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Abstract

We investigate the dynamical symmetry superalgebras of the one-dimensional Matrix Su-
perconformal Quantum Mechanics with Calogero potential. They act as spectrum-generating
superalgebras for the systems with the addition of the de Alfaro-Fubini-Furlan oscillator term.
The undeformed quantum oscillators are expressed by 2™ x 2" supermatrices; their corre-
sponding spectrum-generating superalgebras are given by the osp(2n|2) series. For n = 1 the
addition of a Calogero potential does not break the osp(2|2) spectrum-generating superalge-
bra. For n = 2 two cases of Calogero potential deformations arise. The first one produces
Klein deformed quantum oscillators; the corresponding spectrum-generating superalgebras
are given by the D(2,1;«) class, with a determining the Calogero coupling constants. The
second n = 2 case corresponds to deformed quantum oscillators of non-Klein type. In this
case the osp(4]2) spectrum-generating superalgebra of the undeformed theory is broken to
0sp(2|2). The choice of the Hilbert spaces corresponding to the admissible range of the
Calogero coupling constants and the possible direct sum of lowest weight representations of
the spectrum-generating superalgebras is presented.
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1 Introduction

In this paper we present a systematic investigation of the one-dimensional Matrix oscillators
deformed by diagonal Calogero potentials. We derive the general conditions for the existence
of (one-dimensional, superconformal) spectrum-generating superalgebras. We give the most
general solutions (up to similarity transformations and with at least N’ = 2 supersymmetries)
for 2 x 2 and 4 x 4 supermatrices. For these cases we compute the admissible Hilbert spaces and
prove that, depending on the range of the Calogero coupling constants, the Hilbert space can
be identified with a single lowest weight representation of the spectrum-generating superalgebra
or with a direct sum of its lowest weight representations. In the latter case the selection of
the Hilbert space for the given model is not unique. This feature was already noted in [1, 2]
for the purely bosonic case of ordinary (i.e., not matrix) Calogero quantum mechanics [3] and
de Alfaro-Fubini-Furlan oscillator [4]. In this work, among other results, we extend the [1, 2]
analysis to the (super)matrix case.

We present a sketchy list of some of the points of our paper, postponing to the Conclusions
a more detailed summary of our main results.

The one-dimensional 2" x 2™ undeformed Matrix oscillators possess osp(2n|2) spectrum gen-
erating superalgebras. For n = 1 the addition of a Calogero potential does not break the
0sp(2|2) spectrum-generating superalgebra. For n = 2 two cases of Calogero potential defor-
mations arise. The first one produces Klein deformed quantum oscillators [5] (see also [6] and
references therein for Klein oscillators); the corresponding spectrum-generating superalgebras
are given by the D(2,1;«) class, with a determining the Calogero coupling constants. The
second n = 2 case corresponds to deformed quantum oscillators of non-Klein type. In this case
the osp(4/|2) spectrum-generating superalgebra of the undeformed theory is broken to osp(2|2).

The topic under investigation is receiving considerable attention in the literature. Three
frameworks are presently used for investigations. The most popular one consists in the quan-
tization of (superconformal) worldline sigma-models; a second approach consists in analyzing
symmetries (following, e.g., [7]) of Partial Differential Equations which, for the present case, are
time-dependent Schriodinger equations of matrix type; the third approach is the one here em-
ployed. The main motivations for investigating classical worldline superconformal sigma-models
(and their quantization) come from the recognition that they underlie the dynamics of test par-
ticles in the proximity of the horizon of certain black holes (see [8]) and for their role in the
AdSy/CFT, correspondence [9, 10]. The worldline superconformal sigma-models (for a review
see [11] and references therein) are obtained by imposing constraints to the supersymmetric
sigma-models associated with one-dimensional supermultiplets [12, 13]. They can be derived by
using superspace [11] or D-module representations of superconformal algebras [14, 15]. In [16],
extending the construction pointed out in [17], it was shown that superconformal dynamical
symmetries of worldline sigma-models are obtained from either parabolic or trigonometric D-
module representations of the superconformal algebra. The first case corresponds to the classical
version of the Calogero potential, while the second case corresponds to the classical addition of
the de Alfaro-Fubini-Furlan oscillator term. The quantization of the parabolic superconformal
sigma-models has been performed in several papers (see, e.g., [18, 19] for the D(2,1; «) super-
conformal models). The quantization of trigonometric superconformal sigma-models has been
done in fewer works (in [20, 21] for undeformed oscillators, while the first example of deformed
oscillator was produced in [22]). The quantization of these systems is given in terms of quantum
Noether charges which are expressed in the Heisenberg framework. We point out that the above
papers lack the full analysis of the selection of the admissible Hilbert spaces as done in [1, 2]
and the present work.
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The approach based on the symmetry of a matrix Partial Differential Equation was dis-
cussed in [23] for a specific model. The deformed oscillator system described in Section 4 is the
time-independent version of the time-dependent Schréodinger equation introduced in [23]. The
anaysis of this model is made here more explicit in three points, namely the recognition that the
osp(1]2) C osp(2]2) subalgebra is sufficient to determine the spectrum of the theory, the selection
of the admissible Hilbert spaces in the three different intervals (8 < —%, —% < B < %, B> %)
of the deformation parameter 5 and, finally, the computation of the orthonormal eigenstates.

The model with D(2,1; a) spectrum-generating superalgebra discussed in Section 5 was first
derived in [22]. We present here a more thorough analysis which includes the selection of the
admissible Hilbert spaces for the three different intervals of the deformation parameter «, as
well as the recognition that the osp(2|2) C D(2,1;«a) subalgebra is sufficient to determine the
spectrum of the theory. This extra analysis is made possible by the simplification which occurs
in presenting the operators of the spectrum-generating superalgebra in a Schrédinger framework
(therefore, with no time dependence) instead of the Heisenberg framework of [22].

The deformed oscillator (whose spectrum and orthonormal eigenstates have been computed)
introduced in Section 6 is a genuine new model. It is the simplest example of a Calogero-
deformed oscillator of non-Klein type.

