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Abstract
Using the worldline SU(2|1) superfield approach, we construct N' = 4 superconformally
invariant actions for the d = 1 multiplets (1,4,3) and (2,4,2). The SU(2|1) super-
field framework automatically implies the trigonometric realization of the superconformal
symmetry and the harmonic oscillator term in the corresponding component actions. We
deal with the general N’ = 4 superconformal algebra D(2,1;«) and its central-extended
a=0and a = —1 psu(1,1]2) ® su(2) descendants. We capitalize on the observation that
D(2,1; ) at a # 0 can be treated as a closure of its two su(2|1) subalgebras, one of which
defines the superisometry of the SU(2|1) superspace, while the other is related to the first
one through the reflection of p, the parameter of contraction to the flat ' = 4,d = 1
superspace. This closure property and its a = 0 analog suggest a simple criterion for
the SU(2|1) invariant actions to be superconformal: they should be even functions of .
We find that the superconformal actions of the multiplet (2,4, 2) exist only at « = —1,0
and are reduced to a sum of the free sigma-model type action and the conformal super-
potential yielding, respectively, the oscillator potential ~ 2 and the standard conformal
inverse-square potential in the bosonic sector. The sigma-model action in this case can
be constructed only on account of non-zero central charge in the superalgebra su(1,1|2).
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1 Introduction

Recently, there was an essential progress in constructing and understanding the rigid super-
symmetric theories in curved superspace which attract attention in connection with the general
“gauge/gravity” correspondence (see, e.g., [I, 2 3] and references therein). In [4, [B], two of
us elaborated on the simplest d = 1 analogs of such theories, the SU(2|1) supersymmetric
quantum mechanics (SQM) models, proceeding from the SU(2|1) covariant worldline super-
field approach. Two types of the worldline SU(2|1) superspace as the proper supercosets of
the supergroup SU(2|1) were constructed. Both superspaces are deformations of the standard
N =4, d =1 superspace (see [6] and references therein) by a mass parameter m. The off- and
on-shell deformed versions of the N’ = 4,d = 1 multiplets (1,4,3) and (2,4, 2) were studied
and proved to possess a number of interesting peculiarities as compared with their “Hat” m = 0
cousins. One of such new features is the necessary presence of the harmonic oscillator terms
~ m? in the bosonic sectors of the corresponding invariant Lagrangians. The “weak supersym-
metry” model of ref. [7] and the “super Kéhler oscillator” models of refs. [8| [9] were recovered
as the particular cases of generic SU(2|1) SQM associated, respectively, with the single mul-
tiplet (1,4,3) and a few multiplets (2,4,2). It is interesting to inspect the superconformal
subclass of the SU(2|1) SQM models. This is the main subject of the present paper.

As was argued in [10], conformal mechanics [11] can be divided into three classes character-
ized by the parabolic, trigonometric and hyperbolic realizations of the d = 1 conformal group
SO(2,1) ~ SL(2,R). Earlier, supersymmetric extensions of conformal mechanics correspond-
ing only to the parabolic transformations were mainly studied [12} 13 [6]. Motivated by [10], the
classification of superconformal N' = 4 SQM models was recently extended by the trigonomet-
ric/hyperbolic type [14]. The basic difference of the trigonometric/hyperbolic superconformal
actions from the parabolic ones is the presence of oscillator potentials. The standard d = 1
Poincaré supercharges present in the superconformal algebras are not squared to the canonical
Hamiltonian in such models. The actions of trigonometric/hyperbolic superconformal mechan-
ics cannot be obtained from the standard N’ = 4, d = 1 superfield approach, while the parabolic
actions are well described just within the latte. It turns out that it is the SU(2|1) superfield
approach that is ideally suited for the comprehensive description of the trigonometric N = 4
superconformal actions. The hyperbolic actions can be obtained from the trigonometric ones
by a simple substitution.

Our construction is based on the appropriate two-parameter embedding of the superspace
supergroup SU(2|1) into the most general N' = 4, d = 1 superconformal group D (2, 1; a), with
the contraction parameter m being redefined as m — —ap and p also appearing in the basic
anticommutator on its own. At any « # 0 the whole conformal superalgebra D (2, 1; «) can be
obtained as a closure of the original superalgebra su(2|1) and its —u counterpart, which suggests
a simple selection rule for the superconformal SU(2|1) SQM Lagrangians as those depending
only on p?. At a = 0, the basic su(2|1) contracts into some flat A” = 4,d = 1 superalgebra
which is still different from the standard N’ = 4, d = 1 “Poincaré” superalgebra and involves the
parameter u in such a way that D (2, 1;a=0) ~ psu(1,1|2) & su(2) (and its central extension)
can be obtained as a closure of this flat superalgebra and its —p counterpart as subalgebras
of D(2,1;a=0). This important property makes it possible to sort out the superconformal
actions in the special a = 0 case too. Exploiting the closure property just mentioned, we find

!The possibility of adding an oscillator term to the DFF action [11] without breaking conformal symmetry
was firstly noticed in [I5]. The N = 2 superconformal extensions of such actions were considered in [16] [17].
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the universal two-parameter family of the realizations of the conformal supergroup D (2, 1; )
on the coordinates of the SU(2|1) superspace, as well as on the superfields representing the
off-shell multiplets (1,4, 3) and (2,4, 2), at all admissible values of the parameter a (for the
second multiplet, only @« = —1 and a = 0 are allowed). These realizations automatically
prove to be trigonometric while the corresponding superconformal actions necessarily involve
the oscillator-type terms ~ p?. The parabolic realizations of D (2,1;a) and the corresponding
actions are recovered in the limit g = 0, in which both su(2|1) and its a = 0 analog go over
into the standard p-independent NV = 4,d = 1 Poincaré superalgebra.

The paper is organized as follows. The salient features of the SU(2|1) superspace approach
are sketched in Section 2l In Section [3] the embedding of su(2|1) in D (2,1;«) is discussed
along the lines outlined above and the relevant SU(2|1) superspace realizations of D (2, 1; a)
are explicitly presented. The study of the trigonometric models of superconformal mechanics
associated with the multiplets (1,4,3) and (2,4, 2) is the subject of Sections - [7l We con-
struct the superfield and component off- and on-shell actions for various cases, distinguishing
those which admit additional conformal inverse-square potentials in the bosonic sector. The
alternative (albeit equivalent) construction of the component superconformally invariant ac-
tions, based on the D-module representation techniques, is briefly outlined in Section [§ on the
example of the multiplet (2,4,2). Section [@ is a summary of the basic results of the paper.
In Appendices, we collect some details concerning the central extensions of the superalgebra
D (2,1;a) with @« = —1 (or @ = 0), the generalized chiral SU(2|1) multiplets (2,4, 2), as well
as the hyperbolic superconformal mechanics.

2 SU(2|1) superspace

First of all, we need to define the superalgebra su(2[1). Its standard form is given by the
following non-vanishing (anti)commutators:

{Q.Q;} =2mIi +26iH,  [ILIF] = o¢1} — 6j1F,
i A 1 i A i A i i 1 i
[Iijl] = 55]'@1 —0;Q; [Iijk] - 5;%2 - §5ij’

HQ=F0,  |HQ)=-50" (2.1)

The generators satisfy the following rules of the Hermitian conjugation:
t_ A . . AT
@' =, (@) =@, @'=r5, H=H (2.2)

The generators [ ]Z are the SU(2) symmetry generators, while the mass-dimension generator H
corresponds to U(1) symmetry. The superalgebra (2.1]) can be regarded as a deformation of the
flat N' = 4, d = 1 “Poincaré” superalgebra by a real mass parameter m. In the limit m = 0,
H becomes the Hamiltonian (alias the time-translation generator) and the generators I ]Z define
the outer SU(2) automorphisms.

One can extend (2.1)) by an external U(1) automorphism symmetry (R-symmetry) generator
F which has non-zero commutation relations only with the supercharges [1]:

FQl=-5Q. [F@)=50" (A =F 2.3



CBPF-NF-013/14

After redefining H = H — mF, the extended superalgebra su(2|1) @ u(1)ey acquires the form
of a centrally extended superalgebra su(2|1):

{Q'.Q;} =2mI} + 26.(H — 2mF), (I If] = &b} — o117
L 1 .. - . . . 1.
[I1,Q)] = 55;@1 —5Q;, (15, Q] = Q' — 55;@1@,
_ 1 - 1

All other (anti)commutators are vanishing. The generator H is the relevant central charge. This
extended superalgebra is also a deformation of the N' = 4, d = 1 Poincaré superalgebra. In the
limit m = 0, H becomes the Hamiltonian and I J’:, F turn into the outer U(2) automorphism
generators.

In the present paper, we start from the framework of the SU(2|1) superspace constructed
in [4]. The SU(2|1), d = 1 superspace is identified with the following coset of the extended

superalgebra (2.4)):
SURI) x U)o {Q',Qj H, F, I3}
SU(2) x U(1)in {,F}

(2.5)

It is convenient to deal with the superspace coordinates ¢ := {t,6;, 0%} as in [4, [5]. They are
related to those in the exponential parametrization of the supercoset (23] as

6. (2.6)

g = exp { (1 — Q?m Qka) (QiQi + éij) } exp {itH}, (0;)

The extended supergroup SU(2|1) acts as left shifts of the supercoset element (2.6). The
corresponding supercharges are realized as

O om0t 2 G0, — mOF + md* (1 —mi*e,) I,

=, 0"
- d o . - I
Q; = 50 + 2m0j0k8—9k +1i0;0, — mO;F +mb, (1 — m@kﬁk) If, (2.7)
and the bosonic generators as

, _ 0 0 1 ./ 0 0

I'=(0— —fg.—— | ——§pF— —p, —

J (9 o Ui ae,-) 2 (9 age O ae,) ’

1/~ 0 0
H =i F=—(0— —6,— ). 2.
0 2 (9 0" ekaek) (28)

Here, I Jk and F are matrix generators of the U (2) representation by which the given super-
field is rotated with respect to its external indices. According to (2.7), the supersymmetric
transformations ¢; , € = (¢;) of the superspace coordinates are given by

80; = €; + 2m €6,.0; , 50 = & — 2me,0%0" 5t =i (€0 + e,0") . (2.9)
The SU(2|1) invariant integration measure is defined as

d¢ = dt 6 d%0 (1 4 2m6°6,), 6d¢ =0. (2.10)
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5
The covariant derivatives D?, D;, D are defined by the expression
i = 3m2 2 /7N 2 0 =i 0 .7
CmBF —m@ (1-md6,) I,
_ _ 3m?2 _2| O - 0 .
Dj = — {1+m9k0k—?(0)2 (9) :| %vLmHkﬁj@szﬁj&g
—mQjF+m9k (1 — mékek) ijk,
Dy = 0 (2.11)

and satisfy, together with I Jk , I, the superalgebra which mimics (24). Under the left SU (2]1)
shifts of the coset element (2.5) the spinor covariant derivatives undergo the induced SU(2)
transformations in their doublet indices and an induced F' transformation with respect to which
D' and D; possess opposite charges. In the limit m = 0, the formulas of the standard flat N = 4,
d = 1 superspace are recovered. The superfields given on the SU(2|1) superspace (2.3]) can have
external SU(2) indices and U(1) charges on which the proper matrix realizations of the relevant
generators act.

There exists an alternative definition of the SU(2|1) superspace, in which the time coordi-
nate is associated as a coset parameter with the total internal U(1) generator H=H —mF,
while F' is still placed into the stability subgroup [5]. As was already mentioned, in the basis
(H, F) the generator F is split from other generators, becoming the purely external U(1) auto-
morphism. The relevant supercoset is schematically related to (2.5) just by replacing H — H:

SUQRI) XU {Q1Qp H F L} {Q',Q; H, I}
SU(2) x U(1)ext {r,F} {r} '

(2.12)

The same replacement H — H should be made in the coset element (2.5), giving rise to the
coset element g. Due to the relation H = H — mF', these two coset elements are related as

g = gexp{—imtF'}. (2.13)

Under the left shifts by the fermionic generators the coordinates ¢ = {t,6;,0*} are transformed
according to the same formulas (29, so they can also be treated as the parameters of the
new supercoset. The difference from the first type of the SU(2|1) superspace is the absence of
independent constant shift of the time coordinate, which can still be realized under the choice
2.3). The left H shift gives rise to a shift of ¢ accompanied by the proper U (1) rotation of the
Grassmann coordinates. The corresponding covariant spinor derivatives differ from (2.11]) by
the absence of the part ~ F and by some overall phase factor ensuring them to transform only
under induced SU(2) transformations. These modifications can be easily established from the
precise relation (2.I3]). The corresponding superfields can carry only external SU(2) indices.

—1.—

2For Grassmann coordinates and variables we use the following conventions: (x)° = xix*, (X¥)° = Y% -
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3 Embedding of su(2|1) into D (2,1;«)

The most general d = 1, N' = 4 superconformal algebra is D (2,1;«) [6, [18]. Tt is spanned by
8 fermionic and 9 bosonic generators with the following non-vanishing (anti)commutators:

{Qaiir, Qpjir} = 2 [Ez’j@"j' ap + @ €ageir iy — (14a) GaBGijLi'j'] : (3.1)
Tap: Quiv] = —i€y@Qpyivr s [Tap, The] = i (€ayTs + €55T0s)

[Jijs Qari’] = =1 €1 Qajyir » [Jijy Tl = 1 (e dji + €1dik)

[Litjr, Quir'] = =1 €1 Qaijr) » [Lirjr, Lipy) =i (i Ly + € Lirgr) - (3.2)

The bosonic subalgebra is su(2) @ su'(2) & so(2,1) with the generators Jy,, Lyx and Thp,
respectively. Switching a as a <» —(1 4+ «) amounts to switching SU(2) generators as Jy, <>
Liw. The Hermitian conjugation rules are:

(Qaii’)T _ EijEi/j/Qajj/ ’ (Ta )T =Tup, (Jij)T _ EikEﬂJkl, (Li,j,)T — €i/k/€j/l/Lm/ . (3'3)

The N = 4, d = 1 Poincaré superalgebra can be defined as the following subalgebra of
D (2,1;):

{Quiv, Qv } = 2€ij€i’j’ﬁ> (3.4)

where H is one of the generators of the conformal algebra so(2,1) represented in (31) and (32)
by the generators 1,5 . The standard conformal so(2, 1) generators are identified as

IA{ = T11 s K = T22 s lA) = T12 5 (35)
[f),ﬁl] = —iH, [D,f(] =K, [HK] = 2iD. (3.6)
In the degenerate case & = —1 one may retain all eight fermionic generators @).;; and only

six bosonic generators Tp3, J;; forming together the superalgebra psu(1,1|2) without central
charge. The second SU(2) generators L;; drop out from the basic anticommutation relation
BI). Yet, they can be treated as the generators of some extra SU’(2) automorphisms. Taking
a = 0, one can suppress, in the same way, the generators J;; in (8.1)), ending up with SU’(2) as
the internal group and the first SU(2) as the external automorphism group. Thus in the cases
a = —1 and a = 0 the supergroup D (2, 1; «) is reduced to a semi-direct product:

a=-1,0, D(21;a)= PSU(1,12) x SU(2)ex, (3.7)

with SU(2)ext being generated, respectively, by L ; or J;;. Note that in these exceptional
cases one can extend the psu(1l,1]2) superalgebra by the proper SU(2)ey triplets of central
charges [13]. If these central charges are constant, the triplet can be reduced to one central
charge, which enlarges psu(1,1]2) to su(1,1]2) and simultaneously breaks SU(2)ext t0 U(1)ext
(see Appendix [Al).

