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Abstract

The dynamical symmetries of 1 + 1-dimensional Matrix Partial Differential Equations
with a Calogero potential (with/without the presence of an extra oscillatorial De Alfaro-
Fubini-Furlan, DFF, damping term) are investigated. The first-order invariant differential
operators induce several invariant algebras and superalgebras. Besides the sl(2) @ u(1) in-
variance of the Calogero Conformal Mechanics, an osp(2|2) invariant superalgebra, realized
by first-order and second-order differential operators, is obtained. The invariant algebras
with an infinite tower of generators are given by the universal enveloping algebra of the
deformed Heisenberg algebra, which is shown to be equivalent to a deformed version of the
Schrodinger algebra. This vector space also gives rise to a higher spin (gravity) superalgebra.
We furthermore prove that the pure and DFF Matrix Calogero PDEs possess isomorphic dy-
namical symmetries, being related by a similarity transformation and a redefinition of the
time variable.

CBPF-NF-001/17

*E-mail: toppan@cbpf.br
tE-mail: mauricio.valenzuela@uss.cl



CBPF-NF-001/17 2

1 Introduction

In this paper we investigate the dynamical symmetries of 1 + 1-dimensional Matrix Partial
Differential Equations with a Calogero [1] potential (with/without the presence of an extra
oscillatorial De Alfaro-Fubini-Furlan, DFF, [2] damping term). The first-order invariant differ-
ential operators induce several invariant algebras and superalgebras. Besides the sl(2) @ u(1)
invariance of the Calogero Conformal Mechanics, an osp(2|2) invariant superalgebra, realized by
first-order and second-order differential operators, is obtained. The invariant (super)algebras
with an infinite tower of generators are given by the universal enveloping algebra of a deformed
Heisenberg algebra [3, 4, 5, 6]. It also contains a deformed version of the Schrodinger algebra
(in both cases the deformation stems from the presence of a Klein operator). As a vector space
the universal enveloping algebra carries the Zg-graded higher spin superalgebra ¢(2;v).

The higher spin superalgebra ¢(2;v) was introduced in [6] and applied to the construction
of a Chern-Simons higher spin gravity. In [6] it was also shown that ¢(2;v) is provided by the
universal enveloping algebra of the osp(2|2) superalgebra. The ¢(2;v) algebra was also employed
to extend the Chern-Simons higher spin gravity model [6] with fractional spin fields [7, 8].

We will show that these algebraic structures appear in the different context of non-relativistic
quantum mechanics in the presence of a Calogero potential, either with or without an extra
harmonic potential term. We highlight the main features and results of our approach.

We use the standard tools (see, e.g., [9]) of dynamical symmetries of (matrix) PDEs. The
operators under consideration are local (matrix) differential operators, in contrast with the non-
local realizations given in [3, 4, 5] (see also [10]).

The construction based on an invariant PDE allows us to detect an invariant deformed
Schréodinger algebra which has not been discussed in the existing literature. This deformation
can be regarded as a deformation of the mass-central-charge of the algebra of Galileo boosts
and translations by a term proportional to the Klein operator. This algebra is connected with
Vasiliev’s ¢(2;v) superalgebra. As a vector space it is spanned by the same infinite set of
differential operators which, on the other hand, are endowed with different brackets (ordinary
commutators versus Zs-graded commutators). We furthermore prove that the models with pure
Calogero potentials and those with the extra DFF damping term possess isomorphic dynamical
symmetry (super)algebras. This results from the fact that a triplet of Matrix PDEs close an
sl(2) algebra. In a given canonical form, the Matrix PDE associated with the positive root of
sl(2) corresponds to the Schrédinger equation of the pure Matrix Calogero system (it would
have been tantamount to work with the negative root of sl(2)), while a canonical form exists
such that the sl(2) Cartan generator is associated with the Schrédinger equation for the DFF
Matrix Calogero system. The two canonical forms are related by a similarity transformation
coupled with a redefinition of the time variable.

The pure Matrix Calogero Hamiltonian is an AN = 2 Supersymmetric Quantum Mechanical
System. On the other hand the DFF Matrix Calogero Hamiltonian is not supersymmetric
(this is a common feature of superconformal models possessing an oscillatorial damping term,
see [11]); it is, nevertheless, related to supersymmetric Hamiltonians via a shift realized by a
diagonal operator; following [12] we can state that, in this case, the system enjoys a “soft”
supersymmetry.