The scheme of the paper is as follows. In Section 2 we derive the spectrum-generating su-
peralgebras of the undeformed one-dimensional Matrix oscillators. In Section 3 we discuss their
deformations via the introduction of diagonal Calogero potentials and derive the consistency
conditions to be satisfied in order to get spectrum-generating superalgebras. The n =1 (2 x 2
matrices) example of deformed oscillators is analyzed in Section 4. A full osp(2]2) spectrum-
generating superalgebra is obtained, but an osp(1]2) subalgebra is sufficient to recover the spec-
trum of the theory. The construction of the admissible Hilbert spaces, in the different ranges
of the deformation parameter, is presented. In Section 5 the analysis is extended to the Klein
deformations of the n = 2 (4 x 4 matrices) oscillators. It is shown that the osp(4|2) undeformed
spectrum-generating superalgebra is deformed into a D(2,1; ) spectrum-generating superalge-
bra. An osp(2|2) superalgebra is sufficient to reconstruct the spectrum of the theory; the real
deformation parameter « possesses nevertheless the physical interpretation of being the (negative
of the) vacuum energy of the model. The admissible Hilbert spaces are constructed. In Section
6 we produce the results for the non-Klein deformation of the n = 2 Matrix oscillators. For the
non-Klein case in the whole range of the deformation parameter v (v # 0), the Hilbert space
is unambiguously selected as a single, irreducible lowest weight representation of the osp(2|2)
superalgebra. The spectrum of the theory and its associated orthonormal eigenstates are pre-
sented. Some comments about the present knowledge of the existing deformations for n > 3
are given in Section 7. In the Conclusions (Section 8) we make a summary of our main results.
We point out their possible applications to different directions (AdSy/CFT; correspondence,
connection to higher spin theories, etc.) and mention open problems for further investigations.
The paper is complemented by three Appendices. In Appendix A we discuss the relevant fea-
tures of the subclass of finite Lie superalgebras which are one-dimensional superconformal. In
Appendix B we present the basic properties of the exceptional class of D(2,1; ) superalgebras.
Finally, in Appendix C, we discuss the selection of the admissible Hilbert spaces (depending on
the Calogero coupling constant) for the de Alfaro-Fubini-Furlan deformed oscillators. We build
upon these results for the construction of the admissible Hilbert spaces for the deformed Matrix
oscillators.
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2 The undeformed one-dimensional quantum oscillators and their
0sp(2n|2) spectrum-generating superalgebras

As recalled in [24], the (98) superalgebra (see Appendix A) of the Supersymmetric Quantum
Mechanics can be constructed by Hermitian matrix differential operators @7, H acting on a
supermultiplet of real-valued fields. On the other hand the introduction of a dynamical symmetry
realized by Hermitian operators closing a superconformal algebra requires a complex structure.
The reason is the presence of non-vanishing commutators (such as [Qr, K| = iQr); they imply
that the imaginary unit has to be introduced in order to have Hermitian operators on the right
hand side. Therefore, without loss of generality, we can investigate superconformal dynamical
symmetries (and spectrum-generating superalgebras) acting on supermultiplets of complex fields.
The one-dimensional 2™ x 2" free matrix Hamiltonian H is given by

1
H = _582 Ton (1)

(here and in the following I, denotes the k x k identity matrix).

For any positive integer n € N, H possesses 2n distinct Hermitian, fermionic (i.e. block-
antidiagonal) first-order matrix differential operators Qs as its square roots. The Q)7 operators
close the N-extended superalgebra (98) with

N = 2n. (2)

The above relation between AN and 2n is based on the constructions reported in [25, 26] for
complex-valued Clifford algebras. There are 2n block antidiagonal complex matrices 7, I =
1,2,...,2n, satisfying the relations

Yivg + vy =201 - Ion. (3)

The extra block-diagonal matrix F',

(L 0
P (), g

satisfies the anticommutation relations
Fyr+~yF = 0, VIi=1,2,...,2n. (5)

F is called the Fermion Parity Operator. Its eigenvectors with 4+1 (—1) eigenvalue are the even,
also called bosonic (odd, also called fermionic), states.
We can set

i

\/5’71636’ (6)

Qr =

so that (98) reads as
{Qr,Qs} =261;H, [H,Qr] =0, for I,J=1,...,2n. (7)
The conformal counterpart of the Hamiltonian H is the oscillator K which can be assumed
to be proportional to the identity matrix. Therefore
1

K = o I (8)
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The conformal counterparts of the J; operators are the Hermitian operators QI, introduced
through

~ ~ 1
K| =1 — =—x-]. 9
[Q1, K] =iQ; Qr N (9)
The dilatation operator D and the R-symmetry operators ¥j; = —X 5 are introduced from the
anticommutators
{Qr.Qs} = —201,D+%y,. (10)
We have
? 1
D = —§($am+§)]12n,
i
o= 5 (11)

2

For any positive integer n the set of Hermitian operators D, H, K, Qr, Qr, $1 close the D(n,1) ~
0sp(2n|2) superalgebra. The 4n generators Qr, Qg are odd. The n(2n — 1) + 3 even genera-
tors H, D, K, Y5 produce the sl(2) @ so(2n) subalgebra. The superalgebra osp(2n|2) belongs
to the class of one-dimensional superconformal algebras discussed in Appendix A (the so(2n)
subalgebra is the R-symmetry).

We present, for completeness, the non-vanishing (anti)commutators of osp(2n|2). In order
to write them in more compact form we introduce the generators E™ = H, B~ = K, Q}“ = Qy,

Q7 = @I. We have

. )
[DaE:t] ::l:lE:t7 [DaQ}t] :iiQ}ta
[E+7E_]:_2Z.D7 {Q?v@]_}:_Q(SIJD_‘_ZIJ?
[Ein;F] = iiQ?? {Q}taQ:}:} = 251JE:|:7
(X1, 21L] = —iX¥1, (21, Q%] = —i01k Q5 + 0,k QT - (12)

The Hamiltonian H,s. of the (undeformed) matrix oscillator is the sum of H and K:
1 2 2
Hye = H+K=(-0+2°) I, (13)

The superalgebra osp(2n|2) is the spectrum-generating superalgebra for Hys.. A linear combina-
tion of the odd generators produce 2n pairs of a}, ay creation/annihilation operators satisfying
2n independent Heisenberg algebras defined by their commutators.
We can set
i i
ﬁ EW (

In terms of anticommutators we have (no summation over the repeated indices is understood)

ar = Qr+iQr = —y1(0: + ), al =Qr —iQ; = Oz — ). (14)

1
H,, = 5{al,a}}. (15)

a} (ar) are creation (annihilation) operators due to the commutators

[Hosc’a}] = a}7 [Hosm aI] = —aj. (16)
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For every I, the Heisenberg algebras are recovered from
lar,al] = Tan. (17)

The annihilation operators a; allow to define the 2™ degenerate ground states |0); of H,s. as
the lowest weight vectors satisfying, for each I,

1
ar|0)r =0, Hosel0)r = §|0>1- (18)

Half of the degenerate ground states are bosonic and half of them are fermionic. The Hilbert
space of the undeformed matrix oscillator is a 2"-ple of £L2(R) square integrable functions on
the line.

3 The Calogero potential in Matrix Quantum Hamiltonians

The addition to the free Hamiltonian H in (1) of a Calogero potential x%V, where V =
diag(v1,ve, ... von) is a 2™ x 2™ constant diagonal matrix, is such to preserve the scaling property
of H. Indeed, if we set the scaling dimension of the space coordinate to be [x] = —1, then

[H] =[H+ LV]=2. (19)

In this paper we address the question of the constraints to be imposed on the Calogero coupling
constants v;’s entering the diagonal matrix V' in order to get a one-dimensional superconformal
Lie algebra as a dynamical symmetry of the Calogero-deformed Hamiltonian H¢gy, defined as

1
Heu = H—FEV. (20)

By construction the associated Calogero-deformed oscillator H,s.+ ?12‘/7 with Hys. given in (13),
possesses the obtained one-dimensional superconformal Lie algebra as a spectrum-generating
superalgebra.