We will be interested in the most general embedding of the superalgebra su(2|1) into
D (2,1;a). To this end, we pass to the new basis in D (2, 1;«) through the following linear

3More generally, the equivalent superalgebras are related through the substitutions o — —(1+ ), a™t.
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7
relations:
) 1 ) ) 1, - _
e*Qupyr = ) (S"+Q'), Quj = 3 (S;+ Q)
5ikQ2k1/ = - (Qi - Si) ) Q2j2' = . (Q; - Sj) )
H H
2 1 — 1 1 _
T22:E|:H_§(T+T>:|, T11:§[H+§(T+T>],
T12=T21=1i(T—T), p#0,
Lllll = —iC, L2/2/ =. Zé, L1/2/ = L2/1/ = —’éF, J; =. —ZI; . (38)

Here p is a real parameter of the mass dimension. In the new basis, the (anti)commutators

BI), (B.2) are rewritten as
{Q, Qs = —2ap I} + 26, [H + (1 + a) n F1,
{5°,5;} =2ap i+ 260 [H — (1+a)pF),
{9, Q;} = 25T, {Q', S;} = 25T,
{Q%, 8%} = —2(1 + a)pe™C, {Q;, S} =21+ a)ueuC, (3.9)
[, If] = ok} — o]1F
. 1 .- o . . 1 .
11, Q1] = 5 5 0;@1 = 0G5, [, Q"] = 67Q" - 3 5;Q",
1

5.5 = 5058 - 655, [5,8"] =85 - %6;15’“, (3.10)

[C, Q]] = —&?lel, [C, gj] = —6lel, [é, QZ} = —é?ikgk, [é, Sl] =
[F,.Q] = —%Qz, [F.QT =50 [FS]=-58, [FS]= %S’“, (3.11)

[T.T] = —2uH, [H,T] = pT, [H,T) =—nT,
|:T>QZ} :_IUSZ? [T’S]} __ILLQ]’ [T Q} _,US]a [TaSZ} :,UQZa
H.5]=-58, [Hs]=55" [MQ]=5Q. [HQ]=-5Q" (312

The bosonic sector consisting of the three mutually commuting algebras is now given by the
following sets of the generators

su(2) @ su'(2) @ s0(2,1) ={[;} & {F,C,C}Yy® {H,T,T}. (3.13)
According to (33) and (B8], the conjugation rules are as follows

@) =Qr, (s =85k,
(F'=F (©f=c, @'=r  H=n, DO'=T @ (314
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Note the relation

2
H:ﬁ+%K. (3.15)
In the contraction limit p = 0, the algebra (3.9) — (8.12) becomes a kind of N' = 8,d =1
Poincaré superalgebra (with the common Hamiltonian #) extended by the central charges T, T
originating from the so(2,1) generators. The remaining two su(2) subalgebras become outer
automorphism algebras which form a semi-direct product with this N/ = 8,d =1 superalgebra@.
At any p # 0, the relations (B.8) defining the new basis contain no singularities, and so eqs.
B3) - (B12) yield an equivalent form of the original superalgebra D (2, 1; o). After coming back
to the original superconformal generators any dependence of the (anti)commutation relations
on y disappears while it still retains in the realizations of D (2,1;a) on the coordinates of the
SU(2|1) superspaces (see below). Taking the x = 0 limit in this basis gives rise to the standard
parabolic realizations of D (2,1;«) in the flat N'=4,d = 1 superspaces.
The su(2|1) basis in D (2, 1; ) makes manifest some remarkable properties of this superal-
gebra which are implicit in the “standard” basis.

i. It is straightforward to see that the superconformal algebra (3.9)-(B3.12) includes as a sub-
algebra the following superalgebra su(2|1):

{Q1,Q;} = —2ap I + 26 [H+ (1 + o) p F],
1@ = 300 -aQ;, [0 = 50 - 550,
FQ)=—3Q.  [RQ]=50"

HQl=5Q. [HQ]=-5e" (3.16)

These relations coincide with (2:4]) under the following identifications
m(p) = —ap, (3.17)
H(p)=H+pF. (3.18)

We observe that the closure of the SU(2|1) supercharges depends on the parameter «, because
the SU(2) and SU’(2) generators J;; = —il;; and Ly; ~ {F,C,C} appear in the basic anti-
commutator ([3.1)) with the factors a, 14« respectively. The U(1) generator F' in ([B.16]) comes
from su'(2), while the first su(2) with the generators I;; is just su(2) C su(2]1).

ii. We see from (B.9) — (B.12) that there exists another su(2[1) C D (2, 1; «) generated by the
generators S*, S; and corresponding to the identification
m(—p) = ap, (3.19)
H(—p)=H—pF (3.20)

in ([2.4). Hence, its (anti)commutation relations are obtained from (B.I6) via the substitu-
tion u — —pu and passing to the new independent supercharges (S;,S57). As follows from

4The full automorphism group SO(8) of the N' = 8,d = 1 superalgebra is broken down to SO(4) ~ SU(2) x

SU’(2) due to the presence of central charges T, T.
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(39) — BI2), all the remaining generators of D (2,1;a) (i.e. T,T,C,C) appear in the cross-
anticommutators of the supercharges (Q7, Q;) with (S;, 57). Thus the superalgebra D (2,1; @)
can be represented as a closure of its two su(2|1) supersubalgebras: su(2|1) given by the re-
lations (B.16) and another independent su(2|1) with the (anti)commutation relations obtained
from those of the former su(2|1) through the replacement p — —pu. We were not able to find
such a statement about the structure of D (2,1;«) in the literature. This property is similar
to the property that the N' = 1,d = 4 superconformal group SU(2,2|1) can be viewed as a
closure of its two different OSp(1,4) subgroups related to each other through the analogous
“reflection” of the anti-De-Sitter radius as a parameter of contraction to the flat N =1,d = 4
Poincaré supersymmetry [19]. In what follows, this observation will be useful for constructing
D (2,1; ) invariant subclasses of the SU(2|1) invariant actions.

iii. In the cases @ = —1 and a = 0 the supergroup D (2, 1;«) is reduced to the semi-direct
product ([B.7), with SU(2)ext being generated, respectively, by L; j or J;; = —il;;. The re-
maining SU(2) subgroups enter the relevant PSU(1,1|2) factors. Each of the corresponding
superalgebras psu(1, 1|2) can still be interpreted as a closure of its two su(2|1) subalgebras, like
in the case of & € R\{0}, R\{—1}. In particular, the superalgebra (B.16]) at o« = —1 is identical
to (2.1) with m = p and H as the U(1) generator. The generator F' splits off as an external

automorphism.

iv. One more peculiarity is associated with the presence of the “composite” deformation
parameter m = —ap in (B.16). It vanishes not only in the standard contraction limit p = 0,
but also at o = 0 with u # 0. For a = 0, the superalgebra ([3.10)) is reduced to the flat N' =4
superalgebra

{QQ;} =20, (H+uF),
[F>Ql}:_%Ql> [Fan}:%Qk>

HaQ)=5a.  [re]=-5e" (3.21)
This algebra is still a subalgebra of D(2,1; a=0). However, it does not coincide with the stan-
dard flat N’ = 4, d = 1 Poincaré superalgebra corresponding to the limit x4 = 0, because the r.h.s.
of the anticommutator in (3.2 still involves ; and is a sum of H and the internal U(1) charge
F. The SU(2) generators I! now define automorphisms of both the superalgebra (8.21]) and the
a = 0 superalgebra psu(1,1]2), while F' is an internal U(1) generator. The whole D(2, 1; «=0)
superalgebra (including the so(2,1) generators and those of the su/(2) ~ {F,C,C}) can now
be treated as a closure of the superalgebra ([B.2I]) and its © — —p counterpart).

To avoid a confusion, let us point out that both ([B:2I]) and (34 can of course be regarded
as the Poincaré N’ = 4,d = 1 superalgebras. However, in contrast to (3.4)), the superalgebra
B21)) is embedded in the superconformal algebra in a different way, with the Hamiltonian
H = H + pF defined in (3I8), instead of the standard H in 34) (recall eq. (BI5)). In the
limit © — 0, any difference between H, H and H disappears.

°In the a = 0 case one can still define su(2|1) C D(2,1;a=0) which involves su'(2) ~ {F,C,C} as the
internal subalgebra, as well as the proper analog of the U(1) generator H.
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v. It is worth noting that the parameter v characterizes only the superconformal mechanics
models, while the generic SU(2|1) models lack any dependence on it. So in the case of super-
conformal models we deal with the pair of parameters, a and p. In the particular case a = —1,
we have m = pu.

vi. Besides the SU(2|1) superspaces (23)), ([2.I2), we can now consider another type of the
SU(2|1) superspace defined as the supercoset

SURN) x U()ew  {Q,Q5H, F, I}
SU(2) x U(1)int {1, F}

(3.22)

According to ([B.13), this definition of superspace matches to the proper embedding of SU(2|1)
in D(2,1;«) for « € R\{0}:

D@2, 1;0) 225 SU(2) x SU(2) x SO(2,1),

l lzg lF l% (3.23)

SU@RIL) % ULy —=5  SU2) x UL x  U(L).

In the case @« = —1 corresponding to the second line in ([3:23), one can omit the generator F
in ([B.22) since it becomes an external automorphism. So ([B.22)) is reduced to (2.12)) in this
case. For generic a € R\{—1}, the coset ([3.22) “interpolates” between (2.5 and (2Z12) since
F appears in the r.h.s. of the anticommutator in (B.I6]) along with the generator H, and so
cannot be decoupled.

vii. In the limit a = 0, the relevant coset is

(N: 4,d = 1) b U(1>oxt -~ {Qi7Qj7H7F}
U(l)int {F} 7

where (M =4,d = 1) x U(1)ex stands for the semi-direct product of the supergroup with the
algebra ([B.2I) and the external U(1) automorphism generated by F' € {F,C,C}. We can deal
with the coset superspace (B.24]) in the standard manner, just substituting o = 0 into all the
relations of the SU(2|1) superspace formalism pertinent to the choice (3.22]).

(3.24)

3.1 Superconformal generators

Superconformal generators of (3.9) — (8.12]) can be naturally realized on the SU(2|1) superspace
(B22). An element of this supercoset is defined as

g1 = exp { <1 + QQTM G_kﬁk) (6:Q" + 6 Q;) } exp {itH}, (3.25)

where the superspace coordinates {t,;, ¥} coincide with those defined in (Z.6). Because of the
relation (B.I8)), the coset elements (3.25]) and (2.6]) are related as

g1 = gexp{—iutF} . (3.26)
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In the particular case o = 0, the relevant superspace coset (3.24]) is parametrized by the flat
superspace coordinates (=) = {t, ;, 6%}. An element of this coset is obtained by setting o = 0
in (B.25]).

Dropping matrix parts of generators, one can obtain the SU(2|1) supercharges for generic
« just through the substitution m = —au in 2.7):

— 200000 —— 0

I 9
ek— _I_Ze 8t, Q] - 89

o0k 06i
They generate the su(2|1) superalgebra (8.16]) with the bosonic generators

0 B 1 (= 0 B
I = (9 o O ae-) 20 (9 PIE ekaek)
0 0 1 = 8 8
nk k
=0, = 5 | 0" 5 — Oy = (0"—= — 2

The extra supercharges of the superconformal algebra D (2, 1; «) are defined as

Q=

)
o + 6,0, . (3.27)

) )
+2(1+ ) p06—

g — e—wt{ {1 — (14 2a) 16", — % (1+2a)* * (6)” (5)2}

00; 90,
+i6' [1+ (14 2a) n6"6;] at},
S; = e 1 — (14 2a)pubd*e, — ! (1+2a) 12 (0) (§)2 0 2(1 +a),u9-§ki_
! 4 067 700k
+1i6; [1+ (1 + 2a) 11 6°6),] at}. (3.29)
The anticommutators of ([B.27) with (B.29) give the new bosonic generators
) 1 _ _
T =e {z [1 ~ 1 (14 20) p? (0)? (9)2} O+ p [1— (1+2a) pu6°6;] 9,689. } ;
_ 1 0
T =e* { {1—1(1+2a ()] [1_(1+20‘)“9k9’“}9097}’
C=eMeu[1+ (14 20) 166 ¢/ a% :
I
iut gl d
C=e™e' [1+ (1+2a) 160 ejﬁ. (3.30)

Under the ¢, & transformations generated by (3.29),

50, = [1- (1+2a)u9k9k—i(1+2a)2u2 (0 (0)°| ere™™

+2(1+ a) pepd0; e,

_. _ 1 o]
50 = 1—(1—|—2a),u9k9k—Z(1+2a)2u2(9)2 (0)] & et

—2(1 + a) u 6,0 e,
6t = i (0™ + ep0Fe ™) [1 + (1 + 200) n0%0] (3.31)
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the SU(2|1) invariant measure (2.10) is transformed as
0 d¢ = 2pd¢ (1 — p80y) (60, €™ — .6 ™) . (3.32)

Starting from the new coset given by ([B.25) and taking advantage of the relation (3:26]), one
can calculate the relevant covariant derivatives

Z. B _ 3 ~\2] 0 iy O i
D' = e zﬂt{ |:1—Oé1u9k9k—§a2,u2 (9) (9) :| 92 —i—oz,u@ 938—9—19 8t
— (1+a)pub'F +apt’ (14 apb6y) I }
_ i - 3 0 0
Dj = ez“t{ — |:1 — au@kek — gO&2,U/ :| 87 - erj 80k +’L‘9 8t
+ (14 a) b, F — ap by, (1 + apd o) ff},

Together with the matrix generators I i F they mimic the superalgebra (B.16). In the particular
case @ = —1, the matrix generator F drops out from B33), which is consistent with the
superalgebra (316) at &« = —1 [5]. In this case the supercoset ([B:22]), (3:20) is reduced to the
supercoset (Z.12) with H =M and m = . In the case a = 0, the generators I + drop out
(they become the outer automorphism ones). The o = 0 covariant derivatives correspond to
the degenerate supercoset (3.24]).