In the last part of the paper we discuss the appearance of the higher spin superalgebra, which
is now interpreted as a dynamical symmetry of the models under consideration (the higher-spin
symmetry of the free non-relativistic particle case was pointed out in [13]).

The scheme of the paper is as follows. In Section 2 the Matrix Calogero PDEs (with/without
the DFF oscillatorial damping potential term) are introduced. It is explained why, in the
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presence of a Calogero potential, a Matrix PDE is needed to get (deformed) Heisenberg symmetry
generators. The dynamical symmetry generators of these systems are computed. In Section 3
their dynamical symmetry subalgebras are investigated. In particular the osp(2|2) superalgebra
(realized by first-order and second-order differential symmetry operators) is derived, as well as
the deformed Heisenberg algebra. The existence of an A/ = 2 supersymmetry for the pure Matrix
Calogero Hamiltonian and a “soft” supersymmetry for the DFF Matrix Calogero Hamiltonian
is pointed out. The connection between pure and DFF Matrix Calogero PDEs is presented in
Section 4. In Section 5 it is shown that both a Deformed Schrédinger algebra and a higher spin
superalgebra appear as dynamical symmetries of (pure and DFF) Matrix Calogero PDEs. In
the Conclusions we comment our results and sketch some directions for future investigations.

2 Matrix PDEs with Calogero potentials

It is convenient to systematically review the arising of higher-spin (super)algebras in Calogero
systems by analyzing the symmetry, realized by first-order differential operators, of the (matrix)
Partial Differential Equations containing Calogero potentials. This analysis uses well-known
methods.

To fix our conventions, if @ = QF is a hermitian (matrix) PDE, a first-order differential
operator ¥ is a symmetry operator if it satisfies the equation

2,0 = &5-Q, (2.1)

for a given matrix-valued function ®y;.

In our analysis we do not need to introduce symmetry operators which, unlike (2.1), are
defined by a “right” convention, i.e. [X,Q] = Q- ®%,. One should note, on the other hand, that
the symmetry operator ¥ is not necessarily hermitian (in that case its hermitian conjugate -t
satisfies the “right” equation with <I>’ET =—03).

Before investigating matrix PDEs (our results require a 2 x 2 matrix whose entries are dif-
ferential operators) we recall some basic features of the standard Partial Differential Equations.
The Schrodinger equation in 1+ 1 dimension induces the maximal 6-generator Schrodinger alge-
bra of invariant operators for three choices (up to normalization and trivial shift) of the potential
V(zx) [14, 15, 16, 17]. V(z) is either constant (corresponding to the free equation), linear (giving
rise to Airy’s functions) or quadratic (corresponding to the harmonic oscillator). For all other
choices of the potential the symmetry algebra possesses fewer generators. This is particularly
the case for the Calogero potential.

2.1 The ordinary Calogero PDEs
The pure Calogero PDE is defined by the operator

. 1 g
Qca = 0+ 533 T2 (2.2)

where g is the coupling constant.

The symmetry algebra for the Calogero potential is sl(2) @ (1). It contains four generators.
Two extra generators, corresponding to the Heisenberg subalgebra of the Schrodinger algebra,
are no longer encountered in the presence of a non-vanishing, g # 0, Calogero potential. We
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have in this case, as suitably normalized symmetry generators,

c = 1,
2y = at7
1
z0 = —2t0; — x0; — 2
2
t
b= 120, — tedy + i — - (2.3)
2 2
They satisfy the non-vanishing commutators
[20, 2] = £224,  [24,2-] = 20, (2.4)

while ¢ is a central charge.
The non-vanishing commutators involving Q¢,; are

(20, Qcat] = 2Q¢al, [2—, Qcal = 2tQca- (2.5)

Based on (2.1), this means that

The conveniently chosen symmetry operators
Zy =izy, ZzZo=1(z0—c)=i(z0—1), (2.7)

are hermitian.

One should note that the four (2.3) symmetry operators do not depend on the Calogero
coupling constant g.