Obviously the osp(2n|2) dynamical symmetry of the free Hamiltonian is in general no longer
a dynamical symmetry of the I%V Calogero-deformed Hamiltonian. It is worth noticing, on
the other hand, that the dynamical symmetry of the Calogero-deformed Hamiltonian is not
necessarily a subalgebra of osp(2n|2), as one could naively expect. In some cases (discussed in
the following in Sections 5 and 7) it corresponds to a deformation of osp(2n|2).

The deformed supersymmetry operators have to be expressed as

i My

1= St i), (21)

Y
where the M;’s should be block-antidiagonal, constant matrices satisfying the hermiticity con-
dition M| = Mj.

The closure of the (98) superalgebra requires the following equations to be satisfied for I # J

v, My} +{vs, M} = 0,
{M[,MJ}—’L")/[MJ—i’yJM] = 0 (22)

At I = J the potential of the Calogero deformed Hamiltonian Hg, should be given by x%V
where, for any I, we get

1 .
vV = 5(zw?—wzm). (23)
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The (8) oscillator operator K remains undeformed; it follows that the dilatation operator D and
the fermionic operators @ 7 are also unchanged.

In order to recover the dilatation operator D from the anticommutator {Q?ef , @ 1}, for any
I the condition

{Mp,v} = 0 (24)

has to be fulfilled. B
The anticommutators {Q?ef ,Q} for I # J give the constant operators

ECIlEf = 7]77J] + {MI/VJ}) (25)

Since the first relation in (22) is assumed to be satisfied, then E;l'f,f = —Eielf .

2(2[

The closure of a superconformal algebra is obtained provided that the E?if ’s close the R-

symmetry subalgebra and that the fermionic operators Q?ef , @ 1 belong to R-symmetry repre-
sentation multiplets.
A class of solutions of the (22,23,24) constraints is obtained by setting

M; = iBvF, (26)

where (3 is an arbitrary real number and F' is the Fermion Parity Operator introduced in (4).
The (26) solution fails, however, to produce a superconformal algebra for n > 3.
The Z‘%f operators from (25), under (26) deformation, read

S = S —28F). (27)
It is immediate to check that, for n = 1, the introduction of the (26) deformation does not spoil
the osp(2|2) dynamical symmetry of the free system.

For n = 2 the closure of a superconformal algebra as a dynamical symmetry is guaranteed
by the fact that F is expressed by the product F' = v17v2y37v4. This relation implies that the
commutators [ 7 J ,Q k] close on the Q 1, generators on the right hand side. A similar property
holds for the Qx generators.

The models based on the (26) deformation for n = 1 and n = 2 are explicity discussed in
Section 4 and, respectively, Section 5.

The (26) deformation implies that the deformed creation and annihilation operators satisfy
a Klein-deformed Heisenberg algebra. We recall (see [6]) that the Klein-deformed Heisenberg
algebra is realized by a pair of hermitian conjugated operators ag;, a}{l satisfying the relations

[aKl,akl] = [+ vK,
{agi, K} = {al, K} = 0,
K =1, (28)

for some given real number v. The operator K, which is a square root of the Identity, is known
as “Klein operator”.
In term of the (26) deformation we can set

e ey Z F
agr = Qi +iQr = Ew(az +x+ %),
i BF
a}(z,l = QI —iQr= ﬂ”ﬁ(am — T+ 7)- (29)
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It follows

laxir, G}QJ] = [-28F, {agir, F} = {a;{l,p F}=0. (30)

For any I the deformed creation/annihilation operators (29) define a (28) Klein-deformed Heisen-
berg algebra with v = —28 and Fermion Parity Operator F' as Klein operator.

Furthermore, we get the deformed oscillator Hamiltonian HX! from the anticommutators

B2+ BF

1 1
i{am,l,a}(u} = HEl=Heu+K = 5(—3;% +a° + 2 )L (31)

The Klein-deformed oscillators are creation/annihilation operators since

Kl Kl
(Host aan) = —akrn,  [Histale )= ak - (32)
We close this Section by pointing out that the constraints (22,23,24) admit more general solu-
tions, different from the ones given by (26). These solutions can also induce superconformal alge-
bras as dynamical symmetries. One of such examples, leading to deformed creation/annihilation
oscillators which do not satisfy the Klein condition, is presented in Section 6.

4 The n = 1 case with Klein deformed oscillators and osp(2|2)
spectrum-generating superalgebra

In this Section we present the n = 1 Klein deformed oscillator. We show that its spectrum-
generating superalgebra is 0sp(2|2), like the undeformed case. The construction of the admissible
Hilbert spaces is given at the end.

For n = 1 the formulas of the operators given in Section 3 are specialized in terms of the
three Pauli matrices o;, ¢ = 1,2, 3, given by

or=(10) o2=(773) o=(, %) (33)

For any real value of the parameter 8 the four even operators H, D, K,J and the four odd
operators Q1, @2, Q1, Q2 close the 0sp(2|2) superalgebra. Their respective expressions are

5+ﬁ3

H = ( 2+ ),
D = —7(938 + ) I[Q,

_ Lo
K = 2 I,

1

J = —503-5-5]127

i Bos
QI - \/EO-I (a + T )
~ 1
Q[ = —F=075°7, (34)

V2

where I =1, 2.
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The non-vanishing (anti)commutators are

D, K] = —iK, (D, H] = iH, [H, K] = —2iD,
{Q1,Qs} =201,H, {Q1,Qs} = 20K, {Q1,Qs} = —201)D + eryJ,
[D, Q1] = 1Q1, [D,Qr] = —iQr,
Q1. K] =1iQr, Q1. H] = —iQy,
[, Q1] = —iersQy, [1,Q1] = —iersQy. (35)
In the above relations €15 = —eg; = 1 is the totally antisymmetric tensor.

One should note that the closure of the 0sp(2|2) superalgebra is not affected by the presence
of the non-vanishing real parameter 3. The reality condition on [ is imposed to guarantee the
hermiticity property of the (34) operators.