The redefinition (3.I7) allows one to avoid singularities at o = 0. Taking o = 0 in the su-
perconformal generators ([B:27) — (3:30), one can naturally pass to the generators corresponding
to the coset space (B3.24]) with the relevant algebra (B.21)). Thus, within the SU(2|1) superspace
defined as the supercoset (3.22)) with the elements (3.25)), the superspace realization of super-
conformal generators has been written in the universal form consistent with both choices o = 0
and « # 0, i.e., with any choice of & € R. This refers to the covariant derivatives (3.33) as well.

Any dependence of the superalgebra relations (8:9]) — (812)) on the dimensionful parameter
naturally disappears after passing to the original basis (B.1]), (8:2]). However, in the realization
of the generators (3.8)) on the superspace coordinates the dependence on p is still retained.
Thus the parameter p is a deformation parameter of the particular superspace realization of
BI), (B2). This new deformed realization corresponds to the trigonometric type of N' = 4
superconformal mechanics [I4]. Sending ;1 — 0 in these realizations (and in the corresponding
realizations on the d = 1 fields) reduces the deformed superconformal models to the standard
superconformal mechanics models of the parabolic type [12] [13], [6].

To be more precise, the trigonometric form of the conformal generators {H,T, T},

H =0, T =ie ™9, T =ie™o, (3.34)

is obtained as the bosonic truncations of the generators defined by eqs. ([B.28)), (8.30) (or an
alternative realization of these generators given in the next subsection). The standard so(2,1)
generators H, K and D defined in (35) and (B8] are expressed, respectively, as

o g o
H:%(1+cosut)0t, K:—Z(l—cosut)at, Dzisin,utﬁt, w#0. (3.35)
7 7
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These generators satisfy the conventional relations of the d = 1 conformal algebra:
[f),ﬁ] — il [D,f(} — ik, [HK} — %D, (3.36)

Thus, the definition of conformal superalgebra by eqs. ([B.9) — (B.12) automatically provides
the trigonometric form for the conformal algebra so(2,1) [10].
In the limit g — 0 the generators (B.35]) turn into the standard parabolic generators

}AI == ’lat y D - Ztat y K - itzat . (337)

The same properties are inherent to the total set of the D(2,1; «) generators (3.8) for u # 0.
Thus, we treat the superspace realization of the superconformal symmetry generators found
in this paper as a trigonometric deformation of the parabolic N' = 4,d = 1 superconformal
generators constructed in [12] [13], [6].

The main reason for considering the basis (3:34) is that the generator H = H + iusz
is directly given by the time-derivative, H = i0; [10]. Another peculiarity of this basis con-
cerns Cartan generator (diagonal generator) of conformal algebra [I1]. In (B.34)) we have the
Hamiltonian #H as Cartan generator, while in the parabolic basis ([B.37) the Cartan generator of
s0(2,1) is associated with the dilatation generator D. Thus the relevant quantum mechanical
system must be solved in terms of eigenvalues and eigenstates of the quantum Hamiltonian
H=H+ i ,u2f( which just coincides with the “improved” Hamiltonian of the d = 1 conformal
mechanics [11] ensuring the energy spectrum to be bounded from belowld. In the next subsection
we will demonstrate that there is a basis in the SU(2|1) superspace in which the full generator
H defined in ([B.28) (not only its bosonic truncation) becomes just i0;.

3.2 An alternative realization of superconformal generators

According to (B9), the supercharges @) form the su(2|1) superalgebra with the deformation
parameter y, while the supercharges S form the su(2|1) superalgebra with —pu. Analogously,
in the case @ = 0, the relevant deformed superalgebras are (3.21]) and its —p counterpart. In
the limit g = 0 both sets of supercharges reproduce the same flat N’ = 4,d = 1 supercharges.

Here we demonstrate that, after the appropriate redefinition of the SU(2|1) superspace coor-
dinates, the whole set of the superconformal generators can be constructed in terms of the pair
of deformed supercharges Q(p) and S(p) = Q(—p) . This explains why the SU(2|1) and super-
conformal transformations of the component fields obtained below for the multiplets (1,4, 3),
(2,4,2) can be represented as deformations of the standard N' = 4,d = 1 transformations of
component fields, with the deformation parameters p and —pu, respectively.

The new coordinates {t,8;,8'} represent the same supercoset (3.:22) and are related to the
previously employed super-coordinates as

0, =e2rg; |1+ % (1+ 2a) uekek] , b = (9}) = ¢ 2Htf {1 + % (1+2a) 66, . (3.38)

6 The orthogonal combination H), = H - i /ﬂf( corresponds to the hyperbolic case discussed in Appendix
It yields a non-unitary model.
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The supercharges (3.27)) are rewritten as

) =9
—(1+a)pb—

; i 1 =1~ 1 ~ ~\2
b= ezt [T+ = (142 0%0, — — (1 + 2a) 1 (9)?(0 ] _
Q = ¢ {[ 5 (1 20) 0046 = g (14 200 @020 -

16

ropdt2 i i [1_1@”&)”5@4 at},
6k 2
0, = e |14 L (14 20) 00, — = (14 20) 2 (6)2(6)* 9 ia + o) p ;0" —— 0
’ 2 f6 005 o6"
o 1 —_
— a0 8~ + i6; [ — (14 2a) u@ké’k} 8t}. (3.39)
00, 2
The new form of the supercharges ([3.29]) is given by
s = el 1oL po0) uda — L (14 20) 2 6)2(6)? 0 (+a)ud

—aué’ﬂzki: + 6 {1 + 1 (1+ 2a),u9:k9~k] 0t},
0" 2

i 1 =~ 1 ~ ~\ 2 0 ~ = 0
- §,ut = k - 2 2 __ nk ’
S; e { [1 2(1+20z)u9 O, G (14 2a) p* (0)*(9) ] v (1+a)pb;o v

o _ 1 _—
+ap ejekg% +if); l1 +5 (14 20) Mekek} at}. (3.40)
k

We observe that they are obtained from the supercharges ([3:39) just through the change of the
sign of p, S(p) = Q(—p). The bosonic generators ([B.28) of SU(2|1) are written as

i = (éz‘i _e}i) Ly (é'fi . )
009 00; 2 ol ol

1 /% 0 ~ 0
F:-(@’f—:—ek ) H =10, . (3.41)
2 00k 00y,
In this new realization the Hamiltonian H takes the correct form as the time translation gen-
erator. The rest of the bosonic generators (8.30) is rewritten as

0 0

. ) 1 ~ = 9
— —iut = 2 2 k
T e {z [1 4(1+20z)u (0)*(9) }815 5 (9 e +9k—89k)
1 =« 0 0
+=-(142 29192-(9]‘3——9—)}
5 (1+2a)u "
0 0

T = ei“t{i [1—%(1+2a)u2(9~)2(9)} t—g(Hk——i-e—)

00k 00y,

+ 114 20) 266, (eki—e i) }
2 oA 00y,
C = e fl— 0 C = &g 9 (3.42)
06, ’ gt

Note that the supercharges ([3:39), ([40) acquired the exponential factors ~ e*2* which are
needed for ensuring the correct commutation relations with H = i0;,. Also note that the
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su(2) and su/(2) generators now include no p dependence at all, while the so(2,1) genera-
tors T and T are just related by the reflection u <+ —pu, T(—p) = T(u). So the prop-
erty that the whole superalgebra D(2,1;«) is contained in the closure of (Qi(,u), Q’ (,u))
and (S;(1) = Qi(—p), S7(u) = Q’(—p)) becomes manifest in the new parametrization of the
SU(2|1) superspace.

For further use, we give the new basis form of the SU(2|1) invariant measure (2.10)):

¢ = dt d*0 d*0 (1 v uékék) . (3.43)

Under the €, & transformations generated by (B.40) it is transformed as

6.d¢C =2pdC [1 — % (34 2a) ,uékék] (Eiéieéﬂt _ 5i5ie_%“t) i (3.44)

4 The multiplet (1,4, 3)

4.1 Constraints

The multiplet (1,4, 3) was described in [4] in the framework of the SU(2|1) superspace (2.3]).
It is represented by the real neutral superfield G satisfying the SU(2|1) covariantization of the
standard (1,4, 3) multiplet constraints

"DyD;G =¢,;D'D'G =0, [D',D;] G =4mG. (4.1)
They are solved by
¢ = [L-mfo e m? 02 (7))« + Z (0 (0)" — 1846, (6, + 071
+ (1 —2m66,) (0:; 0" — 0 ;) +0°6; B;, By =0. (4.2)

For studying superconformal properties of this SU(2|1) supermultiplet it will be more con-
venient to reformulate it in the superspace (3.22). By rewriting the constraints (4.I]) through
the covariant derivatives ([3.33)) as

DyD;G=e,D'D'G=0, [D' D]G=—-4danG, (4.3)
we obtain
G = w[1t ol + o2 (07 ()] + 5 (07 (B) — 86, (6,003 4 8 i)
+ [1 + % (14 4a) uékek} <9i W et — gl e—%“t) +6°0; B, (4.4)
where we have redefined
W etk by — e oM (4.5)

This field redefinition makes the U(1) generator F' act only on fermionic fields and ensures
that the operator H is realized on the component fields as the pure time derivative i0; without
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additional U(1) rotation terms. We see that the irreducible set of the off-shell component fields
is z(t), Yi(t), ¥i(t), Bi(t) (BF = 0), i.e., G reveals just the (1,4,3) content. In the contraction
limit g =0, it is reduced to the ordinary (1,4, 3) superfield.

As the most important requirement, the constraints (A.3]) (rewritten through the covariant
derivatives (3.33])) must be covariant under the superconformal symmetry D (2, 1; ). From this
requirement, one can actually restore the supercharges (3.29) and the bosonic generators (3.30])
as the differential operators acting on the superspace ([B.22]). Moreover, it implies that these
extra generators for the multiplet (1,4, 3) should be extended by the proper weight terms. The
supercharges (3.29) are extended as

B
(14 ) p 00—

St = e_i“t{ {1 — (14 2a) 16", — % (1+2a)* u?(0)* (5)2} T %,
+i0" [1+ (1+20a) p0°6;] 0, + 2ap 6" (1 — p0~0y) }
5 - ew{ {1 — (14 20) 186, — 7 (1+20)° 4 (6)° (9) ] O 2 (b a) bl
i, [L+ (14 20) 106,] 9, — 2006, (1 — 11646,) } (4.6)
Respectively, the bosonic generators are modified as
T = e—wt{ [1—%(1+2a) (0)*(0) ]at+u[1—(1+2a)u9’f9k}9 8(2 }
Fae s [1- 00+ 5 (0200 (0]
T = e {z [1 - i (1+ 20) 12 () (9)2] 0 — p [1— (14 20a) 166y 9%’8891}
—ap et [1 — 11050, + i (1 —2a)pu? () (9)2} )
C = ey [1+ (1+2a) nG40,] 0 8(; Fap (@) e,
C = ™' [1+ (1+ 2a)1n0"0,] 0 (;;l o (0)° et (4.7)

These modifications of the additional D(2, 1; ) generators imply the following “passive” trans-
formation law for the superfield G' under the ¢;, &/ transformations

0.G = 2apu (1 - uékek) (5’"91- et — .0 e_i”t) G. (4.8)

All other transformations are produced by commuting (£8) with the odd SU(2|1) transfor-
mations which are generated by the pure differential operators (3.27). It is worth pointing
out once more that all additional weight terms in the D(2,1;«) generators are necessary for
the D(2,1;«) covariance of the (1,4, 3) constraints (43) and, in fact, can be deduced from
requiring this covariance. Making the bosonic truncation of the conformal generators with the
weight terms,

H =10, T = e "™ (i, + au), T = e (i0, — o), (4.9)
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one observes that o can be identified with the scaling dimension parameter Ap for the multiplet
(1,4,3) [14].

Digression. In Section 3.2, we showed that, after passing to the new superspace basis
{t, 9~j, 5’}, the differential parts of the D(2,1;«) supercharges in the p-representation satisfy
the relation S(u) = Q(—pu), thus making manifest the property that D(2,1;«) is the closure
of two its su(2|1) subalgebras, one defined at p and the other at —u. Due to the presence
of the additional weight terms, the supercharges (4.6]) written in the new basis do not longer
exhibit this nice correspondence. To restore it, one needs to make the appropriate f-dependent
rescaling of the superfield G,

G=AG,, (4.10)

and to pick up the factor A in such a way that the extra weight terms acquired by the super-
charges Q*(1) and S*(u) when acting on G ensure the needed relation. The factor A is defined
up to a freedom associated with a real parameter :

AB) = 1+au ékék - %5;3(5)2 (9:)2, (4.11)

Go(t,0) = {1 +

5 0= )02 @) o+ 07 @) + v =00
~i0 (6,0 + 0705 ) + %6, B (4.12)
The € and ¢ variations of Gy are related just through the substitution g — —p,
0.Go=—p {a — %(45 —3a)p ékék} <€’9~Z em 3kt _ eiezi e%”t) Gy,
0:Go = {oz + %(45 — 3a)p 51“94 (Elél et — g fi e_%“t) Gy, (4.13)

and imply the following expressions for the total D(2, 1; «) generators in the realization on Gy:

. i 1 =; ~ ]_ ~ =92 a .~ a
(R St - kp _ — 2 2 ~ ig 2
Q e {{1—1—2(14—2&)#9 0y, 16(1+2a)u (0) (6)}8@ (1+oz),u99k8§k
—i—ozué'é ai + 6 l ;(1+2o¢),u9 Hk] O —oz,ue + - (4ﬁ 3a) 0'6%0, }
_ - ]_ k 1 ~ = a ~: 8
—au b, ; + i6; {1—%(1—{—2@)#9 9k] Ay + oy b; ——(46 3a) 2 0,0%0 }
k
S ) = Q(—n),  Si(u) =Q;(—n). (4.14)

One can directly check that their (anti)commutators form the superalgebra D (2,1;«). The
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50(2,1) generators T, T are given by

T o= e { [1—%(1%@) 2 (6)°() }

+

1 =
3 (1+ 2a) p® 66 <9’f

a
T = {[1—2(1%@) > (0°(6) ] < Py ~af)k)

1 255 (k9 9 3 BN 25272
+5 (1+ 2a) pu* 06 (9 e 891) ap {1+ (4 a)“ (0)*(6) ] } (4.15)
The rest of bosonic generators contain no weight terms.

The parameter § appears neither in the structure constants of D (2, 1; «) nor in the super-
conformal component actions (see next Subsections), so it can be chosen at will. One choice
is B = 2, which ensures the simplest structure of the weight terms in [@14), [@I5), (£I3).
Another posr51ble choice is § = «, under which the superfield Gy in (@I2]) contains no p depen-
dence at all. In this case, the SU(2|1) constraints (4.3]) are reduced to the linear combination
of the flat constraints:

EZkDZDk GO = €ZkDZDk G() = O, [DZ, Dz} G() = 0, (416)
Di:i—iéiat, Dj:—iﬂe O . (4.17)
06; 067

These constraints are still covariant under the relevant trigonometric realization of D (2, 1; «)
(with 8 = « in (@I4), (£I5), (AI3)). The corresponding superconformal actions of Gy written
as integrals over the SU(2|1) superspace do not coincide with the standard ones constructed
as integrals over flat N = 4, d = 1 superspace.