In the case of the Calogero potential with the extra addition, see [2], of the DFF quadratic
damping term, we can introduce without loss of generality (by suitably normalizing the frequency
of the harmonic oscillator), the Qprp operator given by

. Lo g 1,
In this case as well we obtain a sl(2) @ u(1) symmetry algebra. Its four generators are
c = 1,
P P o 1
zy = —e 0y —ix0y + ix ),
2 2
Zo = 10,
N 1 o , . )
z_ = 562”((% + ixdy + iz + %) (2.9)
The non-vanishing commutators are
[20, 24 ] = £224, [Z4,2-] = Z0. (2.10)

It is worth pointing out that, when g # 0, for no other non-constant w(x), the potential % +w(x
produces a 4-generator symmetry algebra. In particular, for a linear w(z) (w(x) = kz, k # 0),
we only recover a 2-generator symmetry algebra.

The arising of a (generalized) Heisenberg and of higher-spin (super)algebras requires a matrix
Calogero PDE. For this purpose a 2 x 2 matrix system is sufficient.
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2.2 The 2 x 2 -matrix Calogero PDEs

We check under which conditions we can obtain off-diagonal symmetry generators for a 2 x 2-
matrix differential operator containing Calogero potentials.

Let us denote with e;; (i, = 1,2) the matrix with entry +1 at the i-th column and j-th
row and 0 otherwise. We are looking for symmetry generators of the matrix PDE defined by
the diagonal operator

) 1
Q = (611 + 622)(Zat + 56%) — 1)1(:6')611 — UQ(H?)GQQ. (2.11)

Since 2 is a diagonal operator, from either (2.3) or (2.9), we obtain 4 + 4 diagonal symmetry
generators (4 of them are associated with the upper diagonal element e;;; the remaining 4
generators are associated with the lower diagonal element egg).

Concerning the non-diagonal symmetry operators, they should be expressed as

EUP = (f({L', t)at + g(.CC, t)aw + h(a;, t))em?
Sdown = (f(x,4)0; +g(x,t)0; + h(z,t))ea, (2.12)

for appropriate functions f(x,t), g(x,t), h(z,t), f(x,t),g(x,t), h(x,t).
We assume the potentials v1(x), v2(x) to be

a
vi(z) = x—; + bz + ¢, (2.13)

with ag # a1. Without loss of generality we can set, via similarity transformations, ¢; = co = 0.
It is easily realized that the requirement

by = b (2.14)
is implied by the existence of a non-vanishing solution ¥, (X4eun) for the respective equations
[Eupv Q] = 07 [Edownv Q] =0. (215)

The constraint on the functions entering ., Ydown are derived with standard techniques. We
need to make vanishing the coefficients of the operators entering the r.h.s. of equations (2.15).
We get, for ¥,

aacat : fz =0,
Q% : gr =0,
a1
O flffifxer(vlva)f:O = f=0 for wy#u,
Op ¢ —ig—hat (01— 2) =0,
. 1
1 : —ih— §hm + (v1 —va)h — gua, = 0. (2.16)

Similar equations are obtained for f(z,t),g(z,t), h(z,t) entering Lyown.
The above system of equations tells us that, in particular, the condition
a1 +ag —a? — a3 +2a1a5 = 0 (2.17)
has to be fulfilled. After setting v = 2(ag — a1), it is solved by

1 1
a; = §V<V —-2), ay= §V<I/ +2). (2.18)
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We can therefore write the most general (2.11) operator admitting off-diagonal symmetry op-
erators. It depends on the parameter €, whose values are either ¢ = 0 for the pure Calogero
system, or € = 1 for the the Calogero system with the extra oscillatorial damping term. Due
to (2.14), the oscillatorial term is the same in both upper and lower diagonal entries. We can
write, with a proper normalization,

. 1 1 V2 1%
Q€ = (611 + 622)(1(9,5 + 58% — 561'2 — @) + (611 — 622)@. (219)
The operator K,
K = €11 — €29, (2.20)

plays different roles, depending on the context. It is either the Fermion Parity Operator (in
Supersymmetric Quantum Mechanics) or the Klein Operator (entering the definition of the
deformed oscillators). We note that, in particular, K2 = Is.

In both ¢ = 0,1 cases we get two upper triangular and two lower triangular symmetry
operators.