The Klein-deformed oscillators are introduced through the positions

ar=Qr+iQr, dh=Qr—iQy. (36)

Therefore we obtain, for I =1, 2,

7 Bos
- g7 (O.+ 223
ar Vo (0 + . + ),
o pos _
ay = \/50'[ (0 + - x). (37)
At a given I = 1,2, the commutator is
lar, GJH = Iy —2f0s3, (38)

while the Hamiltonian H,g. of the deformed oscillator is
Hose = $ar,al} = H+ K = 1(—02 + 22 + 22fos) ., (39)
The condition
arlA) = 0 (40)

defines a lowest weight vector. For any real § there are two such lowest weight vectors, one
bosonic (|Apes), such that o3|Apes) = |ABos)) and one fermionic (|[Ager), such that o3|Ape,) =

*|)\Fer>)-
We have that

g Be 30 0
’)\Bos> X 0 5 ‘)\Fer> X 1.2 . (41>

2Pe 3

The annihilation operator as defines, up to a phase, the same lowest weight vectors as a;. This
property remains true for the excited states: (ag)”])\BOQ ((ag)”|)\per)) differs from (aD"MBos)
((ai)”|/\ Fer)) by a phase. It turns out that, as a spectrum-generating superalgebra of the H,g.
(39) Hamiltonian, osp(2|2) is redundant. The spectrum of the theory can be recovered from
each one of the two copies of the osp(1]|2) C o0sp(2|2) subalgebras, either the one given by the
generators H, D, K, ()1, @1, or the one given by the generators H, D, K, ()2, @2.
This important point deserves to be duly emphasized. We therefore present the
Remark: the spectrum-generating superalgebra osp(2|2) is redundant to produce the spectrum
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of the theory since the ray vectors of a Hilbert space are determined by the osp(1|2) spectrum-
generating subalgebra.

Repeating the analysis discussed in Appendix C to the present case, we easily conclude that
the lowest weight representation induced by |Ap,s) defines a normed Hilbert space given by
a pair of £2(R) square integrable functions on the real line, provided that the normalization
condition —23 > —1 is satisfied. Similarly, |Ap.,) defines a Hilbert space provided that the
condition 25 > —1 is satisfied.

We arrive at the following selection of admissible Hilbert spaces for the model:

i) in the range 5 < —% the only admissible Hilbert space corresponds to a single lowest weight
representation, with |Ap,s) as ground state. Its vacuum energy Ep,s(3) is given by

EBos(ﬁ) = % - B;

ii) in the range g > % the only admissible Hilbert space corresponds to a single lowest weight
representation, with |Ape,) as ground state. Its vacuum energy FEpe () is given by

EF@T(B) = % + B;
1

iii) in the intermediate range —5 < 8 < % different choices of Hilbert space are admissible.
Either

iiia) one can select as Hilbert space a single lowest weight representation (the lowest weight
vector being either |Apys) or [Aper)). Alternatively,

iiib) the Hilbert space can be selected to be the direct sum of the two lowest weight repre-
sentations. The energy difference A(5) = Epos(8) — Erer(8) of the two ground states
is A(B) = —28. Therefore, |Apys > is the vacuum state for 0 < § < %, while |Aper) is
the vacuum state for —% < B < 0. A degenerate ground state is recovered for the g =0
undeformed oscillator.

We conclude this Section by pointing out that, without loss of generality, one can restrict the
real parameter [ to belong to a half line (either 5 > 0 or 8 < 0). The reason for that is
the existence of a similarity transformation, induced by the Pauli matrix o1, which allows to
exchange bosonic and fermionic states. Under this similarity transformation any operator g
entering (34) is mapped into

g = oigor. (42)

Let us stress the -dependence of H entering (34) by denoting it as “H(f3)”. We obtain, in
particular, that the following relation is satisfied

H'(B) = o1H(B)o1 = H(—p). (43)

In the range 0 < 8 < 3 the vacuum state is [Ag,s). In terms of the iiib) option for the Hilbert
space, the spectrum is given by

1
Ee,n = 5~ ef +n, (44)
where n € Ny and € = £1. The vacuum energy corresponds to e = 1, n = 0.
Each energy level E ,, is not degenerate. The parity P, (even or odd) of the corresponding
eigenfunctions, given by the +1 eigenvalues of the Fermion Parity Operator o3, is given by

Py = e(=1)™ (45)
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We compute now the orthonormality conditions for the corresponding eigenfunctions in the range
0<f< % (the orthonormality conditions for the Klein-deformed operators were presented in
[6] and references therein). Let us denote as |0). the bosonic (¢ = 1) and the fermionic (¢ = —1)
normalized lowest weight states, so that ((0|0)c = 1. We determine Ny; so that

0), = Ny < wPema" ) 0 =N ( 0 ) . (46)

0 xﬁe 2

They are determined by the conditions, see [24],

2 oo —2¢f _—x? _
|NE|/ dolz2Pe"| = 1. (47)

o0
We express the line integral in terms of the Gamma function. At first we separate the line
integral into two integrals: fj;o = ff ot f0+°°. By changing the integration variable (z +— —x)
in the first integral on the right hand side we are able to write fjoooo dz|z—2Pe="| = (1 +
(=1)72B)) [oF=° dwa—2Pe=7" = 2 foree dza—2e=*" With the further change of the integration
variable by setting t = 22 we obtain 2 f0+oo drz—2Pe=2" = f0+o° dtt= P3¢t = I(—es+ %) The

normalization factors NN, can therefore be expressed as

N (48)

D(—eB+3)
The unnormalized excited states |7), are introduced through the position
e = (a")"0)e. (49)

In the above formula, due to the previous remark on the redundancy of the osp(2|2) superalge-

bra, the creation operator a! can denote either aJ{ or a; We denote with a its corresponding

annihilation operator satisfying (38). By exploiting the Klein-deformed commutator (38) and
taking into account that a|0). = 0, we easily obtain the formulas

alf)e = Zpln—1), with Zoyy =2k, Zopo1 =2k+1-2e8, keN (50)

(we set, for consistency, [0) = |0)).
Let us introduce the normalization coefficients M, . through the position

Mn,e = E<ﬁ|ﬁ>€' (51)

The equality (n+ 1|jn + 1)e = (RlaalR)e = (A|(aa’ — a’a + a'a)|n). implies the following
recursive relation for M, .:

Myi1e = (14+2eB(=1)""YM, o+ Z2M, 1. (52)
The first few terms are given by

MO,6 = ]-a
Ml,ﬁ = (1 - 26&)’
My = 2(1-2¢p),

Mo = (1—265)(6 —4ep). (53)
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It is easily shown that the normalization of the undeformed oscillator is recovered in the limit
B — 0, since M, . — nl.
The orthornormal eigenstates, denoted as |n), are given by

n)e = 7)e- (54)

)

The normalization condition can be defined in closed form in terms of the Pochhammer
symbol, introduced through the position

(@) = sz(x+l)(x+2)---(x+n—l), n >0,

(o = 1 (55)
The repeated use of (50) implies

a?*|2k) . = 2k(2k — 1 — 2€B)(2k — 2)(2k — 3 — 2€B) - - - 2(1 — 2€83)|0), =

- (—2¢8)as _
= (ZR)H (2k — 2 — 2¢B)(2k — 4 — 2¢B)(2 — 2¢6)(—2¢p) 10 =
_ (Qk)”%‘m — W@
D N G )
It therefore follows that
_ RH(=2¢B)an
M2k,6 = (_eﬁ)k . (56)

We furthermore have, also from (50),

k! (—2€B)2k+2

M. e = (2k+1—-2¢8)Mop . = ————.
2+ 1, (2k + €3) Moy, > (B

(57)
5 The n = 2 case with Klein deformed oscillators and D(2,1; «)
spectrum-generating superalgebras