As the final remark, we note that the constraints (A3]) can be generalized as
9Dy D; G =, D'DIG =0, [D',D;] G = —4apG — 4c. (4.18)
Their solution is
G (v,9,¢,B) = G (z,¢,9, B) + c070; (1 + 2a 6*0y) , (4.19)

where G (:L’,q/J,lE,B) was defined in (£4). Once again, this solution can be adapted to the
supercoset ([3.22]). We observe that the superconformal covariance of the corresponding version
of the constraints (4.I8]) implies the additional condition

¢D, D (1 - uékek) (E’Pi et — .0 e_i“t) =0. (4.20)

Substituting the explicit expressions (B.33)) for the covariant derivatives, one can show that at
¢ # 0 the condition (4.20) is satisfied only for & = —1. Then the superfield G transform as

0.G = =241 (1 — 11 0°6},) ('0; €™ — £,6" ™) G . (4.21)

Thus at ¢ # 0 the relevant superconformal group is reduced to the supergroup PSU(1,1|2) x
U(l). At ¢ =0, any a # 0 is admissible, including o = 1. Tn what follows, the special case
a = 0 will be considered separately.

At ¢ = 0, « = —1 the whole automorphism SU(2)ey; is a symmetry of the superfield constraints. It is
reduced to U(1)ext only at ¢ £0.
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4.2 SU(2|1) invariant Lagrangians

One can construct the general Lagrangian and action for the SU(2|1) multiplet (1,4,3) as
S(G) = / dtL=— / d¢ f(G). (4.22)

We consider the invariant Lagrangians for the superfield G satisfying the generalized constraints
(#I8) with ¢ # 0. The action for the superfield G subject to the constraints (£3]) can be then
obtained by setting ¢ = 0.

Any action with an arbitrary Lagrangian function f(G) is SU(2|1) invariant and provides
a deformation of the standard (1,4, 3) models. Substituting the expression (@I9) for G into
(#.22) and doing there the Berezin integration, we obtain the component off-shell Lagrangian

L = i*g(x)+i (&ZW — @E,W) g(z) + % ;Bf g(z) — B; (% 57 — %’W) q'(z)

L) (9) (@)~ [+ 20) 9(0) + g ()] b — Putag(@) - eg'(x) Bt
—2capxzg(r) —  g(z), (4.23)

where g := f” and primes mean differentiation in =, f' = 0, f, etc. The parameter ¢ produces
new additional potential-type terms in the Lagrangian.
The €, € transformation law of (4.19),

3G = — [eiQi +@Q, ,G] , (4.24)
implies the following SU(2|1) transformation laws for the component fields:
b = &y g2kt _ et e%”t, ot = e~ 2kt (zE’x +apér+cé + €kB,i) )
5B§- = -2 [eiji eaht + €Zﬁzj eTE %5; (emﬁk ezt + Equk e_%“tﬂ
— (14 2a) p [?@j e~ EHt _ ejw' eht %5; (6’%@ e EHt e ” e%“tﬂ . (4.25)

We can simplify the Lagrangian (A.23]) by passing to the new bosonic field y(z) with the
free kinetic term. From the equality

Po(r) = 3 7, (4.26)
we find the equation
1
"(2) = /29(x), (z) = 4.27
y'(z) 9(x) y'(z) W) (4.27)
and define
C=vy@),  Bi=iBiy@, V)= (4.28)
) J 27 ) x/(y)
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Solving last of eqs. (4.28) as

z(y) = exp { / ' Vdgj) } (4.29)

we can cast the Lagrangian (£.23)) in the form

L = y; + % (xiX' = xix') + BiB! — % B! (5ixx* — 2,x")
V' 9)V(y) + 2V'(y) =31 [V'(y) — 1 (02 (X)

4V2(y)
— 0, [auV(y) + CV(yiJeXp{ - / ' Vdé) H Xix' — g Xix'

—% {QW(y) +eVi(y) exp{ - / ’ Vd(%) H B (4.30)

Here, V(y) can be regarded as an arbitrary function due to the arbitrariness of g(x) in (E21]).
Thus we have finally obtained the SU(2|1) Lagrangian involving an arbitrary function and
extended by additional terms which depend on the parameter ¢. In the new representation,
the supersymmetry transformations acquire the form

Sy = @xpe i — e xrer,
oy = et {z’?y +apeV(y)+ceV(y) exp{ —/ V(y)} +2¢' B!
Yy
Vi(y) -1
+x (X — ex ) ———1,
ki ) V(y)
- 1 . ; :
0B; = —i leax’ewtﬂ’x e”2 — 54 (%x’“e?“%@’% 6_5’“)]
- g (1+ 2a) {?X] eTiM — eyt et — 5] <€ka e 2 — e\t 6§Mt):|
: i\ V) -1
7 k —Lut k _Lut
+ B; (e Xk € 2M —erx 62”) W

Vi(y) —1
V(y)

In the particular case ¢ = 0, the models described by these transformations and the Lagrangian
(#30) correspond to the off-shell form of “weak supersymmetry” models [7].

+ iy {ejxl ezt 4 gy, ezt — 55; (ekxk ez + & e‘i“t)] (4.31)

4.3 Superconformal mechanics with ¢ =0

The superconformal (1,4, 3) action with ¢ = 0 can be written in the superfield formulation as

S@(G) = - / gl (4.32)

where the corresponding superfield function f(G) is given by

G = for a« # —1,0 a2
a+1 B = ) 4.
f ( )= { GlnG fora=-1. = g() (4.33)
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Using (4.8) and (B.32)), one can check that the action (4.32) is indeed invariant with respect to
the superconformal group D (2, 1; «).

We can consider few special cases, e.g., « = —1, a = —1/2. As we will see in the next
subsection, in the case « = —1 the action ({.32) can be generalized to incorporate the non-zero
parameter ¢ defined in (£I8)). The case o = —1/2 corresponds to the free action. We cannot
treat the a = 0 case as a particular case of the SU(2|1) models under consideration since we
defined the SU(2|1) superspace for a # 0, while passing to a = 0 amounts to contraction of the
original SU(2|1) supergroup into the supergroup with the flat algebra (B:21I)). Nevertheless, as
we will see soon, the o = 0 superconformal action can still be constructed within the properly
modified superfield approach based on the contracted supergroup.

Doing f-integral in the superfield action (4.32)) and making the redefinition (3.1I7), we cal-
culate the superconformal Lagrangian a;

£ = Pg(e)+i (Bt ) o) + 5 BIB! gla) ~ B (; 5 du zzﬂ/ﬂ‘) g'()
W) (5)’ (@) — 0 () (4.34

4

We observe that it depends only on u?, not on u. Taking advantage of the redefinitions just
mentioned, one can conveniently rewrite the transformations (4.28) as

dx = e M — gt et St = ekt (ZE% +apéx + €kBli) ,

: o P 1, . .
6B} = —2i [ej@/)’ ezt 4 gp; e 2 — 5 J; <ekwk ezt 4 &y, 6_2‘”)}
J— i - i 1 . - 7 )
— (14 2a)p [E“@/)j e M — )t ezt — 55; <€k@/)k e Mt — gt 62’“)] . (4.35)

The Lagrangian (4.34]) is invariant under the second SU(2|1) transformations with the param-
eters ¢, &,

dx = &My ezt — et e 3Ht St = ezht (zélx — e+ ékB,i) ,

0B; = —2i {5]@/}’ e M 4 g, ezt — 55;- <5kwk e~z 4 Fay 62’“)]
- i . 7 1 . - i [3
+ (14 20) {5%/;]- e — eyt e — 2] (5’% et _ gyt 6_2’“)} . (4.36)

which correspond to the supercharges (4.6]). We see that (4.33) and (4.30) are related by the
replacement ;1 — —pu in accord with the structure of D(2,1;a) as the closure of these two
su(2|1) subalgebras.

The parabolic transformations of the (1,4,3) component fields can be obtained from the
trigonometric transformations (4.35), (4.30) in two steps. First, one passes to the new pair
{€',é'}, {¢/,&'} of infinitesimal parameters with opposite dimensions by redefining the old pa-
rameters as

1, 1,

ei:§ei+£5;, sizﬁe;—psg, and c.c.. (4.37)

8The term ~ ¢ vanishes because of the identity (—1 — 2) g(z) = z¢/(z) for [@33).
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This redefinition just corresponds to passing to the original basis for the D(2, 1; «) supercharges,
in which the super Poincaré supercharges and those of the superconformal boosts have the op-
posite dimensions. Only after that we can send p — 0 and obtain the parabolic transformations.
This procedure is universal and can be performed for the transformations of superfields, compo-
nent fields and superspace coordinates, regardless of the type of the realization of D(2,1; «). In
this way one can, e.g., deduce the parabolic transformations of the integration measure (2.10),
which becomes the standard flat measure dt d?0 d? in the limit p = 0.
Using (£.26) — (£.28), we can calculate the function V(y) corresponding to (£.33):

y , 1 Viiy)—1 142«
Viy) = —= Vily) = —— = : 4.38
W) =—5> ) =—5> V) , (4.38)
As a result, we obtain the superconformal Lagrangian in the form
.2 .
a Y Lo i e i mip L2005l - i
LY = 5 +5 (WX = xix') + BB — ; B! (8ixex* = 2x;xY)
1+ 3a)(1+ 2« _ e
= ! ) 00" () = = v (4.39)

2y? 8

It is invariant (modulo a total derivative) under the following SU(2|1) odd transformations

by = Expe M — gt er,
Syt = e amt [zfly — géy +2 B, + X' (¥ — enx" e™) trea a} :
B = —i [e X' ezt 4 ey e 2t — —5; (ekxk ezht + &\ e‘éwf)}

=

) i I 1. i
— = (14 2a) [EZXj e 2 —ejxtet — 55; (Ekik e 2M — ex” ei“tﬂ

2
+ B <€k>_(k e T — gk e%ﬂt) 1+ 2
y
+iy {esz it 4 ety et — o5 (ekxk 3t 4 e e—zutﬂ T2 (440)
y

Changing v in these transformations as y© — —pu, one obtains the transformations associated
with the extra generators S(u) = Q(—pu). Since the Lagrangian (£39) depends only on u? like
(#34), it is automatically invariant under these S° transformations and, hence, under the full
D(2,1; ).

Thus in the present case we deal with the superconformal mechanics corresponding to the
trigonometric transformations [14]. Another type of superconformal mechanics is that associ-
ated with the parabolic transformations, and its superfield description is based on the standard
N =4, d = 1 superspace. The only difference is that the trigonometric type action (£39) has
an additional oscillator term. Thus by sending p — 0, the parabolic type of superconformal
mechanics can be restored.

The property that the component superconformal trigonometric actions are even functions
of the parameter p can be established already at the superfield level. One should pass to the

SU(2|1) superspace basis {t,éj,éi}, in which the property S%(u) = Q'(—pu) is valid and the
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integration measure is defined by (8.43), and express the superfield G through G, according to

egs. (£I0) - E.I2):
S9@) = — / dt d*0 d%0 (1 + Mékék) G

«

_ —/dtd2§d2§ {1 .1 (a 1+ 25) 2 (é)Q(é)Q} (Go)™a, a # —1,0(4.41)
and

Gla=-1) G) = —

sC

/dtd2§d§<1+u0k9k>GlnG
_ _/dtd2éd25{ [ —%(Hﬁ)ﬁ(éﬁ(éﬁ] Goln Gy
s

T (1+28)(0)° 6)* Go} (4.42)

where one should take into account that
/ dt 420 420 (u 64, Go) ~0.

All terms with the manifest 6s in (d41]), (4.42), equally as the superfield Gy, depend only on
p?. Also, it is easy to show that all 3-dependent terms in these actions are canceled among
themselves. For any other trigonometric superconformal action treated below (e.g, in the
a = —1,¢ # 0 case), it is possible to show in a similar way that, in the appropriate superfield

formulation, they depend only on u? like in the component field formulations.

4.4 The model with a = —1,¢# 0

Let us consider the case of ¢ # 0 for which the superconformal invariance requires that a = —1
(m = p). The corresponding supergroup is D (2, 1;a=— 1) = PSU(1,1|2) X SU(2)ex, but the
constraints (4.18) are covariant only with respect to PSU(1,1|2) x U(1)ext.

The corresponding superfield action is

Sle==1(@) = / d¢G InG. (4.43)

Starting from the general SU(2|1) invariant component Lagrangian (£.23) with ¢ # 0 and
substituting there f(G) — GInG, we obtain, up to an additive constant, the following ¢ #

0, @ = —1 generalization of the superconformal Lagrangian (Z34))
1. e R ‘B) B /1 .- o
Lo = T = (G — ) ) (5 o7 e - @w)
1 T2 w ¢ c?
~53 (1)? ()" - — (4.44)

Here, the new term ~ 1) is responsible for reducing superconformal symmetry to PSU(1,1]2) %
U(1). This action is invariant under the supersymmetry transformations, with ¢’ being a
generalization of the relevant transformations in (£35]), ([£36):

Sy = e (iei — pew + e Bl + céx) + ex (idi + pe's + Bl + c&'x) . (4.45)
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Transformations of the bosonic fields are the same as in (4.35]), (£36]).
Passing to the action with free kinetic terms, we find the relevant function V(y) to be

V= Vi—g. - (4.46)

In accordance with (£30), we also should take into account additional terms involving c¢. Thus
the superconformal Lagrangian (A39) is generalized to this special case as

RJ

a=—1,c T i ~ii L B fcic i 1 -
L= = g (ol =) + BB+ (e = 20x) - 5 (0" (1)
2,2 2
c _ . Py c
— Y - — = —. 4.47
+ 5,8 XiX 3 8 (4.47)
The relevant on-shell Lagrangian,
2 o 1 c o2 &
rle=—to0 _ Y 1 Y’ — ix') — — () () 4+ — ' - 4.48
G 5 + 5 (X’ = xix') 4y2(x) (X)+2y2XX s B (4.48)

as a superconformal Lagrangian was previously found in [17]@. The SU(2|1) superspace ap-
proach allowed us to find the off-shell superfield form of (A.48]).

4.5 The a =0 model

Inspecting the Lagrangian (IIBZI) we observe that the limit o — —0 is divergent and the

opposite limit a — +0 yields £e=" = o. Nevertheless, we can unambiguously define this limit
for the Lagrangian (£34]) by introducing an inhomogeneity parameter p [14].

