimick, as much as possible, the construction of supermechanics
based on supermultiplets and their derived invariant actions. We extended to the Z2 × Z2-
graded case the approaches of [1, 2] for the one-dimensional super-Poincaré algebras and [3] for
the superconformal algebras.

We derived the basic Z2 × Z2-graded multiplets (even in the conformal case) and presented
a general framework to construct the actions. As a consequence, a plethora of Z2 × Z2-graded
invariant actions has been obtained (for single basic multiplets, for interacting multiplets, for
systems with or without higher derivatives, etc.). The simplest models with Z2 × Z2-graded
conformal invariance have also been presented.

The Z2 × Z2-graded invariance poses further restrictions, with respect to ordinary superal-
gebras, on the invariant actions and the procedures to obtain them. As an example, only the
second approach described in Appendix B for the N = 2 supersymmetric model can be applied
to derive its Z2 × Z2 counterpart given in (66).

As already mentioned in the Introduction, there has been recently a renewal of interest,
which started from the works [31, 32] and [8, 9, 10, 11], in analyzing Z2×Z2-graded symmetries
in the context of dynamical systems. The present paper fits into this current trend.

Several open questions have yet to be answered. The most relevant ones are perhaps “which
is the quantum role of the 11-graded exotic bosons?” and “which is the quantum signature of a
Z2 × Z2-graded symmetry?”.

On an abstract level the Z2 × Z2-graded symmetry is related with a specific form of paras-
tatistics, see [28, 36]. Concretely, the existence of a Z2×Z2-symmetry tells us that multiparticle
states can be (anti)symmetrized according to the Z2 × Z2-statistics. These states do not obey
the ordinary boson-fermion statistics. The use of the alternative Z2 × Z2 statistics has conse-
quences which are measurable and can be observed. It affects, e.g., the energy degeneracy of
multiparticle wavefunctions, the partition function, the derived chemical potentials, etc.
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Appendix A: the scaling dimensions

Besides the Z2 × Z2-grading, a scaling dimension can be assigned to the component fields
entering the (20) multiplets. Let us assign to the Euclidean time τ the scaling dimension

[τ ] = −1. (A.1)

By consistency, the scaling dimension of the Z2 × Z2-graded superalgebra operators entering
(21) are

[H] = [Z] = 1, [Q10] = [Q01] =
1

2
. (A.2)

For each multiplet a scaling dimension can be assigned to its component fields in terms of an
arbitrary real parameter λ ∈ R. The parameter λ, which coincides the lowest scaling dimension
of a component field in a given multiplet, is called the scaling dimension of the multiplet.

The consistent assignment of scaling dimensions are

i) for the (2, 2, 0) root multiplet,

[x] = [z] = λ, [ψ] = [ξ] = λ+ 1
2 ; (A.3)

ii) for the (1, 2, 1)[11] Z2 × Z2-graded multiplet,

[x] = λ+ 1, [z] = λ, [ψ] = [ξ] = λ+ 1
2 . (A.4)

iii) for the (1, 2, 1)[00] Z2 × Z2-graded multiplet,

[x] = λ, [z] = λ+ 1, [ψ] = [ξ] = λ+ 1
2 ; (A.5)

iv) for the (0, 2, 2) Z2 × Z2-graded multiplet,

[x] = [z] = λ+ 1
2 , [ψ] = [ξ] = λ. (A.6)

Let us set

λ1 = [x], λ2 = [z], λ3 = [ψ], λ4 = [ξ]. (A.7)

For each one of the four cases above a scaling operator D defines the scaling dimension of the
operators H,Z,Q10, Q01. The scaling dimension is read from the commutators

[D,H] = H, [D,Z] = Z, [D,Q10] = 1
2Q10, [D,Q01] = 1

2Q01. (A.8)

The operator D can be introduced through the position

D = −τ∂τ · I4 − Λ, for Λ = diag(λ1, λ2, λ3, λ4). (A.9)
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In the above formula Λ is a diagonal operator. One should note that D is an operator belonging
to the G00 sector of the Z2 × Z2-graded superalgebra.

For several applications it is important to mention that constant matrices M , possessing a
non-vanishing scaling dimension as defined by D, exist in each one of the different D-module
representations. The scaling dimension s is given by

[D,M ] = sM. (A.10)

Let Eij denotes the matrix with entry 1 at the intersection of the i-th column with the j-th row
and 0 otherwise. The constant matrices with non-vanishing scaling dimensions are:

i) for the (2, 2, 0) D-module representation,

s =
1

2
: for E13, E24 ∈ G10 and E14, E23 ∈ G01,

s = −1

2
: for E31, E42 ∈ G10 and E32, E41 ∈ G01; (A.11)

ii) for the (1, 2, 1)[11] D-module representation,

s = 1 : for E21 ∈ G11,

s =
1

2
: for E24, E31 ∈ G10 and E23, E41 ∈ G01,

s = −1

2
: for E13,E42 ∈ G10 and E14, E32 ∈ G01,

s = −1 : for E12 ∈ G11; (A.12)

iii) for the (1, 2, 1)[00] D-module representation,

s = 1 : for E12 ∈ G11,

s =
1

2
: for E13, E42 ∈ G10 and E14, E32 ∈ G01,

s = −1

2
: for E24, E31 ∈ G10 and E23, E41 ∈ G01,

s = −1 : for E21 ∈ G11. (A.13)