The n = 2 case corresponds to the 4 x 4 Matrix oscillator. With respect to the n = 1 case, the
following features are encountered for the Klein deformation:

i) in the presence of a non-vanishing Klein deformation the osp(4|2) spectrum-generating su-
peralgebra of the undeformed case is deformed into a D(2,1; «) spectrum-generating su-
peralgebra;

ii) all eigenstates of the model are doubly degenerate;

iii) the D(2,1;a) superalgebra is redundant to determine the spectrum of the theory since the
ray vectors of the Hilbert space are determined by a osp(2|2) subalgebra. It provides,
nevertheless, a further information due to the fact that « is related with both the Klein
deformation parameter and the vacuum energy of the model.
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The operators are explicitely constructed in terms of the v; (J = 1,2,...,5) gamma matrices
which can be introduced as follows

N=02Q01, YV2=02Q02, YPB=02Q03 =01, v5=03xI. (58)

The three o;’s are the Pauli matrices introduced in (33). The block-diagonal matrix 75 =
Y1727Y37Y4 is the Fermi Parity Operator.

The eight Hermitian odd operators are Q7, @ 1 (I =1,2,3,4). The even Hermitian operators
are H, D, K, closing the sl(2) subalgebra, and S;, W;; = —Wj; (4,5 = 1,2,3), closing the R-
symmetry subalgebra. They are given by

Qr = \;571'(333+i%)),

@1 = \}i’ﬂ'%

- ;(_8§+62}B75)’H4’

D = ~lwa+y) L

K = %:L’Q-]L;,

S; = %747¢(1—2575),

Wy = (- 26%), (59)

where 3 is the real deformation parameter.



CBPF-NF-004/18 14

Their non-vanishing (anti)commutators realize the D(2,1; ) superalgebra:

[D,K] = —iK,
[D,H] = iH,
[H,K] = -2iD,

{CZI,C%I} = 207;H,
{Qr,Qr} = 201K,

{Qr,Qr} = —2D,
{Q1,Qi} = S,
(Q1,Qi} = -5,
{Qi,Q;} = Wy,
[D,Qi] = %QL
D,Qr] = —%@17
Q1. K] = iQr,
Q1. H] = —iQy,
(Q4,Si] = iQi,
[Qi,Sj] = —i6;;Qq + 2iBeijrQr,
[Qi, Sj] = —i0jQ4 + 2ifeiQp,
[Q, Wi5] = —2iBeijuQs,
Qs, Wi;] = =208, Q.
Qi Wikl = i(6:;Qr — 0Qj) + 21'5613'16@4,
[Qi, Wi] = i(6:Qr — 6ixQ;) + 2iPeijnQ4,
[Si,S;] = —iWij + 2ife;r Sk,
(S, Wik] = i6ij(Sk — BekemWem) — i6ik(Sj — BejomWem),
(Wij, Wial = (0 Wes — 8iWij + 0 Wie — 3;0Wi), (60)

where Wij = Wij — 2B6ijksk.

One should note the appearance, on the right hand side, of the deformation parameter g. It
determines the specific D(2,1; ) superalgebra. In terms of the standard definition for « given
in the literature (see, e.g., [30, 14] and Appendix B) the relation is

a = ﬂ—%. (61)

By repeating the analysis of the n = 1 case one finds that the ray vectors of the Hilbert space
of the model are determined by the osp(2|2) C D(2,1;«) subalgebra. Different choices allow
to pick up the 0sp(2]2) spectrum-generating superalgebra. We can, e.g., select the operators to
be given by H, D, K, Q1,Qs, Q1,Qs, Wi3, where the latter operator is the u(1) R-symmetry of
0sp(2]2). An alternative choice consists of the set of operators H, D, K, Q2, Q4, Qs,Q4, Ss.

The four pairs of creation/annihilation operators are introduced, as usual, through the po-
sitions a;y = Q7 + Zé I a} =Qr— z@ 1. The Klein-deformed commutators now read

lar,al] = Ty —287s, (62)
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while the S-deformed oscillator H,s.(/3) is given by
Hoso(B8) = $ar,al} = H+ K = 1(—02 + 22 4 B4 .1, (63)
The commutators

[Hosc(B),ar] = —ar, [Hosc(B), a}] = a} (64)

are satisfied.
Four lowest weight vectors |lwv) are determined by the condition as|lwv) =0 for I =1,2,3,4.

The creation operators a} close the “soft” supersymmetry algebra (see [22])

{ah,dly =612,  1,J=1,2,34, [Z,a] =0, (65)
where
Z = 9H —2K +4iD (66)

is a ladder operator.
The special points a =0, —1 (8 = i%) correspond (see the comment in Appendix B) to the
spectrum-generating superalgebra

A(1,1) & su(2) (at a=0,-1). (67)
The selection of the Hilbert space follows the construction for the n = 1 case. We have that

i) in the range f < —% the admissible Hilbert space corresponds to a direct sum of the two
bosonic lowest weight representations. For 8 < —% this construction applies to the
D(2,1; o) superalgebras with « belonging to the Fundamental Domains F'D; and F Do
given in (103);

ii) in the range g > % the admissible Hilbert space corresponds to a direct sum of the two
fermionic lowest weight representations. For 5 > % this construction applies to a belonging
to the Fundamental Domains F' D5 and F Dg given in (103);

iii) in the intermediate range —% < B < % one can select the Hilbert space as given by the direct
sum of the four (two bosonic and two fermionic) lowest weight representations. This case
applies to a belonging to the Fundamental Domains F'D3 and F' Dy of formula (103).

We now focus on the third case. The four normalized lowest weight vectors |0)c ,, €, p = £1, are

gz Be— 37" 0

011 =N 0 Oy =Ny | T

‘ >1,1 - 1 0 ) ‘ >1,—1 — 1 0 )
0 0
0 0
0 0

0011 =Noa| 5122 | 0)-1,-1 =Ny 0 - (68)

0 B3

The states |0)1,, (]0)-1,) are bosonic (fermionic). The normalization factors N4 have been
introduced in (48). The degeneracy of the bosonic (fermionic) energy eigenstates is removed by
the eigenvalues of, let’s say, the Sy operator ([S2, 5] = [S2, Hosc(8)] = 0).
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By taking into account the D(2,1;«) redundancy, the Hilbert space is spanned by the fol-
lowing ray vectors which correspond to energy eigenstates

(abn(a;)m’map = ‘n7m>€,pv n,m € Np. (69)

Their corresponding energy eigenvalues are
1
Enmep = 5 e8+n+m. (70)

The orthonormalized eigenvectors |n,m). , are determined by applying the same techniques as
in the n =1 case.