The limit a — 0 can be obtained, if we redefine the Lagrangian (4.34]) by shifting the field
x as

e ot 2. (4.49)
a

The homogeneous Lagrangian (£.34) is rewritten as
Llwp) —
SC

1
[0'X%
8

(ax + p) 7% [a‘:%i(w ') + 5 B’B]}

L I

e (14+20) (143a), o5, -2 iy oep?

- ()" (¥) (az+p) =" = 3

= (az + p) "% . (4.50)

Detaching the divergent factor ~ (%)é and sending a — 0 in the remainder, we obtain the

Lagrangian £8~"" as

Le0 = e [s‘c%i(wl ') + 5 BZBJ} i( Dt - wiw) e
1 2

-7 W) (¥) e 7 — p2pPe 5. (4.51)

90me needs to perform a redefinition of fields in order to show the coincidence of these two Lagrangians.
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Following the same procedure as in (4.26) — (£.28), we can obtain the Lagrangian which coincides
with (439) at o = 0 [14]. For ensuring the superconformal invariance in this case, one needs
to extend the transformations (£.35]), (£30]) for « = 0 by the inhomogeneous parts

Sp¥' = pu <€i6_%“t - 5@'6%’”> . Opr=0(,B,=0. (4.52)

This modification entails the appearance of inhomogeneous pieces in the conformal transfor-
mations of z,

Tx = e " (i + pu), Tx = e™ (ix — pu) . (4.53)
The standard conformal so(2, 1) generators defined in (3.5), (8.8) act on z as

Hx:%(1+cos,ut)x'—%pusinut,

- 21 21

Kz = —Z(l—cos,ut)x’—l——lpsin,ut,
z 1

Dz =21 sin pt & + ip cos ut . (4.54)
1

The superconformal superfield action (£32)) is not defined at v = 0. Nevertheless, the
superfield description of (4.51]) can be given in the framework of the supercoset (3.24]) associated
with the o = 0 superalgebra ([3.2I)). According to (4.4]), the superfield G is written as

G = 2+ T O ()" =00 (0,07 B + 0 i)
+ (14 L 0%y) (6i07 et — 09 Gy e 800) + 496, B (4.55)
2 7 j iy .
and satisfies the standard “flat” (1,4, 3) constraints
e'DyD;G=¢e,;D'D'G=0, [D'DJ]G=0, (4.56)

where the covariant derivatives are@

D' = ¢ 2 (8892 — 00y — u@iﬁ) : D; = e2ht (—% +10;0, + ,uejﬁ) , (4.57)
D=0,  {D\,D;} =20 (it +uF). (4.58)

Then the component Lagrangian (4.51]) is reproduced from the superfield action
SLe=0(@) = / dt L1700 = —p? / dt d*0.d*g e 100 (4.59)

The “passive” superfield infinitesimal transformation of G involves only the inhomogeneous
piece

5(p)G = —pu (E’“Gk — Ekék) + pu (1 + ,ué'“@k) (é’“@kei’” - 5&'“6‘“”) , (460)

Though the superfield G has no external U(1) charge and the generator F yields zero on G, it is non-
vanishing when acting on the covariant derivative itself. Nevertheless, it is direct to check that in the @ = 0
constraints (£56) such contributions are canceled against terms coming from the phase factors in the definition

E5T).
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since its standard homogeneous part (4.8]) vanishes at a = 0.

Note that the superfield G at o = 0, though being defined in fact on the flat N' = 4
superspace, still possesses an unusual inhomogeneous transformation law ([£60) under the N =
4,d = 1 Poincaré supersymmetry to which, at @ = 0, the ¢, € transformations are reduced.
We can reformulate this model in terms of the superfield v having the standard homogeneous
transformation law under the A/ = 4,d = 1 Poincaré supersymmetry

uw=G+ pubf*,, su=0, (4.61)
"D Dju=¢e;D'D'u=0, [P Di]u=—4pu. (4.62)

The inhomogeneity of the full odd superconformal transformation law of u is retained only in
the part ~ g;, " associated with the generators S, Sy:

Spyu=2pp (1 — uékOk) (ékekei”t — 5k§k6_i“t) . (4.63)

The action (4.59) is rewritten in the form in which it does not involve explicit 6:

See=0P () = —p° / dtd*0d*de . (4.64)

We also note that the p dependence in the solution (AL5H) is fake because it can be re-
moved by the inverse phase transformation of fermionic fields as 1" — ’e~3#. Then the
whole p dependence in the component actions (4.50), ([4.51)) is generated by the 6 dependent
term in (A.59) or the O-dependent additional term in u defined in (4GI)) (if one prefers the
u-representation (4.64]) for the superconformal action). The definition of the fermionic fields as
in (E55) is convenient since it ensures the absence of the fermionic “mass terms” ~ pt)); in
(A50), (A5T). Despite the fact that at & = 0 we deal with the standard flat N' = 4 superfield u,
the superconformal transformations (4.G3)) still correspond to the trigonometric realization of
the conformal subgroup SO(2, 1), as well as of the full PSU(1,1|2). The parabolic realization
is achieved by redefining the fermionic parameters as in (£.37)) and then sending p — 0 in the
resulting transformations, like in other cases.

As the final remark, we notice that the a = 0 analog of the superconformal action (443
with ¢ # 0 and @ = —1 can be obtained [20] by considering the superfield action dual to (£43)):

5e=0.0.3 () = / dt d*0 d20 [—p26_%_“§k9’“ +¢ (60, — 6%6,) G}
_ / 0t 20 20 [—pPe + & (80, — 0P0) u] (4.65)

It can be checked that the relevant component Lagrangian coincides with the off-shell La-
grangian (£.47), modulo the replacements of all SU(2) indices by the SU’(2) indices (on which
the generators {F, C, C'} act) and the substitution ¢ — ¢.

5 The multiplet (2,4, 2)

5.1 Chiral SU(2|1) superfields

In this Section, we will consider the multiplet (2,4, 2), proceeding from the superspace (2Z.3]).
Also, in [5] the multiplet (2,4,2) was generalized by exploiting the superspace coset (2.12]).
Such a generalization will be addressed in the next Section.
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Employing the covariant derivatives (2.11), the standard form of the chiral and antichiral
conditions is as follows

(a) D;® =0, (b) D'® =0. (5.1)
This implies the existence of the left and right chiral subspaces [4]:

(tLv ‘9@)7 (th éz) ) (52)

where
tp =t +10%0;, — %m (0)? (5)2 , and c.c.. (5.3)
These coordinate sets are closed under the SU(2|1) transformations
80; = ¢; + 2m é*0,0; , St = 2i €0y, and c.c.. (5.4)

One can require that the complex superfield ® with the minimal field contents (2,4, 2)
possesses a fixed overall U(1) charge

FO=2k®, IL[d=0. (5.5)

The general solution of (B.1]) for an arbitrary real s reads:

(t,0,0) = (14+2m06,) " ®p(tr,0), @r(tr,0) =2+ V20,6 + (0B, (&) =¢. (5.6)
The chiral superfield ¢ transforms as
6 =2km (€60, + 0') @, 00, = 4kme'd; Oy, . (5.7)

This transformation law implies the following off-shell SU(2|1) transformations of the compo-
nent fields in (5.6)

6z = —V2e,E%, 06 = V/2€ (i2 — 26mz) — V2€' B,

6B = —V2¢, [iék -~ (% - %) mfk] . (5.8)

As in case of the multiplet (1,4, 3), for analyzing the superconformal properties of the multi-
plet (2,4, 2) it will be convenient to pass to the supercoset ([B.22]), in which the time-translation
generator is H € so(2,1). Imposing the constraints (5.I]) with the covariant derivatives defined
in (3.33) and choosing k = 0, we come to the left chiral subspace parametrized by the same
coordinates (tr,, 6;) as before, with the definition (5.3]) being valid. It is straightforward to check
that this set of coordinates is closed under the superconformal transformations generated by
B27) and B29) only for & = —1. The relevant coordinate transformations read

60; = € + 2 €010, + e, | Sty = 2i €0, 4 2i EFG T (5.9)

This agrees with the observation that under the action of the generators C, C' ([3.30) belonging to
the group SU’(2) the constraints (5.0]) are not covariant. Thus the chiral subspaces are closed,
and, respectively, the chirality constraints are covariant, only for the conformal supergroup
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D(2,1;a= — 1) = PSU(1,1|2) x U(1)ex. Note that the chiral superfields in the flat A = 4
superspace are also known to preserve the superconformal D(2,1;«a) covariance only for the
values a = —1,0 12, [13].

At a = —1 the overall U(1) charge operator F' drops out from the covariant derivatives
B33)), so the only solution of (5.1I) in this case, i.e. the solution consistent with the supercon-
formal covariance, corresponds to the choice x = 0 in (5.6). As follows from (5.7), the Q°, Qs
transformations of ®;, at k = 0 (i.e. those with €;, €") do not involve any weight terms. Since in
the appropriate basis S'(y) = Q'(—pu), S;(11) = Q;(—p), the same should be true for the g;, &
transformations, i.e.

5D, =6.D, =0, (5.10)

On the other hand, the measure of integration over the SU(2|1) superspace d( is not super-
conformally invariant at any « (recall (8.32)), so it is impossible to construct a homogeneous
superconformally invariant action out of the superfield ®; transforming as in (B.10).

One way to construct the superconformal action is to pass to its inhomogeneous version as
it was done for the a = 0 case of the multiplet (1,4, 3) in Section 4.5. This will be performed in
Section 5.3. Another way which allows one to construct a more general class of superconformal
actions is to start from the embedding of SU(2|1) into a central-charge extension of PSU(1, 1|2),
i.e. the supergroup SU(1,1|2) with the superalgebra given in Appendix A, egs. (A.4) — (A.G]).
The corresponding su(2|1) subalgebra is specified by the anticommutator

{Q1,Q;} = 2ull + 260 (M — n 22), (5.11)

where the central charge generator Z; commutes with all other generators. The natural modi-
fication of the supercoset ([3.22) for « = —1 is as follows

SUQRIN) 2 UM )ew {Q,QH, 2, F I} {Q,Q;,H, 2, 1}

SU(2) x U(D)ing X U(1)exs {11, Z,, F} (1.7, : (5.12)

where SU(2|1) in the numerator is defined through the Z; extended anticommutation relation
(5I0)) and we placed Z; into the stability subgroup. Recall that the former internal generator
F becomes an outer automorphism generator at & = —1 and is completely split from the
remaining su(1, 1|2) generators.

An element of the coset (5I2) coincides with (325). However, due to the appearance
of the new generator Z; in the stability subgroup and the modification of the basic SU(2|1)
anticommutator as in (5.I1), the covariant spinor derivatives (8.33) at o« = —1 should be
extended as

D' = D, =D +pue*§7, D; = Dy =D;— pe**,7,. (5.13)
Now we can require that the superfield ® has a non-zero charge with respect to Z;:
Z1®=00. (5.14)

Then, imposing the chirality condition (5.I)) with the modified covariant derivative (5.13), i.e.,

Dz;® = (D — pe0,2,) @ =0, (5.15)
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one obtains the solution
O(.0,0) = (1+210°0,) 2 Bp(ts,0), p(t,0) = 2+ V20,€ 3 1 (0)2Bet | (5.16)
which looks as (5.0, with b = 2k and the fields redefined as
€)= e,  B(t) = Bt)e™,  and c.c.. (5.17)

To preserve this b # 0 chirality, the holomorphic chiral superfield ®; should have the
following € and ¢ transformation laws

0Dy = 201 €0, Oy, 5Py = —2buE'0; e & (5.18)

or, in terms of the superfield &,
0P =bu (?Hi + eiéi) O, 4. =—bu (35’"& et — 2,0 e_i“t) (1 - ,uékek) d . (5.19)
Under the odd transformations (5.9]), (5.I8]), the component fields in (5.16]) are transformed as:

52 = —V2eptrert — /2 e theam,
06 = V2@ (i3 — buz) e 2" — V2 Bei + V2E (5 + buz) 2" — /2" Be 3,
6B = —/2¢, [ig’f — (b — 5) ug’f] e 2 — /25, [z'gk + (b — 5) ugk] ezt (5.20)
To avoid a possible confusion, let us point out that, leaving aside the issues of superconformal
covariance, the SU(2|1) chirality based on the coset (2.5]) and the covariant derivatives defined

in 2II) (eqs. (BJ) - (5.8) is equivalent to that based on the coset (512) and the covariant
derivatives (5.13). Indeed, using the relation H = H — pF, one can rewrite (5.11]) as

{Q',Q;} = 2ul; + 26, [H — u(F + Z1)]

which has the same form as the anticommutator in (2.4)), with m = p and the substitution F' —
F+ 7. The generator '+ Z; cannot be distinguished from F' since Z; commutes with anything
and does not act on the superspace coordinates. Then one can start from the supercoset (2.5]),
make the shift £ — F + Z;, and impose, instead of (5.5), the condition (F + Z;)® = 2x®
which can be realized either with F® = 2x®, Z;® = 0 or with F'® = 0, Z;® = 2P, b = 2k.
The relevant covariant derivatives (2I1) and (513]), equally as the solutions (5.6) and (5.16]),
have the same form for both options. The difference between F' and Z; is displayed at the
full superconformal level: In the basis (#, F) the generator F' entirely splits from all other
superconformal generators, while there is no way to make Z; not to appear on the right-hand
sides of the relevant anticommutators (see eqs. (A.4) — (A.G) for the case Zy = Z3 = 0).

5.2 Superconformal Lagrangian

The general SU(2|1) invariant action of the chiral superfields is defined as

S(®) = /dtL _ i/dgf (®,3), (5.21)
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where f (<I>, <I>) is a Kéahler potential. The corresponding component Lagrangian reads

N B 1 _ 1
L = gzz+ %g (SZEZ — &?) - %&5’“ (2g: — 29:) — 5 (€)* By, — 3 (£)? By-
_ 1 _ . ] .
+gBB—|—1(§)2(5)2gzz+ibu(22—Zi)g—%u(éfg—,éfz)
— & U = 1PV, (5.22)
where
b v 2
VvV = §(z85+282)f—z(285+z8,2) I,
U o= g(iag—l—zaz)g—l—(b—l)gjL%. (5.23)

Here, the lower case indices denote the differentiation in z,z, f. = 0.0;f, and g := f.; is the
metric on a Kéhler manifold. Performing the redefinition (5.17) in (5:22)) and choosing b = 2k,
one can see that this Lagrangian coincides with the chiral SU(2|1) Lagrangian given in [4] on
the basis of the supercoset (2.3)), in accord with the equivalency of two definitions of chirality,
as was discussed in the end of the previous subsection.