At ¢ = 0 we have, up to normalization,

v

Y1 o= en(0s+ %),

Yo = enn(tdy + t% —ix),

Y3 = e21(0: — %),

S o= ean(tdy — t% —iz). (2.21)
At € = 1 we have, up to normalization,

Bl = epe(0,+ % + x),

_ v

Ey = ene (0, + 95 ),

By = ene”(0r — % + ),

Ey = eme (8, — — — ). (2.22)

2x

3 Symmetry superalgebra of the pure Calogero Matrix system

For the 2 x 2 pure Calogero Matrix (2.19) Q.o operator we can introduce the basis of 4 off-
diagonal hermitian operators. They are given by

Q1 = \2(21+23), (3.23)

Q = iKQi - —

(X3 —X1), (3.24)

S

~ ?

Q1 = —(=(X2+%y), (3.25)

Qy = iKQ = 12(24 — %), (3.26)
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By construction

Ql=q; , QI=Q: (i=1,2). (3.27)
Since, for K given by (2.20), we have
{K,Qi} = {K,Q:} =0, (3.28)
the quantum mechanical system defined by Q.—g is N = 2 supersymmetric. Indeed,
{Qi,Q;} = 20;H, (3.29)
where
H - }12(—%85 + 8”;2) + 4%2[(. (3.30)

The following non-vanishing anticommutators are recovered:

{Qi,Q;} = 26;H,

{Qi,Q;} = 26;K,

{Qi,Qj} = (5ijD —{—EijJ, (3.31)
where, besides H given in (3.30), we have

2

B 5 . 7 v v
K — LI(—202 + 2ited, + 22 + it + 12 v ) - L (3.33)
-2 @ v 422 40 2 ‘
1
3 = K+l (3.34)

The four odd (fermionic) operators @Q;, Q;, together with the four even (bosonic) operators
H,D, K, J, close the finite simple Lie superalgebra osp(2|2), as it can be easily checked. By
construction H, D, K,J commute with Q.—. Therefore, osp(2|2) is an invariant subalgebra of
the 2 x 2 pure Matrix Calogero system.

We have indeed, for any generator g € osp(2]2),

g, Qe=0] = 0. (3.35)

The set of generators Q1, @1, H,D, K (and, similarly, Q, @2,H7D, K) close an osp(1|2) super-
algebra. 1, Q1, (respectively @2, Q2) are odd generators. If, nevertheless, we compute their
commutators, we obtain

[Q1. Q1] = [Q2, Q2] = (I + VK), (3.36)

therefore recovering the (v-)deformed Heisenberg algebra.
For future convenience we also consider the non-hermitian linear combinations

A=i(Q1 —Qv), A =Qi+ Qs (3.37)

which satisfy

4,4 = L +vk. (3.38)
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4 Connection between pure and DFF Calogero Matrix systems

It is convenient to normalize the sl(2) root symmetry generators of the pure Calogero system
Qcal, given in (2.2), according to 2y = Fizy, with zy entering (2.3). The corresponding
symmetry operators for the pure Calogero Matrix system Q.—g, given in (2.19), are 2/, .

It is convenient to redefine Q2.—¢ as

Q1 = Q. (4.39)

Indeed, a triplet of operators, Q11,Qp, carrying a sl(2) representation generated by 2/ s, zola,
is encountered. We have

[Z/,HQ, Q-i—l] = Qo = 2itQ+1, [ZL]IQ, Qo] = Q_l = —2t2Q+1. (4.40)

One should note that the commutator [2/ Iz, _1] = 0 is vanishing, so that no further operator
is generated.
The operators Q1,Qp close an sl(2) algebra. We have, indeed,

[Qo, Qu1] = £2041, [Q41,0Q-1] = —2Q. (4.41)

The connection between the pure 2 x 2 matrix Calogero system obtained from (2.19) at e = 0
and the 2 x 2 matrix Calogero-DFF system obtained from (2.19) at e = 1 can now be made
explicit, by adapting to the present case the construction discussed in [18]. Under redefinition
of the time coordinate and a similarity transformation, the suitably normalized Cartan operator
NQq (N is a constant) is mapped into the DFF Q._; operator. As a corollary, the symmetry
operators of the pure Calogero system (e = 0) are mapped into the symmetry operators of the
Calogero system with oscillatorial damping (e = 1).
The new time variable 7 is introduced from the equation

t = Ce, (4.42)