Appendix B: revisiting the N = 2 supersymmetric action
for the real supermultiplet

The N = 2 supersymmetric action of the real supermultiplet is well known [37, 38, 39]. It
consists of a constant kinetic term plus a generic potential term; it is obtained either from a
superfield [40] or from a (1, 2, 1) D-module approach. We present here for illustrative purposes
a derivation of this action as recovered from a sigma model Lagrangian plus a Fayet-Iliopoulos
[41] linear potential term. It is the same method which was used in Section 5 to obtain the non-
trivial Z2 × Z2-graded invariant actions for the (1, 2, 1)[11] and (1, 2, 1)[00] multiplets. Indeed,
the Z2×Z2-graded symmetry differs and is more stringent than ordinary supersymmetry, so that
not all methods which work in the supersymmetric case have a counterpart which is applicable
to the Z2×Z2-graded case. In particular the Z2×Z2-graded symmetry forces the potential term
to be linear.
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The four time-dependent fields of the N = 2 model are denoted as x (the propagating boson),
ψ, ξ (the fermionic fields) and z (the auxiliary bosonic field). Their field transformations are

Q1x = ψ, Q1z = ξ̇, Q1ψ = ẋ, Q1ξ = z,

Q2x = ξ, Q2z = −ψ̇, Q2ψ = −z, Q2ξ = ẋ.
(B.1)

The one-dimensional N = 2 supersymmetry algebra (with generators Q1, Q2, H) satisfies

{Qi, Qj} = 2δijH, [H,Qi] = 0, for i, j = 1, 2. (B.2)

The standard construction of the invariant action is made through the position

S =

∫
dτL, where L = Lkin + Lpot. (B.3)

The kinetic and potential terms of the Lagrangian are

Lkin =
1

2

(
ẋ2 + z2 − ψψ̇ − ξξ̇

)
, Lpot = W (x)z +Wx(x)ψξ. (B.4)

They are both manifestly supersymmetric invariant (up to a time derivative), being given by

Lkin = −1

2
Q1Q2(ψξ), Lpot = Q1Q2(Φ(x)) = Φxz + Φxxψξ. (B.5)

The second equation implies the identification W (x) = Φx(x).
After solving the z = −W (x) algebraic equation of motion for z, the Lagrangian L can be

expressed as

L =
1

2
(ẋ2 − ψψ̇ − ξξ̇)− 1

2
W (x)2 +Wxψξ. (B.6)

The alternative formulation that we are presenting here can be obtained by expressing the
N = 2 invariant action in terms of a sigma-model Lagrangian Lσ plus a linear in z potential
term Llin. They are

Lσ = Q1Q2(f(x)z), Llin =
1

2
µz. (B.7)

The total Lagrangian is

L = Lσ + Llin =
1

2
φ(x)(ẋ2 + z2 − ψψ̇ − ξξ̇) +

1

2
φxzψξ +

1

2
µz, for φ(x) = 2fx. (B.8)

The algebraic equation of motion for z gives

z = − 1

2φ
µ− φx

2φ
ψξ. (B.9)

By substituting the right hand side into the Lagrangian we obtain

L =
1

2
φ(ẋ2 − ψψ̇ − ξξ̇)− 1

8φ
µ2 − φx

4φ
µψξ. (B.10)

By performing non-linear transformations on the component fields, we can express the La-
grangian in the so-called “constant kinetic term” basis [35]. We set

x = C(x), ψ = Cxψ, ξ = Cxξ, where Cx =
√
φ. (B.11)
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We then get, at first, the intermediate expression

L =
1

2
(ẋ

2 − ψψ̇ − ξξ̇)− 1

8
(
µ

Cx
)2 − µ

2

Cxx
(Cx)3

ψξ. (B.12)

The position

W (x) = W (C(x)) = µ
2Cx(x) (B.13)

allows to identify (by replacing the fields x, ψ, ξ with their respective barred expressions) the
Lagrangian (B.12) with the Lagrangian (B.6):

L =
1

2
(ẋ

2 − ψψ̇ − ξξ̇)− 1

2
W 2(x) +Wxψξ. (B.14)

As an example of the construction, the harmonic oscillator and the inverse-square potentials are
respectively recovered from

i) the harmonic oscillator potential, W 2(x) = A2x2, so that

W (x) = Ax, C(x) =
√

µx
A , φ(x) = µ

4Ax ; (B.15)

ii) the inverse square potential, W 2(x) = ( gx)2, so that

W (x) = g
x , C(x) = e

µx
2g , φ = µ2

4g2
e
µx
g . (B.16)
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