A similarity transformation, analogous to (42), is induced by the operator 4. Let g denote
an operator of (59). The similarity transformation is defined by

g = g =g (71)

In particular

Hc,)sc(ﬁ) = Hosc(_ﬁ)~ (72)

Without loss of generality we can restrict 8 to the non-negative axis 8 > 0. For the third choice
of the Hamiltonian the range 0 < 8 < % corresponds to the (103) Fundamental Domain F Dy
(=3 < a < 0) for o. In this interval the lowest weight vectors |0)1, 11 are the two degenerate

bosonic vacua of the theory. The corresponding vacuum energy, expressed in terms of «, is
Epoe = —a. (73)

Even if D(2,1; ) is redundant as a spectrum-generating superalgebra, it encodes an important
dynamical information of the theory.

We point out, as a final remark, that since « belongs to a Fundamental Domain, all inequiva-
lent (for a real) D(2, 1; o) superalgebras are spectrum-generating superalgebras of an associated
dynamical system. Stating otherwise, there is no gap in the a-induced spectrum generating
superalgebras.

6 The n = 2 case with non-Klein deformed oscillators and osp(2|2)
spectrum-generating superalgebra

The next construction presents a non-Klein deformation of the 4 x 4 Matrix Oscillator. For this
deformation the osp(4]2) spectrum generating superalgebra of the undeformed case is broken to
a 0sp(2|2) spectrum-generating superalgebra.

In this construction the block-antidiagonal, hermitian, constant matrices M; entering the
(21) deformed supersymmetry operators are different from the ones expressed by (26). The
M;j’s are given by a linear combination M; = v747 + iby;vys, where ;7 denotes, up to a sign,
one of the gamma matrices (different from ~; and 7s5) entering (58). The requirement that the
constraints (22,23,24) have to be satisfied implies that at most two deformed supersymmetry
operators can be constructed, so that I = 1,2. The requirement that V; = %(MI2 — iy My) is
a diagonal matrix and, furthermore, V; = V5, implies that b has to be set to the value b = %,
while v is an arbitrary real number.
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It is easily proven that, without loss of generality (the other solutions being recovered from
similarity transformations), an explicit expression of ()1, Q2 is given by

Q1= ﬁ(%a - 171), with My = vy + CRARES
Qo= — (50 —i02) with My = —vyut - (74)
2 = \/i 73 ? T I w1 2 = V/74 273’}/5‘

The ~; matrices were introduced in (58). L
Besides )1, QQ2, the remaining operators entering the osp(2|2) superalgebra are H, K, D, J, Q1, Q2.
We have, in particular,

1 1
H = —-0%2. 1L+ —
28x 4+ 3 V, (75)
where
L. 2 2 2 2
V = gdmg(ély +8v +3,4v° —8v +3,4v° — 1, 40" — 1) (76)
and
J = —iegq+ teys (77)

(es; denotes the matrix with entry 1 at the i-th row and j-th column and 0 otherwise).
The operators D, K, 01, Q2 are unaffected by the M;’s deformations. Within our conventions
we have

D=—i(zd,+3) L, K=32T, Q= 56717 Q2= 1373 (78)

The non-vanishing (anti)commutators coincide (for the new identification of the corresponding
osp(2]2) operators) with the ones given in (35).
Two ay, a} (I =1,2) pairs of deformed Heisenberg oscillators are introduced through

ar=Qr+1iQr, db=Qr—iQ;. (79)
They define the deformed Heisenberg algebras
lar,a}] = L+ Gy, (80)
where

Gi = diag(—1 —2v,—1+ 21,1 — 2,1 + 2v), Gy = diag(—1 —2v,—1 + 21,1+ 21,1 — 2v).
(81)

Since G% is not proportional to I, these Heisenberg deformations are not of Klein type. One
should also note that G1 # Ga.
The deformed oscillator H,g. is

Hose = H+ K = Hay,al} = Has,ab} = 1(-02 +2%) L+ L V. (82)
It follows, by taking into account the vanishing anticommutators

{Gr.ar} ={Gr.a}} =0, (83)
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that ay (a}) are annihilation (creation) operators satisfying
(Hosea1] = —a1,  [Hose,al] = af. (84)

The bosonic (fermionic) states are the eigenfunctions of 5 with eigenvalue +1 (—1).
We are now in the position to introduce the lowest weight representations. A lowest weight
vector |lwv) satisfies the condition

arllwvy = 0, for I=12. (85)

Two (both bosonic) lowest weight vectors are found. They are given by ¥; o(x), where

gj_(%""’)e_%wz 0
0 (v—3)e— 32"
Uy (z) = 0 : Up(z)=| © (86)
0 0

The fermionic states W3(z) = al W, (z), Uy(z) = alWy(z), U5(z) = al¥)(z), Ve(z) = alWy(x)
satisfy the conditions aaWUs(z) = aaV¥y(z) = a1V5(x) = a1Vs(xz) = 0. They are, nevertheless,
excited states belonging to the lowest weight representations induced by ¥y o(z).

As recalled in Appendix C, a wavefunction of the form e~3% is normalized provided that
8> —%. It follows that a normalized lowest weight vector is encountered, provided that

v #0. (87)

In this range the Hilbert space is given by a single lowest weight representation. For v < 0
the normalizable lowest weight state is Wy (z); for v > 0 the normalizable lowest weight state is
Uy (x). The vacuum energy Eiqc, in the admissible v # 0 range, is

1
Evac = —5 + |V| (88)
The spectrum of the theory is given by
1
E, = —§+|V|+n, n € Np. (89)

With the exception of the single vacuum state, all excited states for n > 1 are doubly degenerate.
This follows from the N = 2 soft supersymmetry algebra satisfied by the two creation operators
a}, given by

{CLL a;r]} = 51J27 [Za GH = 07 (90)
with
Z = 2H — 2K +4iD. (91)

Therefore, the spectrum corresponds to the semi-infinite tower of (1,2,2,2,...) states.
Let us consider the v > 0 case. In this case the normalized vacuum state |0) is

0) = NUs(z), with N = (92)
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The n excited states are spanned by the vectors (a];)”l (ag)”?|0>7 where n = n; 4+ ng. At given
n > 0, due to the (90) relation, only two of the associated ray vectors are distinct. They can be
chosen to be expressed through

[7,0) = (a})"0), [n—1,1) = (a])""a}|0). (93)

By applying the method discussed in Section 3 we can compute the orthonormal states for v > 0.
We report here just the final results. The orthonormal states are

|n,0) = Nmo\m), In—1,1) = Np—11ln—1,1), (94)
where

o= (31
1 1

) N2 1= .
V2 (= D (V)1 2 Im (V)

In the above equations (v),, denotes the Pochhammer symbol, while |x| and [x] are, respec-
tively, the floor and ceiling functions.