(C is here a suitable constant), such that the time-derivative operator entering Ny can be
expressed as 2iNt0; = i0,. This is accomplished by choosing N =i, C = —3.
The further similarity transformation which maps the symmetry generators of (2.—g into the

symmetry generators of 2.1 is given by

g — §=eRedigeS1em2 (4.43)
where
Sy = it(20, + %), Sy = %x2. (4.44)
It is rather straightforward to check that, in particular, we get
i il = Io(id, + 102 - 14 — 1% 4 Klu. (4.45)

The similarity transformation (4.43) and the time redefinition (4.42) apply to all 2 x 2 matrix
symmetry generators. We have, in particular,

. 12
Y1 = Eo= 6126_17(81« 4+ — — l‘),

2
23 — 54,
i
22 —> —551,
Sy o —2Es (4.46)
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The operators in the r.h.s. coincide, for the time variable 7, with the corresponding operators
given in (2.22). It follows, in particular, that osp(2|2) is a symmetry superalgebra of the matrix
system with oscillatorial damping. Since the osp(2]|2) generators are connected by similarity
transformations their (anti)commutation relations are preserved.

It is convenient to define the hermitian generators Ql, QQ, Ql, Q2 through the positions

& = @+

@ = S5(E-2)=iKQ,

Qy = \;5(52+53),

% = J5(E-5) = iKQ. (4.47)

In the presence of the oscillatorial damping we obtain two N = 2 supersymmetric quantum
mechanics, since

{@ia@j} = 25@'?[7
{Q,Q;} = 20;H". (4.48)

The supersymmetric Hamiltonians are respectively given by

-~ 1 1 12 v 1 v

H = Li(—=0*4 2?4+ - + )+ -K(1 — —
2( 50t 57 t322 +2)+2 ( 2:[;2)’

~ 1 1 12 v 1 v

H = Iy(—0?+-2°+-"2 — V- K1+ —). 4.49
A=t t g g) Kt g5 (4.49)

The supersymmetric Hamiltonians correspond to a shift of the original H,s. Hamiltonian with
oscillatorial damping, whose expression is

102 1 _ v
_ 2 4
Hosc = ]IQ(**@ + gﬁ) — ZK; (450)
Indeed, we have
~ 1 ~ 1
H=H,.+ §(K + L), H' =H,,. — §(K + Lov). (4.51)

The shift operators i%(K + Iov) commute with H,gs.; we have [Hs., (K + I)av] = 0.
An osp(1|2) symmetry superalgebra can be expressed in terms of the operators A, A and
their anticommutators, where

) i
A= —((E,+5;), Al=—Ey+E)). 4.52
\/5( 1+ E3) \/5( 2+ E4) (4.52)
The Hamiltonian H,g. is recovered from the anticommutator
{Aa AT} = 2IT[osc- (453)

The remaining two operators (E4) that, together with A, AT, H,,., close the osp(1|2) superalge-
bra are given by

2

._ _ 2t 2 2 14 v
{Aa A} T E+ =e [HQ(_ax - 255836 -z + ﬁ — 1) — 72332}
2
Toat e — o2ty 2 _ v
(AT AT} = E_ = e 2" [Iy(—0? + 220, — * + —4 5+ 1) — K—QwQ] (4.54)
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The operators A, AT induce the deformed Heisenberg algebra since their commutator is given by

[A,AT] = I+ vK. (4.55)

5 Deformed Schrédinger and higher spin (super)algebras

We are now in the position to discuss the arising of infinitely generated deformed Schrédinger
algebra and higher-spin superalgebra as dynamical symmetries of the pure and DFF Matrix
Calogero PDEs. Pure and DFF Matrix Calogero dynamical symmetries are isomorphic, since
they are related by the time redefinition (4.42) and the similarity transformation (4.43). It is
therefore sufficient to present the results for the pure Matrix Calogero case.