According to (5.19), in order to render the action (5.21]) superconformal, one needs to define
the Kéahler potential as

L
2

L@, ®) = (2D)* . (5.24)
Then the Lagrangian

® (Zz)%”_l (
SC 4b2
2198;31 ()2 [z _ 1 o %
2
_ “Z (22)% (5.25)

is invariant under the superconformal transformations (5.20]).
The simplest case of (5.25]) corresponding to the choice b = 1/2 and yielding the free action,

) .. = . — 2
LD = 55 4 % (&8 - &8) + BB — MZ 2z, (5.26)
was previously worked out in [A]1].
Thus we observe that the superconformal sigma-model type action for the multiplet (2,4, 2)

exists only for the non-zero central charge Z;, i.e. the relevant invariance supergroup is
SU(1,1]2), not its quotient PSU(1,1|2). It is worth noting that the action (5.2I]) with the

HThese actions become identical after choosing k = 1/4 and making the redefinition (5.17) in the action of
ref. [], which eliminates there the term ~ ££. Note that the su(2]2) symmetry found in this problem in [4]
appears only at the quantum level and is not related to the superconformal symmetry SU(1,1|2) x U(1) which
is present already at the classical level.
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superfield Lagrangian (5.24)), at any b # 0, is in fact related to the free bilinear action through
the field redefinition

[NIES

(@)% =, S(®) = ST (D) = i / A (L+21646,) > B, (5.27)

In other words, without loss of generality, we can always choose b = 1/2 and deal with the
Lagrangian (5.26]). The same equivalence to the free actions is valid also for other types of the
superconformal sigma-model term of the multiplet (2,4, 2).

5.3 Conformal superpotential

One can define the chiral superspace measure d(; which is invariant under the superconformal
transformations (5.9):

dC, = dtp d0e e, 5, (d(r) = 6. (d¢) = 0. (5.28)

Taking into account the explicit form of the superconformal transformations with b # 0, eqs.
(518), the only superpotential term respecting superconformal invariance is:

SPOY (D) = V/dCL In®, +c.c.. (5.29)
The corresponding superconformal Lagrangian reads

2B i€
LY =y (— + £§ ) +c.c.. (5.30)
z 2

After summing it with (5.20) and eliminating the auxiliary fields, the on-shell superconformal
trigonometric Lagrangian acquires the standard conformal potential

— 4 (5.31)

in addition to the oscillator term —“72 zZ . Thus the non-trivial dynamics in the Lagrangian
of the multiplet (2,4,2) invariant under the trigonometric realization of the superconformal
group arises solely due to the superpotential term (5.29). For the parabolic realization, the

same statement can be traced back to [21].

5.4 Inhomogeneous superconformal action at b =0

As was already mentioned, at b = 0 (or, equivalently, at k = 0) we encounter difficulties, when
trying to construct the superconformal action. It is still possible to define the inhomogeneous
superconformal action with b = 0 by resorting to the same procedure as in Section Indeed,
the parameter b can be identified with a central charge of su(1,1|2), therefore one can identify
—b with the scaling dimension Ap of the chiral multiplet [14, 22, 23]. Making the redefinition

P

z—=>z+ -, zZ—zZ+

2 : (5.32)

D
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detaching the singular factors and, finally, sending b — 0, we obtain the Lagrangian

= ztz | ., (e i g = - N . 2tz
LEP = e [zz+§ (¢ - &) +BB] — G-
1 _ — 2+ 1 2+% — z
i OB+ (©) B 4 g V(@0 -t (533)
It can be derived from the following SU(2|1) superfield action

SE=0.0) () = / dt L=00) = p? / d¢ (1+2u ékek)‘% et (5.34)

The relevant supersymmetric transformations (5.20) with b = 0 should be extended by the
inhomogeneous pieces

&' = —V2pp (36‘%” — 5"6%’“) , O(p2=0pB=0. (5.35)

This is equivalent to saying that, at b = 0, the “passive” variation of the holomorphic chiral
superfield ®;, under both supersymmetries involves only the inhomogeneous parts

S @1 = 2pp (€°6), — 8 0pe™r) . (5.36)
It can be obtained from the transformation (5.I8]), where @ is shifted as
R % (5.37)

in conjunction with the shift (5.32)). Then we can write the invariant superpotential term as
SN P) = v / d¢, ®; +cc. = L =2vB+20B. (5.38)

The action (5.34]), like its b # 0 counterpart, can be reduced to the bilinear action by means of
the redefinition 0 R

6WN(I)L, (I)LNhl(I)L.

Then the full b = 0 superconformal superfield action amounts to a sum of the free kinetic action
and the logarithmic superconformal potential.

Note that the action (5.34]) can be rewritten as

sevo@) = g [ dce, (5.39)
where
and
0P = pu (E“Pi + eiéi) — pl (1 — uékek) (3ék9kei”t — 5k§k6_i“t) . (5.41)

The superfield (5.40) can be regarded as a solution of the chirality condition (B.Ih) with the
covariant derivative (5.13]), in which the central charge Z; acts on ® as the pure shift

Z1®=p. (5.42)

In this way, the parameter p # 0 activates a non-vanishing central charge in su(1,1]|2). Thus
the superconformal sigma-model type action at b = 0 exists only on account of a non-zero
central charge in su(1,1]2), like in the b # 0 case.
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5.5 The limit ;=0

As an instructive example, we consider the parabolic chiral model obtained in the limit p = 0.
In this limit, the superconformally invariant action of the chiral multiplet becomes

L
2

1 o
SW=0)(p) = 1 / dt d’0 d*0 (99)> . (5.43)
The chiral superfield ® transforms under the superconformal charges as
60 = —4ibe"0; ® (5.44)

while transforming as a scalar under the d = 1 Poincaré supersymmetry with the parameters
¢!, €. The whole amount of superconformal transformations is derived from the trigonometric
ones according to the procedure (d.37). The parameter b is still interpreted as the central charge
of su(1,1]2). Then the superconformal component off-shell Lagrangian

_ Ll DU RN W—1)2 1 _
I [zz+%(£i£ —£i£)+BB] e ENGHG)
B (2o B Gt (32— 22) + o (€ Ba 4 1 (€)’ Bz] (5.45)

is invariant under both the Poincaré and the superconformal N’ = 4,d = 1 transformations

6z = =268 + V2t ek,
06 =V2ies —\V2"B — V2i " (ti — 2b2) + V2t B,
0B = —2idé +V32iz, [tsk—(zb—mgﬂ. (5.46)

The inhomogeneous superconformal Lagrangian at b = 0 reads

z2+Z z+z

LP=00=0p) — o5 {éz’ + % (éfz - ngz) + BB} - 4L ' (2 —2)e™
p

1 B, =\ 2 z+z 1 z+z —\2
Y {(€)QB+(€) B]ezp TR (©* ()" (5.47)
and it can be deduced from the superfield action
SS(éLZO,b:(],p)(@) — /dt ng:Q b=0, p) — p2 /dt d29 d2§€¥. (548)

In the inhomogeneous case, the superconformal transformation of the superfield ® involves only
the inhomogeneous piece

S ® = —4ipe™o; . (5.49)

Since the superpotential terms (5.30]) and (5.38) do not depend on g, their form is preserved
in the parabolic limit 4 = 0. The only peculiarity is that the invariant chiral integration
measure (5.28) turns into the flat measure dt; d?¢. Obviously, the kinetic superfield term
(548)) is reduced to the free one after the appropriate holomorphic redefinition of ®.
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6 Generalized chiral multiplet

6.1 Another type of chiral SU(2|1) superspace

In [5], there was defined a different kind of SU(2|1) chiral superfields. Let us consider the
general coset (5.12). The chiral condition (B.I]) can be generalized as

(a) Dip=0, (b) Dig=0, (6.1)

where the spinor derivatives D', 1:), are the following linear combinations of the covariant deriva-

tives defined in (3.33):
Y:Di:cos)\l_)i—sin)\Di, D' = cos \D' +sin \D" . (6.2)

One can treat such combinations as the result of particular rotation by an extra SU’(2) group
with the generators {C,C, F'}. In general, the SU’(2) transformations break the covariance of
the constraints (G.I). The latter remain covariant only under the special combination of the
SU'(2) generators,

1 _
F/:FCOSQ)\+§ (C+C)sin2\. (6.3)

Thus the constraints (6.I) are covariant under the superconformal group D (2,1;«) only
for @ = —1, when it is reduced to the supergroup PSU(1,1|2), and under the external auto-
morphism U(1) group with the generator F’ (63)). The Hamiltonian H is identified with the
whole internal U(1) generator of the non-extended subalgebra su(2|1) C psu(1,1]2) for « = —1,
m = [i.

The conditions (6.1]) amounts to the existence of the left and right chiral subspaces:

(t2,0,), (tr, 52) ; (6.4)

where

tp=t+ Zékék , 0, = (cos A Hie%“t + sin A éie_%“t) (1 — g §k9k> ) (6.5)
As expected, the coordinate set (7, 6;) is closed under the SU(2|1) transformations

5@ = cos \ (e,- il L Ekéké, e_%“iL) + sin A (E,- e~z 4 ,uekéké,- e%“&) ,

5t = 2icos A0, e~ 9 sin \ €6, eshir (6.6)
The second SU(2|1) transformations

592- = cos A (52- e~ amiL _ ,uékékéi e%“£L> + sin A (Ei estin ,uakékéi e_%“&) ,

§t; = 2i cos A "0, eahtL _ 9 sin \ "6, e~ i (6.7)

are generated by ([B.29) for « = —1 and also leave the left chiral subspace invariant. The chiral
subspace (6.5) is not closed under the SU’(2) transformations generated by {C,C, F'}, except
those generated by the U(1) generator (6.3)).
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Since at @ = —1 the superconformal group admits the central extension, in what follows we
will assume that the o = —1 spinor covariant derivatives in the definition ([62) are replaced by
the central-extended ones DY, Dz; (5.13), i.e. in the chirality constraints (6.1]) we will use
Z:)i =cosA\Dy; —sin \Dy;, D = cos A DY, +sin A DY, . (6.8)
Assuming that the central charge acts on the superfield ad!?
Zivp =bcos2\ ¢, (6.9)
the solution of (6.1]) is given by
P(t,0,0) = e ey (7 G) oy (f1,0) = 2+ V20,E" + (0)B. (6.10)

As we will see, the parameter |b| is associated with the norm of the triplet of central charges
like in the previous Section, since in the case under consideration the superalgebra psu(1,1]2)
turns out to be extended by three constant central charges. This is consistent with the limit
cos 2\ = 1 in the generalized conditions (6.1]).

The transformations of the superfield ¢ are given by

d0cp = bucos2\ ookt [cos)\éi (1 + gékék) — sin)\éi (1 — gékék)} %
+ by cos 2\ eie%“t [cos)\éi (1 + g 5kék> +sin \ @ (1 - g5k§k>] ©,
0:p = bucos2\ Fleaht [cos)\éi (1 — gékék> - sin)\éi <1 + g ékék>] ©
~+ b cos 2\ 5ie_%“t [cos)\éi (1 — gékék) + sin A\ & (1 + g 5’%})} %
— 4bu [cos)\éiéi (1 — g§k9k> ekt 4 sin \ £6; (1 + g ékék> e_%“t} ¢. (6.11)
The relevant “passive” transformations of the holomorphic superfield ¢, are
O0cpr, = 2bucos2\ (cosAEie_%‘“gL - sinAeie%“£L> émL,
O0cpp = 2bpcos2A (cos)\éie%“& — sin)\eie_%“&> éigpL
—4bp (cos)\éie%”& + sin)\eie_%”&> 001 . (6.12)

Then the full set of the off-shell transformations of the component fields is generated by (6.12I)
and by the coordinate transformations (6.6]), (€.7):

0z = — \/ﬁcos)\ekfke%”t — \/§sin)\€k§ke_%“t,

06 = /2@ (icos Az — bucos2\ cos Az — sin A B) ekt
—V/2€ (isin A £ — bjucos 2) sin A z 4 cos A B) ezht,

6B = —+V2cos)\é, [z&k + g (1 —2bcos2)) fk] e~

+V/2sin A g [ka — g (14 2bcos2)\) fk] et (6.13)

12The eigenvalue of the central charge Z; in this case is not obliged to be the same b as in Section 5. We
hope that denoting it also by b will not give rise to any confusion.
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0z = — \/ﬁcos)\ekgke_%“t — \/ﬁsin)\ékfke%“t,
) . 1 i
ot = V2& [icos)\z' + 2bp cos A <1 — §cos2>\) z— sin)\B] ezt
il . . . 1 — ¢
—V2¢e" |isin Az — 2busin A [ 1+ §C082)\ z+cosAB|e 2]
. 1 i
6B = —V2cos A&, {z’fk — gfk + 2bp (1 — 508 2)\) fk} ezt
. 1 i
+/2sin A gy {i&k + g{k — 2bp (1 + 5 €08 2)\) fk} ez (6.14)
The new set of the transformations (6.13)), (6.14]) closes on the centrally extended superal-
gebra ([A.4]) — (A.G) with the central charges

Z1 =bcos 2, Zy = bsin 2, Zs = —bsin 2\, (Z1)? — ZyZ5 = V™. (6.15)

The precise realization of the central charges on the superfields ¢, ¢ is given by the following
transformations

0 = 2ibp (a1 cos 2\ + ag sin 20) ¢, (6.16)

where a1, as are infinitesimal parameters associated with Z; and Z, = —Z5.

6.2 The superconformal Lagrangian

The most general sigma-model part of the SU(2|1) invariant action of the generalized chiral
superfields gp(t, é, é) is specified by an arbitrary Kéhler potential f(p,@):

St = [al = [disie), (617)

where the SU(2|1) invariant measure is
d¢ = dt d*6 20 [1 + [t cos 2\ 5kék — gsin 2\ (5)2 - g sin 2 (0)?] . (6.18)
This measure is not invariant under the second-type SU(2|1) transformations (with u — —pu).
The transformations of d{ can be canceled, using the inhomogeneity of the chiral superfield
¢ transformation (6.I1]) for b # 0. One can check that the superconformal action is uniquely
specified by the following Kahler potential

1
e, p) = (@)= . (6.19)
The corresponding full superconformally invariant off-shell component Lagrangian reads

R S . 9
7 (b) _ (ZZ) 2b s E Fli ;' i = (26 — ]_) 1 _9 2 /N2
L¢ o |2 (86 -&€) + BB| + L ()59 ()

20—1, 1 o1 = . I RPN N

o (22)% {5 gkgk (zz—zz)+§(§) Bz+§ (5) Bz}
2b—1

BRTCE (22)%_2 4 sin 2\ [22 (5)2 + 22 (5)2] ,

(22)71’)_1 W — b®
T [5 sin 2\ (Bz + Bz) + > cos? 2\ zz} : (6.20)
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In the particular case cos A = 1, one comes back to the Lagrangian (5.25]).