Nop—11 = (95)

7 Comments on the general n case

In Section 3 we presented the conditions to be satisfied in order to have a spectrum-generating
superalgebra for the Calogero-deformed Matrix oscillators. A scale-invariant Supersymmetric
Quantum Mechanics is implied by fulfilling the conditions (22) and (23). The existence of a
spectrum-generating superconformal algebra is further implied by satisfying (24), plus the re-
quirement for the fermionic generators to belong to a representation multiplet of the R-symmetry
generators (25). We presented the most general solutions (up to similarity transformations) for
n =1 (in Section 4) and n = 2 (in Sections 5 and 6 for deformations of, respectively, Klein type
and non-Klein type).

It is beyond the scope of the present paper to investigate the most general class of solutions
for n > 3. This will be left to future works. It is worth, nevertheless, to introduce the present
state of the art and discuss some general features which can be noted. Beyond n = 2, a non-
trivial solution was found in [24] for n = 4 (the associated spectrum-generating superalgebra
being F(4), with A/ = 8 supersymmetries, see Appendix A).

So far this is the only known non-trivial solution for n > 3. Its construction was made
possible by the large symmetry of the model, reflected by the so-called “octonionic covariance”
which, essentially, derives from the construction of its gamma matrices in terms of the octonionic
structure constants. The model is unique (up to similarity transformations) and corresponds,
even if not explicitly stated in [24], to a deformation of non-Klein type. The results of [24] rule
out n = 4 non-trivial octonionic covariant deformations based on the N' = 8 superconformal
algebra 0sp(8|2) and on the N' = 7 exceptional superconformal algebra G(3).

The following picture emerges:

i) at n = 1 the deformation is of Klein type and depends on a real continuous parameter
B. In the 8 — 0 limit the undeformed oscillator is recovered. The spectrum-generating
superalgebra osp(2]2) is recovered for both undeformed and deformed oscillators;
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ii) for n = 2 two new features appear. The deformation of Klein type, which depends on a con-
tinuous parameter «, is such that its spectrum-generating superalgebra is deformed, since
the osp(4/|2) spectrum-generating superalgebra of the undeformed oscillator (recovered in
the o — 0 limit) is replaced by D(2, 1; ). The second new feature is the appearance of the
non-Klein deformation which depends on a continuous parameter v # 0. Contrary to the
Klein type deformation, the non-Klein deformation is not connected with the undeformed
oscillator;

iii) at n = 4 the non-Klein deformation possesses the spectrum-generating superalgebra F'(4)
and is point-like. It corresponds to an isolated point of the Calogero coupling constants
entering the diagonal matrix Hamiltonian. The deformation is obviously not connected
with the osp(8|2) undeformed oscillator.

8 Conclusions

Let us make some further remarks on the results of our paper. The Klein deformed matrix
Hamiltonians (39) and (63) coincide with the models introduced in [23] and [22], respectively.
In this work these models are further analyzed. We pointed out in particular that the spec-
trum of the theory can be recovered from subalgebras of the spectrum-generating superalgebras
(osp(1]2) C osp(2]2) for the (39) Hamiltonian and osp(2]2) C D(2,1;«) for the (63) Hamilto-
nian). We further investigated these models in the light of the [1, 2] observations and proved
that, in a certain range of the deformation parameter, different consistent choices can be made
to select the Hilbert space. In the case of the (39) Hamiltonian (a similar analysis is repeated
for the (63) Hamiltonian), if the deformation parameter  belongs to the interval —% <B< %,
the Hilbert space can be selected to be either a lowest weight representation or a direct sum
of two lowest weight representations of the osp(2|2) superalgebra. The full construction of the
orthonormal eigenstates of the model has been given.

The non-Klein deformed matrix Hamiltonian (82) is a genuine new model. Its spectrum-
generating superalgebra is 0sp(2|2). The model depends on a real deformation parameter v. The
Hilbert space exists (and is unique, being given by a lowest weight representation of 0sp(2]2))
for v # 0. The vacuum is unique, while all excited states are doubly degenerate, so that
the semiinfinite (1,2,2,2,...) tower of states is produced. Unlike the Klein-deformed matrix
oscillators (39,63), the non-Klein deformed matrix oscillator (82) is not obtained as a continuous
deformation of the undeformed oscillator.

We leave for future works the systematic construction of Calogero-deformed matrix oscillators
with superconformal spectrum-generating superalgebras for larger (n > 3) matrices (the only
case which is known, the [24] construction for n = 4 and F'(4) superalgebra, is made possible by
the simplifications due to its huge symmetry). In a forthcoming work we will present the results
for d-dimensional, with d > 2, deformed matrix oscillators. Another promising future line of
research consists in addressing the multi-particle case. It requires extending at the quantum
level the construction which is done (see, eg., the recent [27] paper) for multi-particle classical
superconformal world-line models.

We conclude with two more comments. The first one is the recognition that, since in a certain
range of the deformation parameter the Hilbert space can be taken as a direct sum of lowest
weight representations of its spectrum-generating superalgebra, therefore the superalgebra does
not contain all information about the spectrum of the theory (not every higher energy excited
state is connected to a given lower energy state via superalgebra ladder operators). This offers
the tantalizing possibility that extra algebraic structures, possibly infinite-dimensional, could be
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responsible for that and used to generate the whole spectrum of the theory.

The final comment concerns the possible interesting applications of these models to higher-
spin theories (as recognized in [23]), in a implementation of the AdS/CFT holography. This
is based on the property that Klein-deformed oscillators with osp(2]|2) spectrum-generating
superalgebra provide a realization of the Vasiliev’s higher spin superalgebra introduced in [5].
Recently, the relevance of non-Klein deformed oscillators to higher spin theories was pointed out
(see e.g. [28] and references therein).

Appendix A: the 1D finite superconformal Lie algebras

The set of the one-dimensional finite superconformal Lie algebras is a subclass of the finite
simple Lie superalgebras entering the Kac’s classification [29] (see also [30]) and satisfying the
following additional properties [31]. Any such Lie superalgebra G over the field C admits a
5-grading decomposition

g = g—1®g_%@go@g%@g1- (96)
The (anti)commutators (compactly denoted as “[.,.}”) satisfy the condition
Gi,Gi} C Gty (97)

The even sector Gepyen = G_1 ® Go @ G1 is isomorphic to the direct sum of the Lie algebras
sl(2) @ R, where the subalgebra R is known as R-symmetry.

The odd sector Goqq = G_1 ® G1 is spanned by 2N generators. Accordingly, each finite super-
conformal Lie algebra G iszlabeléd by its associated positive integer N .

The positive sector G~q is isomorphic to the algebra of the N-extended Supersymmetric Quan-
tum Mechanics [32] defined by the (anti)commutators

{Qr,Qs} =261;H, [H,Qr] =0, for I,J=1,...,N. (98)

The generator H is the positive root of the sl(2) subalgebra. The sl(2) Cartan and negative root
generators are denoted as D, K, respectively. The negative sector G- satisfies the subalgebra

{Q1,Qs} = 261K, [K,Q;]=0, for I,J=1,...,N. (99)

The sector G (G-1) is spanned by H (K); the odd sector g% (Q_%) is spanned by the Q7 (Qr)
generators; finally, the Gy sector is Gg = DC @ R.