The introduction of the deformed Schrédinger algebra requires to couple an si(2) & u(1)
invariant subalgebra to a pair of deformed Heisenberg oscillators. Several invariant deformed
Schrodinger algebras can be recovered as a consequence. Indeed we can pick, e.g., as sl(2) Gu(1)
subalgebra, either the first-order differential operators ¢ - Iy, with g denoting one of the four
operators entering (2.3), or the second-order differential operators entering the even sector of the
0sp(2]2) superalgebra and recovered from (3.30) and (3.32-3.34). Similarly, up to normalization,
the deformed Heisenberg operators can be given by several possible pairs. We have, e.g., @1, @1,
Qo, @2 or A, XT, whose respective deformed Heisenberg commutators are given in formulas (3.36)
and (3.38). The choice Q; = \/5@1, Qs = —v2Q1, so that

Q1 = (e1n+ en)(itdy + ) + (€12 — egl)it%,
Qo = —(e12+e21)i0; — (e12 — 621)i%, (5.56)
with
[Q1,Q2] = i(la+vK), (K =e1 —en), (5.57)

is particularly convenient. The limit v — 0 exists. At v = 0 (in the absence of the Calogero
potential) they coincide, respectively, with the ordinary Galileo boost and space translation
multiplied by ej2 + e9; (namely, the operator exchanging the fields entering a 2-component
multiplet). The closure, at v = 0, of the ordinary 1 + 1-dimensional Schrodinger algebra with
the extra sl(2)@u(1) first-order differential operators g-Is introduced above, immediately follows.

At v # 0 the appearance in the r.h.s. of (5.57) of the Klein operator K implies that (an
infinite tower of ) new generators must be introduced to close a Lie algebra. Indeed, for a = 1, 2,
we have [Qq, K] = 2Q,K, so that [Qn, Qu K] = 202K, [Q4, Q2 K] = 292 K and so on.

We can now introduce the associative algebra of Weyl ordered (hermitian) monomials

1
Qa(n) = Qa1a2~~~an = Z E Qo(cu)Qo(az) e Qa(an) y N= Oa I...,
a=1,2;0

(the o’s denote the members of the permutation group acting on n elements), together with
their product with the Klein operator K. We have, at a fixed value v,

Aq(2;v) == {(—iK)" Qu(ny, m=0,1,..., b=1,2}. (5.58)

The associative algebra Agq(2;v) defines the Universal Enveloping Algebra of the deformed
Heisenberg algebra (5.57). This algebra was first introduced in [6] in the context of the quanti-
zation of observables on a hyperboloid.
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As a vector space Aq(2;v) can be endowed with two different types of brackets:

i) either ordinary brackets realized by commutators or

i1) Zy-graded brackets realized by (anti)commutators.

In the first case Aq(2;v) is an infinite-dimensional Lie algebra (the Jacobi identities being
satisfied by construction) that we will denote as q(2;v)| ;:

q(2;v) ) = {Aq(2;v) | [a,b] € Aq(2;v), ¥ a, b}. (5.59)

The infinite-dimensional Lie algebra q(2;v); | is another realization of the deformed Schrédinger
algebra. Since the operators Q, commute with the (2.19) 2 x 2 matrix operator Q.—g, by
construction ¢(2; 1/)[,] is a dynamical symmetry of the Pure Calogero Matrix PDE; indeed we
have

[(_iK)anlag---an;Qe:O] = O

In the second case Aq(2;v) is an infinite-dimensional Lie superalgebra satisfying the graded Ja-
cobi identities and whose consistent Zo-graded brackets, the (anti)commutators, are introduced
through the position

[a,b} :=ab — (—1)““ba. (5.60)

The Zs-grading of the generators, ¢, = 0, 1, is determined by, respectively, the even or odd power
of the Q,’s operators entering any given monomial (the presence of the Klein operator K does
not affect the Zg-grading). We denote the superalgebra, with the given Zo-graded brackets, as

q(2;v)y == {Aq(2;v) | [a,b} € Aq(2;v),V a, b}. (5.61)

This v-dependent class of superalgebras was introduced in [6] and, together with a Lorentz
invariant supertrace formula, used in the construction of higher spin Chern-Simons supergravity
(see also [19]). In [6] these superalgebras were simply denoted as “q(2;v)”. We introduced here
the “[,}” label to distinguish them from the “[,]”-labeled deformed Schrédinger algebras. We
keep, however, the simplified notation when no confusion arises.