6.3 Remark
Let us make the following redefinition in (6.20)

B=B+busin2\z, and c.c. (6.21)

The redefined superconformal Lagrangian (6.20) exactly coincides with the previously con-
structed superconformal Lagrangian (5.25]) (with B — B). However, it is invariant under the
following modified transformations

6z = —V2(cos e +sin A &) ghest — V2 (sin A&, + cos Aey) gheamt
68 = V2 (cos A& —sin\e') (iz — buz) ek — /2 (Sin A€ + cos A e’) Be—sht
— V2 (sin A€ — cos A &) (2 + bpz) et —\/2 (cos A€ +sin A &") Be2,

6B = —+/2(cos g, —sin\ey) {sz — (b — %) ,ugk] e~ Hl
+ V2 (sin X ¢, — cos A &) {ka + (b — %) Mgk} et (6.22)

which are just (BI3), (614) rewritten in terms of B defined in (621). These transformations
are induced by (6.6), (617) and the superfield transformations

0pr, = 2bu [(cos A€ — sin Aei) 0; e~k _ (cos)\éi —sin A ei) 0, e%”&} oL - (6.23)

The newly defined chiral superfield ¢, encompasses the field set (z, ", B) and is related to

©10) as
pulin,0) = [L+busin2x (03] G1(61,0),  @ulin.0) ==+ V20 + (0B (6.24)

Note that the e;,&" transformations in (6.22)), (6.23) are obtained from the €;, & ones just by
the replacement p — —p in the latter, in the agreement with the general statement of Section
3.

After passing to the new independent linear combinations of the infinitesimal parameters
{€,€,¢,&} as

€ = COS A€ +SIn A&y, € = COSAep +sin A€, and c.c., (6.25)

the above transformations take just the form of (5.20). These new combinations of the param-
eters correspond to the following redefinition of the D(2,1; = — 1) supercharges

Q' =cosAQ' —sin\ S, St =cosA S —sin A Q’, and c.c.. (6.26)

The redefined supercharges close on the superalgebra (A.4]) — (A.6]) with the single central charge
Z1 = b, i.e., the superconformal models of the generalized chiral multiplet prove to be equivalent
to the superconformal models associated with the standard chiral multiplet. One can check
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that the generator (6.3)) is the U(1) automorphism generator of the su(1, 1|2) superalgebra with
the supercharges @', Si. Thus, as far as the superconformal SU (2|1) mechanics is concerned,
the generalized SU(2|1) chiral multiplet does not give rise to new models compared to the
“standard” chiral multiplet.

More details on connection between the standard and generalized SU(2|1) chiralities from
the superspace point of view are given in Appendix Bl

7 The “mirror” multiplet (2,4, 2)

The a = 0 version of the chirality conditions (5.1]) or (6.I]) is not covariant under the full second
SU'(2) o< {F, C,C} and, hence, under the superconformal group D(2, 1; «=0) which necessarily
contains SU'(2) as a subgroup.

However, one can define the “mirror” chiral multiplet (2,4, 2) which respects the covariance
under the a = 0 superconformal group realized in the coset (3.24]). Using the o = 0 covariant
derivatives (L.51), we may impose the relevant chiral conditions as

D,® =D’ =0. (7.1)

It is straightforward to show that at a = 0 these conditions are covariant with respect to the
superconformal symmetry PSU(1,1|2) x U(1)ex, with the internal SU(2) group generated by
{F,C,C} and H as the Hamiltonian. The generator I} = —I2 plays the role of an external
automorphism U(1)e generator, while the generators I?, I violate the covariance of (7.1])
and so should be thrown away. Since the SU’(2) generators {F,C,C} form a subalgebra of
psu(1,1]2), allowing the chiral superfield to have an external U(1) charge with respect to F
would entail the necessity to attach the whole SU’(2) index to ®. This would result in extension
of the field contents of ®. In order to deal with the chiral multiplet possessing the minimal
field contents (2,4, 2), we are so led to require that

FO=0. (7.2)

The conditions (7.I]) amount to the existence of the chiral subspace (tz,6;,6?), where
tp=t+i0'0, —i0%0,. (7.3)
It is closed under the superconformal transformations

oty = 21 (5191 + 0% + 210, er + €2§2e_i“tL) ,
60, = €1 + g1 M 4 21890707
§0% = & + e — 2, 810,0%er (7.4)

As in case of the @ = —1 chiral multiplets, we extend the algebra (B.2I]) by the central
charge generator:

{Q,Qs} =205 (H + p F) + 21 (03)5V,
[F>Ql}:_%Ql> [Fan}:%Qk>

Q) =50, [HQ]=-5Q" (7.5)
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The superfield ® can have a non-zero charge under V:
Vo = ad. (7.6)

Then the extended algebra (7.5H) is embedded in the a = 0 counterpart of (A]) — (AL6]). Like
in the coset (5.12), we place the central charge in the stability subgroup

{in qu %7 F7 V}
) 7.7
EV) (1)
The modified covariant derivatives are as follows
Dl — 30t o 00, — uO'F — pn6'v ),

00,

_ D
Dy = ezt 892 + 292@ + ,uegF ,UQQV (78)

Keeping in mind the condition (7.2), the solution of (7.I]) can be written as
(t, 04,05 ) = e~ m?0x [z(m F V20 () €31+ V2P (ty) e — 29192B(tL)] . (7.9)

Thus the number «a is an analog of the charge b and it can be identified with the central charge
of the conformal superalgebra su(1,1]2) of the a = 0 case.
The o = 0 chirality-preserving odd transformations of ® read

5e<f> = au (6191 — 6252) o — ap (6292 — 619_1) (f,

5€<I> = —3au (51916““ — 52§26_i“t) (1 — %ékek) o
— ap (220, — e10"e ™M) (1 — 31 0%6y) ©. (7.10)
They generate the off-shell transformations of the component fields
52 = —\V2ent e — 220, M — \2ent e M — /2%, e2,

ot = V28 (iz —apz) e 2 4 V2@ Be i 4 V22 (i3 + apz) ex + V222 Bestt,
il = V2e (i2 +apz) e — V2 Beit +v/2e, (iz — apz) e 3 — /2, Be 3,

1 ; 1 ;
0B = —V2e [m1+ a——)unl] et — 2 {z‘ﬁl—(a——)unl] e” 2

2 2
+V2¢é [2772 — (a — %) ung] e 2 4 /2! {2172 + (a — %) ,ung] ez, (7.11)
The superconformally invariant superfield action
S0 (@) = / dt L") = —i / dt d*0 %0 (cix%);“ (7.12)
yields the following component superconformal Lagrangian:
R .
26;_ L (zz)%_2 B (771771 — 772772) (22 — 22) + o' BZ + min Bz}
2

1

,uz (22)2 . (7.13)
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One can cast it into the form of the Lagrangian (5.25) by passing to the fermions ¢ with the
primed doublet indices as

b= §1l: =&y, n’ =&, i =&, (7.14)
) =&, () =1m. (7.15)
This redefinition makes manifest the property that the fermionic fields are transformed as

doublets of the SU’(2) group with the generators {F,C,C}.
As in the case of a = —1, we can add the superconformal superpotential term

3

. o~ B it
Spot(a=0) () — / dty 6y dB? Indp + o = LpHe=0) — o <— + %) +c.c., (7.16)
z z

which yields on shell the standard conformal mechanics potential in addition to the oscillator-
type term ~ p? coming from the superconformal superfield kinetic term. The latter can be
reduced to the free one as in the previous cases.

Thus the superconformal action at o = 0 can be constructed using the superfield approach
associated with the a = 0 supercoset (8.24)), while the « = —1 action (5.25)) was based on the
SU(2]1) supercoset. In the parabolic limit x = 0, both supercosets are reduced to the standard
flat ' =4,d = 1 superspace.

8 D-module representation approach

Here we sketch a different approach to the d = 1 superconformal actions based solely on the
component field considerations [22] 23], [14].

8.1 The N =4 linear supermultiplets

As a preamble, it is instructive, following ref. [I4], to give a concise account of the general
superconformal properties of the set of linear N' = 4 supermultiplets (k,4,4 — k) for k =
0,1,2,3,4, despite the fact that in the present paper we deal with the cases £k = 1,2 only.

The linear supermultiplets (k,4,4 — k) for £ = 0,1,2,3,4 exist in the parabolic and hy-
perbolic/trigonometric variants [14]. The parabolic variant leads to actions which are both
superconformally invariant and show up the manifest Poincaré supersymmetry. The hyper-
bolic/trigonometric variants lead to superconformally invariant actions in which the d = 1
Poincaré supersymmetry is implicit (the corresponding supercharges are not a “square root” of
the canonical Hamiltonian as the time-translation generator) so they look non-supersymmetric
or weakly supersymmetric. The potentials are bounded from below in the trigonometric version
(i.e., they are well-behaved). They are unbounded (bad-behaved) in the hyperbolic version. In
the parabolic case the Hamiltonian is a Cartan generator of the conformal so(2, 1) subalgebra.
In the hyperbolic/trigonometric case the canonical Hamiltonian is a root generator of so(2,1).

The connection of these N' = 4 linear supermultiplets with the N' = 4 superconformal
algebras and the corresponding scaling dimensions A\p is as follows [22] 23| [14]:

e (0,4,4): D(2,1;a=2)\p);

e (1,4,3): D(2,1;a=\p). At @« = —1 and a = 0, the extra inhomogeneous constant
parameter c is allowed;
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e (2,4,2): su(1,1]2). The scaling dimension Ap is associated with a central charge of
su(1,1]|2) as A\p = —b;

e (3,4,1): D(2,1;a=— Ap);
e (4,4,0): D(2,1;a=—2\p).

For all multiplets except (2,4, 2), the superconformal algebra at & = —1,0 can be reduced to
the superalgebra psu(1,1|2).

Another type of inhomogeneous linear transformation [14] is only present at A\p = 0. The
inhomogeneous parameter is p. The supermultiplets (k, 4,4 — k), carry a representation of
psu(1,1|2) for k = 0,1,3,4 and its central-extended version su(1,1]2) for £ = 2. One should
note that the superconformal actions based on (k, 4,4 — k) at a given Ap are not defined at
Ap = 0. On the other hand, the superconformal actions based on (k, 4,4 — k), are well-defined.

8.2 Superconformally invariant (2,4,2) actions from the D-module
approach

In [I4], all hyperbolic D-module representations for the A/ = 4 linear multiplets (k,4,4 — k)
were obtained and the trigonometric D-module representations can be easily derived from the
hyperbolic representations. Then one can construct the hyperbolic/trigonometric supercon-
formal actions proceeding from the D-module representations. The method of construction is
described in [22]. Some superconformal actions of the supermultiplet (1,4,3) were found in
this way in [14]. Here we present the realization of the N = 4 superconformal algebras and
perform the construction of the superconformal actions for the supermultiplet (2,4,2) in this
alternative approach.

We use the same notation and definitions for the component fields and superconformal
generators as in the previous Sections. The action of generators of the conformal algebra are
given below:

Hz =iz,  HE =i,  HB=iB,

Tz=e " (i3 —buz), TE = e [@52 — <b — %) ufl] , TB=e " |:ZB —(b-1) ,uB] ,

Tz =" (iz 4+ buz), TE = ™ [Zf’ + (b - %) uf’} , TB = '™ [zB +(b-1) uB] . (8.1)
The fermionic generators are specified by

Qz = —V2ger, Qe =V2e*Ber,  Q'B=0,

Qiz=0, QiF=—V26F(iz—buz)e , Q;B=—V2¢ey [iék - (b — %) ugk} e 3t

Sz =—v2geTit Sieh =2k BeiM, S'B=0,

Siz=0, SiF=—V26F (i3 +0bpz)er, 5B =—\2¢y, [@'ék + (b — %) ugk] e (8.2)

Since all (2,4, 2) Lagrangians can be reduced to the free Lagrangian (5.26]), it is enough to
consider the free case b = 1/2. Then the superconformally invariant action is generated from
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the prepotential f(z,Z) by acting with the supercharges (); on the propagating bosons z, z as

LG = %QiQiQka f(z,2). (8.3)

The prepotential f(z,Z) can be found from the constraint that the action of conformal gener-
ators on the Lagrangian produces a total time-derivative:

d _ d -
T L0=1/2 — % \f TLO=12) — = a1 8.4
scC dt Y sc dt Y ( )
where the explicit form of M is of no interest for our purposes. Solving these constraints, we
obtain the prepotential

f(zv 2) =2Z. (85)

The corresponding superconformal action (83]) generated from the D-module representations
can be shown to coincide with the superconformal action (5.26) derived from the SU(2|1)
superspace approach.

The superpotential term (5.30) can also be equivalently constructed using the D-module
approach. We define

IR = Q') + 5 Q) (5.6

and impose the conformal constraints in the same way as for (84]). As their solution we uniquely
obtain

h(z) =—vinz, h(z) = —vInz. (8.7)

It is direct to check that (88]) for such h(z) coincides with (5.30).

Note that the superfield and D-module approaches can be regarded as complementary to
each other. The second method directly yields the component off-shell Lagrangians. On the
other hand, the superfield techniques bring to light some properties which are hidden in the
component formulations. For instance, the reducibility of the general sigma-model type action
of the multiplet (2,4,2) to the free one is immediately seen, when using the chiral SU(2|1)
superfield language, as in Sections 5 - 7.

9 Summary and outlook

In this paper, we presented the superspace realization of the trigonometric-type N'=4,d = 1
superconformal symmetry. This realization can be given in terms of the SU(2|1) superspace
at @ # 0 or in terms of the U(1) deformed flat N' = 4,d = 1 superspace at a = 0. In the
contraction limit p = 0, the relevant superconformal models are reduced to the standard models
of the parabolic superconformal mechanics, with the superconformal Lagrangians constructed
out of the standard N' = 4, d = 1 superfields. The main advantage of the SU(2|1) superfield
approach (or its degenerate o = 0 version) is that it automatically yields the trigonometric-
type realization of the superconformal symmetry, with the correct-sign harmonic oscillator term
~ 12 in the component actions.
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Our construction is based on the new observation that the most general N' = 4,d = 1
superconformal algebra D(2,1;a) at a # 0 in the SU(2|1) superspace realizations can be
represented as a closure of its two su(2|1) subalgebras, one of which defines the superisometry
of the underlying SU(2|1) superspace while the other is obtained from the first one by the
reflection of the contraction parameter as u — —pu. This suggests the simple selection rule for
singling out the superconformally invariant actions in the general set of the SU(2|1) invariant
actions constructed in [4], 5]. The superconformal SU(2|1) actions are those which are even
functions of p. The superalgebra D(2,1; a=0) ~ psu(1, 1|2) & su(2) (and its central extensions)
admit a similar closure structure, this time in terms of two p-dependent U(1) deformed flat
N = 4,d = 1 superalgebras.