In this paper on spectrum-generating superalgebras of the Matrix Calogero models several
examples of one-dimensional conformal Lie superalgebras appear. In particular we mentioned
superalgebras belonging to the classical series, such as D(N,1) ~ osp(2N]2) (defined for any
positive N and with so(2/N) as associated R-symmetry) and B(n, 1) ~ osp(2n + 1|2) (such that
N = 2n 4+ 1 and with so(2n + 1) as R-symmetry), as well as the exceptional superalgebras
D(2,1;a) (superconformal for N' = 4 and discussed in Appendix B), G(3) and F(4). The
latter two exceptional superalgebras are superconformal for, respectively, N' = 7 with g as
R-symmetry and N' = 8 with so(7) as R-symmetry.

The list of one-dimensional superconformal Lie algebras further includes A(n,1), D(2,n)
(see [30] for their definition). The complete list of one-dimensional superconformal Lie algebras
with A < 8 is presented in [31].
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Appendix B: basic properties of the D(2,1; a) superalgebras

The exceptional superalgebras D(2,1; o) are parametrized, see [30], by a € C\ {0, —1}, with
a entering the structure constants. As recalled in Appendix A, they are N/ = 4 superconformal
Lie algebras. Their even sector Geyep, is the direct sum of three sl(2) subalgebras, so that

Geven = SZ(Q) @ Sl(2) S} 81(2) (100)

The three sl(2) subalgebras can be interchanged. As a result, the S3 permutation group of
three elements acts on «; two generators of S3 are expressed as the transformations a — é,

a+— —(1 4 a). An Ss-orbit is given by the following set of elements
1 1 (1+a)
{Oé, a’ (1 + Oé), T A+ aa > (1-?-{04)}' (101)

The superalgebras specified by «, o’ belonging to the same S3-orbit are isomorphic.
The special values

a = -2, —= 1 (102)

correspond to the superalgebra D(2,1) ~ osp(4|2) which belongs to the classical series of or-
thosymplectic superalgebras.

The structure constants can also be defined at the special values @« = 0,—1. For these
values, on the other hand, the superalgebra is no longer simple, being given by the direct sum
A(1,1) @ sl(2) (the generators of one of the three si(2) subalgebras decouple from the remaining
generators). The simple superalgebra A(1,1) is N' = 4 superconformal.

The hermiticity property of the Hamiltonians of the Matrix Calogero Quantum Mechanics
(both in presence or in absence of the oscillatorial term) requires « to be real. For a € R, the
following six fundamental domains under the group of S3 transformations are encountered [14]:

FD: -0 < a < =2
FDy: -2 < a < -1,
FDs: -1 < a < —3, (103)
FDy: -1 < a < 0,
FDs : 0 < a < 1,
FDg: 1 < a < oo

Appendix C: selecting the Hilbert spaces of the models

The selection of the viable Hilbert spaces of the Matrix Superconformal Quantum Mechanics
(with or without the addition of the extra oscillatorial term) requires the preliminary knowledge
of the selection of the Hilbert spaces for either the one-dimensional Calogero model [3] defined
by the Hamiltonian

1 2 9
Hea = 5(-02+%) (104)

or the de Alfaro-Fubini-Furlan model [4] defined by the Hamiltonian

1
Hprr = 5 (—@% + % + x2> . (105)
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An extensive analysis of the admissible choices of their Hilbert spaces for g > 0 was given in

[1, 2]. We present here, in a slightly modified form suitable for our purposes, the results of

[4, 1, 2] concerning the choice of the Hilbert spaces for the Hprr (105) Hamiltonian.
Following [33], the ground state wave function of Hppp has the form

Uy = afe 2™ (106)
Us(x) is an eigenfunction (not necessarily the groundstate) of Hppp provided that the relation

g = 82-5 (107)

holds. Its associated energy eigenvalue Ej is
1
Eg = 3 + . (108)

The two solutions of the (107) equation are B4, given by

1+1+4
B+ fg- (109)
The reality of Eg requires 8 to be real; therefore the coupling constant g needs to be
1
> ——. 110
9 2 (110)
The wave function Wg(x) is square integrable in the real line provided that
[ da|g(x)2 = [T dra?Pe " = Cp < cc. (111)

Taking into account the singularity at the origin for negative 3, the above condition is satisfied
for
1

B> -5 (112)

In the range
g > 0 (113)

the wavefunction Wg(z) can be defined in the > 0 non negative half line R™; it satisfies the
Dirichlet boundary condition at the origin (¥3(0) = 0).
In the range

—%< B <0 (114)

the wavefunction Ws(x) is necessarily defined as £*(R) square-integrable function on the real
line.

The dynamical symmetry of the time-dependent Schrodinger equation with (104) or (105)
as Hamiltonian is, see e.g. [23], sl(2) ®u(1), so that the sl(2) algebra is the spectrum generating
algebra. The wavefunctions Vg, () are the lowest weight vectors of the sl(2) lowest weight
representations associated with Hppp. All excited states obtained by applying the raising
ladder operators to Wg, (z) belong, for S+ > 0, to the functions on the half line which satisfy
the Dirichlet boundary condition and, for —% < B+ <0, to the £L2(R) square-integrable functions
on the real line.

The Hilbert space of the model is either a single lowest weight representation of s/(2) or the
direct sum of its two lowest weight representations.

In the admissible g > —% interval of the coupling constant we have:
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i) at g = —i, B+ =p0-= %, so that there is a single lowest weight representation; its wavefunc-
tions are defined on the half line and satisfy the Dirichlet boundary condition;

ii) in the range —i < g < 0, B+ are both positive. The Hilbert space is the direct sum of

the two lowest weight representations. Its wavefunctions are defined on the half line and
satisfy the Dirichlet boundary condition. Wg_(x) is the ground state;

iii) at ¢ = 0, Hppp is the Hamiltonian of the ordinary one-dimensional oscillator. The two
lowest weight representations correspond to wavefunctions which are respectively even
(odd) under the  +— —z parity transformation. The gaussian W3 () is the ground state
and the lowest state of the even parity eigenfunctions. The first excited state is given by
U3, (), the lowest weight vector of the odd-parity eigenfunctions;

iv) in the range 0 < g < %, B+ is positive while S_ is negative. Following [1, 2], two choices of
Hilbert space can be made. Either the single lowest weight representation with g, (x) as
lowest weight vector (correponding to functions on the half line with Dirichlet boundary
condition at the origin), or the direct sum of the two lowest weight representations corre-
sponding to square integrable functions on the real line. In this latter case Wg_(x) is the
ground state;

v) for g > 3, since f_ < —3%, the wavefunction Wy (z) does not satisfy (111) and is not
normalized. The Hilbert space is given by a single si(2) lowest weight representation with
U3, (v) as lowest weight vector and ground state.

In all above cases the Hamiltonian Hppr is well defined as a self-adjoint operator acting on the
corresponding Hilbert space. Its eigenvalues are discrete and bounded from below.
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