The infinite-dimensional, v-dependent, ¢(2;v) superalgebra is a higher-spin superalgebra
satisfying the correct spin-statistics connection. In order to understand its relation with higher
spin, two main features have to be recalled. The first one consists in the fact that ¢(2;v) contains
the finite dimensional Lie superalgebra osp(2|2) as subalgebra, so that osp(2|2) C ¢(2;v); the
second feature is due to the fact that osp(2|2) admits a covariant description in terms of three
types of indices. They are the vector indices p, A,... = 0,1,2 labeling a three-dimensional
Minkowski space, the (Majorana) spinorial indices a, §,... = 1,2 labeling the associated real
2-component spinors and the scalar indices A, B, ... = 1,2 labeling an internal space.

In the covariant notation the osp(2|2) fermions are expressed as Q4, where one can set

Ql =09,  Q:=iKQ,. (5.62)

We note that the Qé’s operators are Hermitian.

The even sector is expressed by the 2 x 2 diagonal operators J* and R (“R” stands for the
R-symmetry u(1)-generator) which can be recovered from the saturated (due to the presence of
both spinorial «, 5 and internal A, B indices) generalized supersymmetry (see [20])

{02.98) = "P(Cy)apt" + P CapR. (5.63)

The Charge Conjugation matrix Cog (C = e12 — e21) and its inverse are used to raise/lower the
spinorial indices; the diagonal metric 7, (9, = diag(—1,+1,41)) and its inverse raise/lower
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the vector indices; the three gamma matrices (%)aﬁ (70 = e12—e21, 71 = e12+e€21, Y2 = €11 —€22)
satisfy the composition law of the split-quaternions given by 7v,v, = 1.l + e,“,xy)‘, with the
totally antisymmetric Levi-Civita pseudo-tensor €,y normalized so that ep12 = 1; by definition
(Cyp)ap = Cow (’yu)ﬁo‘,. It is worth pointing out that the Charge Conjugation matrix and the
gamma matrices act on the spinorial indices of the algebra and not on the 2-component wave
function of the original PDE. The normalization of the antisymmetric tensor €47 is €' = 1.
Straightforward computations show that the 2 x 2 matrix differential operators J#, R are
connected with the H, D, K, J operators of formulas (3.30) and (3.32-3.34) through the positions

JO=-2(K+H), J'=2(K-H), J?=2D, R=2J. (5.64)

The closure of the osp(2|2) superalgebra is guaranteed by the non-vanishing commutators

(Jus J] = dieund?,
[J;MQQ] = Qi(’Yu)aﬁan
R, Q4] = —2iS4505. (5.65)

In the last equation the matrix SAg is given by S = e192 — e97.

Due to the presence of the covariant osp(2|2) subalgebra, the remaining generators of ¢(2;v)
are accommodated into higher spin representations.

As mentioned before an associative algebra, called 2171(2; v), of invariant operators for the
DFF Matrix Calogero PDE is recovered from Agq(2;v) by applying the time redefinition (4.42)
and the similarity transformation (4.43). From //121(2; v) one recovers the deformed Schrodinger
algebra @[ )(2; ) and the higher spin superalgebra gj(2;v). They are isomorphic realizations of

q1)(2;v) and q[y(2;v), respectively.

6 Conclusions

As we have seen the Matrix Calogero models under consideration possess, in particular, a de-
formed Schrédinger algebra and the higher spin superalgebra g (2; v) as dynamical symmetries.
The deformed Schrédinger algebra is obtained by computing, similarly to [14], the class of linear
operators which leave invariant the space of solutions of the given PDEs. A whole universal
enveloping algebra, Aq(2;v), is generated by requiring the closure of the Lie algebra induced
by the commutators. When the Calogero potential coupling parameter v takes the 0 value, the
infinite dimensional algebra can be truncated to the standard Schrédinger algebra.

We further observed that the matrix Calogero models and (at v = 0) the free particle
multiplet, exhibit (relativistic) higher spin symmetries. These results suggest that, extending
the conjecture of [13], the non-relativistic Calogero system studied so far may be dual, in a
certain regime and in a certain asymptotic non-relativistic geometry (see [21]), to the vacuum
of the (bulk) Vasiliev’s higher spin gravity. As a matter of fact, the v-parameter is related to
the vacuum expectation value of the scalar field in the Vasiliev-Prokuskin higher spin gravity
[22] in 2 4 1 dimensions.