We gave an off-shell superfield formulation of the trigonometric superconformal actions of
the multiplet (1,4,3) some of which were constructed earlier at the component level in [14],
and presented new trigonometric superconformal actions for the chiral multiplet (2,4, 2). For
the latter multiplet the superconformal actions exists only for &« = —1 and a = 0, and they
are always reduced to a sum of the free kinetic (sigma-model type) SU(2|1) superfield action
and the superconformal superfield potential, yielding, in the bosonic component sector, a sum
of the standard conformal mechanics potential ~ # and the oscillator term ~ p?|z|>. The
SU(2|1) superfield approach provides a simple proof of this notable property. Another feature
easily revealed in the SU(2|1) superfield approach is that the superconformal e = —1 models
corresponding to the generalized (2,4, 2) chirality [5] proved to be equivalent to the supercon-
formal models associated with the standard chiral SU(2|1) multiplet. The common property
of all superconformal sigma-model type (2,4,2) actions (at « = —1 and o = 0) is that they
exist only on account of non-zero central charge in the corresponding superconformal algebras
su(1,1]|2). We also presented an alternative way of deriving the component superconformal
(2,4, 2) actions, based on the D-module representation approach developed in [14, 22, 23], and
found the nice agreement with the superfield considerations.

It would be interesting to use the SU(2|1) superspace approach to construct analogous mod-
els with the trigonometric realization of superconformal symmetry for other off-shell SU(2|1)
supermultiplets, with the field contents (3,4, 1) and (4,4, 0), as well as the multi-particle gen-
eralizations of all such models (including those studied in the present paper). Also, it seems
important to better understand the relationship between the SU(2|1) superfield approach and
the component approach based on the D-module representations of the superconformal sym-
metries, including D(2,1; ). Finding out the possible links with the superconformal structures
in the higher-dimensional theories based on curved analogs of flat rigid supersymmetries (see,
e.g., [24]) is also an urgent subject for the future study.
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A Central extension of superconformal algebra

At @ = —1 (or a = 0) it is possible to extend the superalgebra D (2, 1; «) by additional central
charges. In this particular case, the (anti)commutators (B.1]), (3:2]) can be cast in the form

{Quaiir, Qpjyr} = 2 <5ij€i’j’ af — €ap€ityrJij — Eaﬁeijcz"j'> )
[Taﬁa Q—yii’] = —1 E*y(erB)ii’ 5 [Taﬁa T’yé] =1 (eoryTB(S + EB(STa'y) 5

[Jijs Qakir] = =1 €1 Quajyir » [Jijs Jrt] = 1 (€ + €1din) s (A1)
where the central charges Cj;; commute with all other generators. They form a vector with

respect to the automorphism SU’(2).y transformations acting on the indices 4’, j'. The norm
of the vector Cy ;s of central charges,

]_ 5! 1.
O = 5 C™V Cop (A.2)

is an invariant of these SU’(2).x; transformations. Hence, in the case of constant central charges,
we can choose the SU'(2)qx frame in such a way that only one non-vanishing central charge
remains, e.g., its third component:

Cro #0,

lell = CQ/Q/ =0. (Ag)
Simultaneously, SU’(2)ey is reduced to the automorphism U(1)exs-

One can equivalently rewrite the superalgebra (A.I)) as the appropriate extension of (3.9]) —
BI2) at o = —1:

{Q1,Q;} =2ul; + 265 (H—pn2Zy), {5, 5;} = —=2ul; + 20, (H + pn2Zy)
{5',Q;} =251, {Q",S;} =20;T,
{Q', 5%} = 2ue™ 7, {Qj, Sk} = 2ue s,

(A.4)
(15, 1f] = &1 = 817,

o 1 .. = o ) . 1 ..

(5@ = 500605, [,Q] =5Q - 550",
[Qﬁ@:%%&—&%, [%Sﬂ=&9—%%ﬁa (A-5)

[T.T) = —2uH,  [H,T|=upl, [HT]

= —uT,
[#.5] =55, M. =55" [Q]=5Q. [HQ]=-50"
[Ta QZ:| - _:uSia [T’ S]] = _ILLQj ) [T> Q]] = :ugj ’ [Ta SZ] = MQZ

(A.6)
According to (B.8]), the central charges appearing here are related to the central charges defined
in (AJ) as

01/2/ = C2/1/ p— ZZI 5 Clll/ = ZZ2 5 C2/2/ p— ZZg 5 ‘C|2 == (Zl)2 - Z2Z3 . (A?)
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B More on SU(2|1) chiralities

As was demonstrated, the superconformal SU(2|1) models of the (2,4, 2) superfield defined by
the generalized (central-charge extended) chirality condition (6.1]) are in fact equivalent to those
constructed on the basis of the superfield subjected to the “standard” chirality condition (5.1I)
(or its central-charge extended version (5.15)). So in the superconformal case the parameter A
entering (6.1), (6.2), (6.8]) is unessential. This is in contrast with the pure SU(2|1) invariant
models in which A is a physical parameter specifying a new class of such models [5].

Let us discuss the interplay between two types of the SU(2[1) chirality in more detail,
based upon the superspace considerations. It will be useful to pass to the coordinates {t, éj, é’}
defined by the relations (3.38). Being specialized to v = —1, these relations read:

0 = i0; (1= 50°0,) = eivt;, ty=t+i0';,

§i = e btgi (1 . gékek) e 1 LI (B.1)

The SU(2|1) supercharges (3.39) are rewritten as

Qi:e%ﬂt{ [ ekek——Q(éV(é) } O _uigr2 4 i (1+ ekek) @}
16 06); do*
2 _ _
). — ekt ok 2 (52| 2 9 H gkg
Q;=e { { K grg, 16 0)2(0) } = aé + 0 (1+ >0 ek) 8t}(B.2)

The extra generators S; completing SU(2|1) to D(2,1; o= — 1) are represented in this basis as
S(p) = Q(—p). The covariant derivatives (5.13)) take the form

2 ~ = a ~. ~.
D, = [1 + B kg, — o (9)2(9)2} (a_e — 00, + uelzl) ,

_ 12 o = o - _
Dy, {1+ 54, _E(ey(e)]<_£+zejat_uejzl). (B.3)

We ignore the matrix SU(2) generators I ]l in D', D;, because the generalized chiral superfields
defined by (6.I)) cannot carry external SU(2) indices owing to the compatibility relation

{YZDk, 753} = —2usin 2\ I; , and c.c..
Using the explicit expressions (B.3)), the generalized chirality condition (6.I) with 1:)]- defined
according to (B8) can be rewritten in the basis {t,60;,0'} as

= 1P 50 2 g .~ ~

It is easy to check that the coordinates 6; defined in (6.5)) and parametrizing the left chiral super-
space (6.4]) can be represented, for generic A, as a particular SU(2) rotation of the coordinates

éj, él
0; = cos \0; + sin)\éi, 5’ — cos A0 — sin A 6. (B.5)
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In the basis {t,6;, 52} the condition (B.4]) becomes
- _ - 2 _
- z i E o (G55 a gk H a2
Djp = [1 + 5 €os 21 6%6;, — 7 5in 2\ <9k9k + 9k9k> T (6)%(9) }
X (-i + z'éjat — ,uéjZl) p=0. (B.6)
067

Comparing (B.6) with the “standard” chirality constraint (5.I5) written through Dz; from
([B.3), we see that they have the same form, up to an unessential non-singular scalar factor and
the change of Grassmann coordinates as 6 < 6.

One can define the new supercharges

Q' = cosAQ' —sin A 5", and c.c.,

—~

B.7)

and check that they coincide with the generators (B.2) in which the same substitution (9, 9:) —
(é, é) has been performed. The same applies to the S supercharges

St =cosA ST —sin A Q' and c.c., (B.8)

and the corresponding conformal subgroup generators. We also observe that the U(1) generator
(63]) takes the form

F/:Fcos2A+1(C+C)sin2A:1(ék 0 90 ) (B.9)
2 2 o0k 00,
which, up to the coordinate change just mentioned, coincides with the definition (B.41]) of F'.
As was shown in Section [6.3] the transformations (6.22]) of the component fields under the
supercharges (B.1), (B.8)) with the parameters ¢;, &; defined in (6.25)) have the same form as the
original (@, S) transformations (5.20) with the parameters ¢;,¢;. Accordingly, the superfield
(@, S) transformations (5.I8)) of ®, can be given the same form as the transformations (6.23)
of the superfield @ (f1,0) under the supercharges (B1), (B8) by rewriting (5.18) through the
coordinates (tL, 0 ):

001, (t,0) = 2bu (39} e — £, e%“tL> Oy (t,0). (B.10)

Thus we observe the full similarity between ®;, and ¢, modulo the change (¢, 0) < (i.,0).

This phenomenon can be summarized as follows. In the basis {t, 9]-, é’} the rotated super-
conformal generators (B), (B.8) have the same form as the original supercharges @', S* in the

basis {t, éj, él} The superconformal subclass of the actions of the generalized multiplet (2, 4, 2)
is invariant under both ) and S supersymmetries, hence it is invariant under their Q and S
realizations as well. The generalized chiral SU(2|1) superfield defined for the @, S realization
of the superconformal group looks just as the standard chiral SU(2|1) superfield with respect
to the equivalent Q, S realization. So the superconformal (2,4,2) actions actually cannot dis-
tinguish on which kind of the chiral SU(2|1) superfield they are built and, respectively, cannot

involve any dependence on the parameter \.
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To make the latter property manifest, let us proceed from the superconformal action of
generalized chiral superfield (¢, 0,6) as the solution (G.I0) of (B.6)

s90) = [ e, (B.11)

gl

where the integration measure d¢ in the SU(2|1) superspace basis {t, 6, 5} is defined in (6.18)).
Since the component action (6:20) has no dependence on A, the A dependence of the superfield

action (B.II)) is also expected to be fake. Using the relations (G.I0) and (G.IS), we rewrite
(B.1I) through the (anti)holomorphic superfields ¢, ¢r as

2 < ~

SO () = i / dt d*0 4261 — %(é)%é)ﬂ [1- gsin 20(0)2][1 — gsin 2A(0)] (o1.5r)F (B.12)

One can absorb the (anti)holomorphic factors in this action into the redefinition of ¢, ¢ as
in (6.24) and cast (B.12)) in the following final form

L

SO () = i / dt &0 d*0 (1 + uékék) (33)% . (B.13)

Here, the newly introduced superfield ¢ is a solution of (B.6) with Z1p;, = b@y:

Dig=0, = @(t0,0)=e"0p (i,0), (B.14)
and it does not display any A dependence, equally as the action (B.13). Comparing it with the
superconformal action (B21]), (5.24) rewritten in the basis {t,6;, 0"},

SO(D) = i / dt d20 d*0 (1 + uékék) (®3)* , ®(t,6,0) = e 0Dy (t,,6), (B.15)

where the expression (3.43)) for the~dg: integration measure was used, we observe its identity
with (B.13), up to the interchange 6 <> 0, as was anticipated above. Note that the integration
measure in (B.13)),

dt 26 d%6 (1 + uékék) , (B.16)
is invariant with respect to SU(2|1) generated by the rotated supercharges (B.7).

The non-conformal SU(2|1) invariant chiral actions are invariant under the transformations
generated by @; and Q! but not under the Q;, Q' transformations since the definition of the
latter involve the superconformal generators S; and S. Hence they differ for the standard
and generalized chiral (2,4, 2) multiplets and depend on A as an essential parameter. It labels
non-equivalent SU(2|1) actions and the corresponding SQM models [5].

C Hyperbolic superconformal mechanics

The hyperbolic superconformal mechanics can be obtained by substituting the deformation
parameter in the trigonometric models as ¢ — . One can see that the superconformal
generators defined in Section go over to the new generators

Qi—>Hi, Qk—>ék7 SZ—>@Z, gk—>1:[k7
T —T,, T —1T, H — Hy, (C.1)
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which behave under the Hermitian conjugation as
M=, ©'=6, = Mm=n, @©'=7, &H)=H. (C2)
In this basis, the basic anticommutation relations of D (2,1;«) can be rewritten as
{II',0,} = —2iop I} + 26, [Hy +i (1 + a) p F],
{010} = 2iau I} 4 20 [Hn — i (1 4+ a) p F],
{0°,0;} = 26Ty, {1, I1;} = 26:Ty
{I1", 0%} = —2i (1 + a) pe™C, {0;,1;} =2i (1 +a) pe;rC. (C.3)

The bosonic truncation of the corresponding conformal group generators (3.34)) yields their
hyperbolic realization:

Hh = z@t s Tl = z'e_“tat s T2 = i€ut8t . (04)

The corresponding hyperbolic realization of (3.35) now reads
o A 0 .
H:%(1+coshut)0t, K:——Z(l—coshut)at, D:isinh,ut@, uw#0. (C.5)
7 7

In contrast to the trigonometric case, the time-translation generator Hy is now
2

Hy = H — MZ K. (C.6)

Due to the minus sign before ,u2K' , we face the quantum mechanical problem in which the
potentials accompanying the kinetic terms are not bounded from below, like in the parabolic
case [11]. This difficulty could of course be cured in a similar way by passing to

2

Hivig = H + % K = cosh ut Oy (C.7)

as the correct time-evolution operator. The discrete energy spectrum with the canonical Hamil-
tonian can be obtained only in the trigonometric models of superconformal mechanics. Note
that D (2, 1; a) contains no any self-conjugated subalgebra with four real supercharges, in which
‘Hy,, would appear on the r.h.s. of the basic anticommutator, in contrast to the parabolic and
trigonometric cases.

C.1 Example

As an instructive example, we consider the simplest free case b = 1/2 of the multiplet (2,4, 2)

2

LV — 254 L (gzgl @gi) + BB - MI 2z, (C.8)
and the relevant superconformal transformations

52 = —V2elertt — e hem 3
6t =+/2¢ (zz — gz) e~ T _ \/2 ¢ Betht 4 £/2 5 (ZZ + 5 z) et _ \/iaiBe_%“t,
6B = —V2iglhe 2t — \/2igkezrt, (C.9)
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These transformations correspond to the superalgebra — (AL6l) with 7, =1/2.
After the change pu — ip in (C.8)), (C.9), we obtain the hyperbolic mechanics Lagrangian as

, . _ 2
Lo =224 % (&-6’ - &-5’) + BB + MZ 2z, (C.10)

and the superconformal transformations as

0z = —ﬁkake_%“t — \/§§k§ke%‘”,
68 =207’ <z + g z) e 2h — /20 Bem 2t 4 /2 (z — gz) 2kt — \/igiBe%“t,
5B = —V2ivplre 2 — /2GRt (C.11)

The parameters v, 0 and s, ¢ correspond to the supercharges II, IT and ©, O, respectively. Note
that the original SU(2|1) transformations are embedded in (C.I1]) as

_1 1 ok —1 o1
6z = —epk (e 2kt 4 262‘”) . 0B = —igtF (e 2kt Z@?”t) ,

8¢ =4qé& [z (e_%“t — ie%“t) + gz ( L ie%“t)] —€¢'B (e_%“t + ie%“t> , (C.12)

where €, := %(Uk — iSk) -
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