We should mention that another class of (1 + 1)-dimensional non-relativistic PDEs, unlike
the Matrix Calogero models here discussed, inherently contain higher spin operators [23, 18].
These PDEs are invariant under the centrally extended ¢-Conformal Galilei algebras, with ¢ =
% + Ng > % In these models the higher-spin generators span a spin—ﬁ representation of an

sl(2) subalgebra constructed from ¢ + % Heisenberg algebras (¢ = 5 for the free particle in

one dimension). An open problem consists in understanding whether, for these systems, a
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deformation of the centrally extended ¢-Conformal Galilei algebra, induced by matrix-Calogero
potentials, is allowed.

We expect, more generally, that systems possessing conformal Galileo invariance could be
related to higher spin gravities. This type of non-relativistic dualities, if they indeed exist, would
complement the dualities conjectured in [24, 25] (see also[26]).

Acknowledgments

F.T. received support from CNPq (PQ Grant No. 306333/2013-9). He thanks the Universi-
dad San Sebastian of Valdivia, where this work was elaborated, for hospitality. M.V. thanks as
co-investigator the projects Fondecyt Regular No 1140296 and Conicyt DPI 20140115.

References
[1] F. Calogero, J. Math. Phys. 10 (1969) 2191.
[2] V. de Alfaro, S. Fubini and G. Furlan, Nuovo Cim. A 34 (1976) 569.
[3] E. P. Wigner, Phys. Rev. 77 (1950) 711.
[4] L. M. Yang, Phys. Rev. 84 (1951) 788.
[5] M. S. Plyushchay, Nucl. Phys. B 491 (1997) 619.
[6] M. A. Vasiliev, Int. J. Mod. Phys. A 6 (1991) 1115.
[7] N. Boulanger, P. Sundell and M. Valenzuela, JHEP 1402 (2014) 052; arXiv:1312.5700.
[8] N. Boulanger, P. Sundell and M. Valenzuela, JHEP 1601 (2016) 173; arXiv:1504.04286.

[9] P. J. Olver, Applications of Lie Groups to Differential Equations - 2"¢ Edition. Springer,
New York (1991).

[10] M. S. Plyushchay, Annals Phys. 245 (1996) 339; arXiv:hep-th/9601116.

[11] N. L. Holanda and F. Toppan, J. Math. Phys. 55 (2014) 061703; arXiv:1402.7298.
[12] 1. E. Cunha, N. L. Holanda and F. Toppan, arXiv:1610.07205.

[13] M. Valenzuela, Adv. Math. Phys. 2016 (2016) 5739410; arXiv:0912.0789.

[14] U. Niederer, Helv. Phys. Acta 45 (1972) 802.

[15] U. Niederer, Helv. Phys. Acta 46 (1973) 191.

[16] U. Niederer, Helv. Phys. Acta 47 (1974) 167.

[17] F. Toppan, J. Phys.: Conf. Ser. 597 (2015) 012071; arXiv:1411.7867.

[18] N. Aizawa, Z. Kuznetsova and F. Toppan, Prog. Theor. Exp. Phys. (2016) 083A01;
arXiv:1506.08488.

[19] M. P. Blencowe, Class. Quant. Grav. 6 (1989) 443.
[20] R. D’Auria and P. Fré, Nucl. Phys. B 201 (1982) 101.



CBPF-NF-001/17 14

[21] C. Duval, M. Hassaine and P. A. Horvathy, Ann. Phys. 324 (2009) 1158; arXiv:0809.3128.
[22] S. F. Prokushkin and M. A. Vasiliev, Nucl. Phys. B 545 (1999) 385; hep-th/9806236.

[23] N. Aizawa, Z. Kuznetsova and F. Toppan, J. Math. Phys. 56 (2015) 031701;
arXiv:1501.00121.

[24] E. Sezgin and P. Sundell, Nucl. Phys. B 644 (2002) 303 [Erratum: Nucl. Phys. B 660
(2003) 403]; hep-th/0205131.

[25] 1. R. Klebanov and A. M. Polyakov, Phys. Lett. B 550 (2002) 213; hep-th/0210114.

[26] J. Maldacena, D. Martelli and Y. Tachikawa, JHEP 10 (2008) 072; arXiv:0807.1100.



